
22.02 Intro to Applied Nuclear Physics

Final Exam
Monday, May 16, 2010 Solutions

Problem 1: Short Questions 30 points

1. What characteristic of the nuclear force explains the volume term in the semi-empirical mass formula (in other
words, it explains why the binding energy is almost proportional toA: B ≈ avA)?

The nuclear force is charge-independent and very short range. Thus each nucleon (irrespective of being a
neutron or a proton) is interacting mostly only with a constant number of neighbors, givingB ∼ A and not with
all other nucleons, which would giveB ∼ A(A− 1)

2. What is the spin of the deuteron? What is the degeneracy of this state? What characteristic of the nuclear force
determines the deuteron spin?

Since the nuclear force has a spin-dependent part, it is more energetically favorable for the deuteron to be in a
spin triplet state. This state has a trifold degeneracy

3. In the shell model, we fill up the energy levels with nucleons, based on the degeneracy of each level, to determine
the occupied levels and e.g. obtain the nucleus spin/parity assignment. Why do we consider neutrons and protons
separately in filling the levels?

When predicting the nuclear structure of nuclides, each level cannot have an arbitrary large number of protons
and neutrons with that particular energy, since these particles are fermions, to which the Pauli exclusion prin-
ciple applies. Hence only a number equal to the degeneracy of each level can be fitted in each level. However,
neutrons and protons are different particles, non-identical, so the Pauli’s principle does not apply to a mixture
of them.

4. We used the Fermi golden rule to obtain the decay rate for gamma and beta decay. What are the two factors in
the Fermi Golden rule and what is their meaning?

Besides numerical factors, the Fermi golden rule is given by the product of the matrix element and of the density
of states. The first one gives the probability of a transition from the initial state to a final state. The second one
multiplies this probability by the number of states available, to finally give the total transition rate.

5. What conservation laws determine the selection rules in gamma decay?

Parity conservation and total angular momentum conservation.

6. Consider an experimental setup where a beam of alpha particles are fired at a thin gold foil. Alpha particles are
then detected at a certain angle from the initial beam direction. What type of cross-section is an experiment like
this measuring?

Since we only measure the scattered beam at a particular angle, we are measuring the differential cross section
dσ/dΩ. In the particular case of alpha particles scattered by nuclei, this correspond to the Rutherford scattering
cross section

7. If the target of the alpha particles was not a thin foil, what competing process would determine the scattering
and slowing down of the alpha particles? Estimate the maximum energy loss per alpha particle for each collision
in this process.

While in the previous experiment there is a certain probability to scatter against the nuclei, in general it is more
probable that scattering happens with the much more abundant electrons in the material. Then the process is
measured by the Coulomb cross-section. Because the electron is much less massive than the alpha particle,
in a head-on collision the electron acquired twice the initial alpha velocity :ve = 2vα, thus from momentum
conservation∆E = T 1

α e e α e α e α2

8. Although it is not as strong as the Nuclear force, Coulomb interaction plays a major role in determining the
viability or the rate of many nuclear and radiation phenomena. Name some of these phenomena and explain
briefly what is the role of the Coulomb interaction.
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Coulomb interaction, as we just saw, plays a major role in scattering of charged particles from electrons and
nuclei. Also, through the Coulomb barrier, it determines which radioactive decay is viable or not – and its rate.
This is the case of alpha decay vs. C-12 or other types of decay. Also, the Coulomb barrier makes it hard to
fusion two nuclei together (fusion is then possible only at high energies) and it requires to bombard fissile nuclei
with neutrons for fission to start.

9. True or False: Uranium is much more effective than water in thermalizing neutrons because the scattering cross
section in Uranium is of order ten times larger than the neutron-hydrogen cross section.

Since the energy lost in a neutron-hydrogen collision is much more than in a Uranium-neutron collision, this
statement is false. This is reflected in the fact that we need only 18 collisions with1H for thermalization while
2200 with U.

10. Above what energy can we observe pair production in the interaction of the the e.m. field with matter? Why?

We need an energyE ≥ 2 ×mec
2 ≈ 1.022MeV (or twice the rest mass of the electron).

Problem 2: The life of Polonium I: Alpha decay vs. Spontaneous fission 10 points

Consider the isotope of Polonium,211
84 Po. This is a very unstable nucleus.

a) What is the Q value of the alpha decay? What is Q for spontaneous fission (e.g. into two Molybdenum fragments)?

Qα = (m 2
Po −mPb −mα)c = 8MeV,Qf = (mPo −mMo−106 −mMo−106)c

2 = 141MeV

b) Do you expect spontaneous fission to be a competing decay process for alpha decay? Why? Give some simple
quantitative argument to support your answer.

Hint: m(Po-211)=196526 MeV/c2, m(Pb-207)=192790 MeV/c2, m(α)=3728 MeV/c2, m(Mo-105)=97726 MeV/c2,
m(Mo-106)=98659 MeV/c2.

Even if fission seems to be more energetically favorable, the Coulomb barrier is much lower for alpha decay, as the
productZPbZα ≪ Z2

Mo, thus the probability of tunneling through the barrier is much less for the fission process.

Problem 3: The life of Polonium II: Shell Model 12 points

We now focus on the alpha decay of211
84 Po and its products.

a) The product of the alpha decay is Lead-207 (207
82 Pb). Based only on filling the levels of the shell model (see the

level scheme attached), what is the spin/parity assignment of this nuclide?

We have 125 neutrons, with the last unpaired neutron in the i13 level. Thus the spin should be13 and the parity2 2
Π = (−1)l with l = 6, then even parity.

b) The leveli 13 is part of the shell which gives rise to the magic number 126 while the leveli 11 is in the next shell.2 2
What part of the nuclear interaction is responsible for this splitting? Calculate the energy splitting between the levels.

The spin-orbit couplings splits the two levels. The splitting can be calculated from V 0

Vso = so

~2 l̂ · ŝ. The dot product is
2 ˆ 2 ˆ2 2 ˆin turn calculated fromJ = (l + ŝ) = l + ŝ + 2l · ŝ from which we have:

1 2

l̂ · ŝ = (Ĵ
2
− l̂

2 ~
− ŝ2) = [J(J + 1) − l(l + 1) − s(s+ 1)]

2 2

wheres = 1 andl = 6 andj = l± 1 . We then have for the two casesJ = 11 andJ = 13 :2 2 2 2

2 11 11 3 2
~ ~ 143 3 7

l̂ · ŝ = [ ( + 1) − 6 · 7 − ] = [ − 42 − ] = − 2
~

2 2 2 4 2 4 4 2

and
2

~ 13 13 3 2
~ 195 3 6

l̂ · ŝ = [ ( + 1) − 6 · 7 − ] = [ − 42 − ] = 2
~

2 2 2 4 2 4 4 2

Notice you did not need to calculate that. Simply, you could have calculated the difference in energy:∆E =
2

~ (13 15 − 11 13 ) = 2 13
~2 2 2 2 2 2

c) Another characteristics of the nuclear force makes the naive spin/parity assignment you gave in question a) improb-
able. A rearrangement of the nucleons in the shell gives a lower energy, resulting in which spin/parity assignment?
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The pairing force tends to pair up nucleons of the same type. This pairing lowers the energy and the energy gain is
much more pronounced the larger the angular momentum. Thus, we expect that a neutron will jump to the i13 level2
to leave only pairs in that level. The remaining unpaired neutron is likely to be in the3p 1 level (which has very lowj2
and is still close in energy to i13 .)2
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Figure 1: Unclosed shell filling for ground and excited states (open circle indicate a missing neutron). Related gamma
decay levels.

Problem 4: The life of Polonium III: Gamma decay 16 points

Following the alpha decay from211Po,207Pb is left in an excited state with spin/parity3
−

and energy 897keV. The2
nucleus decays from this state by gamma emission to the ground state.

a) What are the permitted multipoles and which multipoles are most likely to be observed? Give the approximate
ratio of the two most probable decay mode rates.

Considering the transition from3−

to 1−

, we have no change in parity and possible angular momentum given by2 2
3 ± 1 = {2, 1}. Thus we have an E2 or M1 transition. It is known that the ratio between the rates of these two2 2
transitions is usually about10−3. This is confirmed by using the rates given in the appendix:

λ(E2) 7.3 × 107A4/3E5

= ≈ 10−4(207)4/30.92 ≈ 1.6 × 10−3

λ(M1) 5.6 × 1013E3

Considering the transition from3−

to
+13 , we have change in parity and possible angular momentum given by2 2

13 − 3 ≤ l ≤ 13 + 3 = {5, 6, 7, 8}. Thus we have E5, M6, E7,M8 transitions, with E5 the most probable. It is known2 2 2 2
that the ratio between the rates of the two strongest transitions (E5 and M6) is usually about10−7.
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b) Detection of gamma rays with lower energies (328keV and 569keV) indicates that there is an intermediate level
between the3−

excited state and the ground state. The observed multipoles are M1 (associated with the energy2
328keV) and E2. With the help of the selection rules and of the shell structure, find the spin/parity of this intermediate
level and its energy above the ground state.

Because the two transitions have different energies, they must arise from the decay between different energy levels.
Thus one will be associated with the decay from the excited to the intermediate level and the second from the interme-
diate level (first excited level) to the ground state (see also figure 1). Also, you must ensure that both these transitions
respect the selection rules in a consistent way when finding the spin-parity of the intermediate level. The transitions
observed, E2 and M1, imply no change in parity, thus the parity of the intermediate level must be odd. Thus we are
looking for a state withl odd, and we can then focus on theN = 5 shell levels, which havel odd, without needing to
look in the higher shell. If the M1 transition were from the intermediate level to the ground state1−

, the level spin2

parity could only be3−

, but this is not possible (since we already know that that is the second excited state). Thus,2

the order of the transitions is M1 from3
−

to the intermediate level and E2 from that level to the ground state. Finally2

to have a∆l = 1 from 3−

and∆l = 2 to 1−

the only possible intermediate level is2f 5 . From the gamma energy,2 2 2
this level is predicted to be 569keV above the ground state.

Notice that considering the ground state to be
+13 would have led to a contradictory result here.2

c) Based on your previous answers and what you found in Problem 3, draw a scheme of the unclosed shell for207Pb
showing the level occupancy for the ground state and the two first excited states (involved in the gamma decay) that
explain the various spins and parities you found.

See Figure 1

Problem 5: The life of Polonium IV: Radiation products 10 points

a) What is the stopping power of the emitted alpha particles in Polonium? Do you need to worry a lot about their
effects on nearby people?

The stopping power is
2

− d E = (2πr2
Zα ln Λ)n 2m v2 ≈ 40barns×84n m c2β−2 = 40 × 10−24

x e β4 e e α Po e cm2 × 84 ×d

2.5 × 1022cm−3 × 0.511 MeVβ−2 ≈ 42β−2MeV/cm.β can be calculated from theQ value you found in Problem 2,
assuming that the speed is non-relativistic:Q = 1m 2 1 2 2

αvα = mαc β , from whichβ2 = 2Q/(mαc
2) ≈ 16/4000 =2 2

4 × 10−3. Finally we have− d E ≈ 104MeV/cm thus the alpha will most probably be stopped inside the Polonium.d x

A second way to calculate this is the following: From− d E = σ n ∆E, with ∆E = 2m v2
c e e Ex α = 4 me/mα ≈d

MeV Z2

480.511/4000 ≈ 4 × 10−3MeV. Andσc = (2πr2 α
e 4 ln Λ) = 2(4πr2)10/β4 = 20/β4barns, and withβ2 ≈β e

4 × 10−3 (see above)σc ≈ 1.2510−18cm−2.

b) What interaction(s) will be most probable for the gamma rays emitted in the Pb decay ?

Given the high energy of the gamma rays, Compton scattering is the most probable reaction.

c) What is the maximum energy lost in such a scattering?

The change in the wavelength∆λ for Compton scattering was provided in the appendix:∆λ = 4π~ . Thenλ′ =mec

λ + 4π~ . In terms of frequencies, we have2πc = 2πc + 4π 2
~ ′

′
. This gives ω

~ω = mec
2 ~

. The energy lost is thenmec ω ω mec mec + ω

∆E = ~ω( m 2 2 2
~ec − ω

2 ~
1) = − 2

2 ~
. Notice that even ifω ∝ 1/λ of course∆ω = ω′ − ω = 2π .mec + ω mec +2 ω ∆λ

Problem 6: Deuteron 12 points

A simple model for the Deuteron is a square well with depthV0 0

known from experiments that the bound state has angular momentuml = 0 (that is, the state withl = 1 is unbound).

a) Use this knowledge and simple arguments requiring the wavefunction to “fit” in the well, to find the range of
parametersV0 andR0 consistent with the experimental evidence.

You can take the neutron and proton mass to be bothmc2 = 938MeV, ~c = 200MeV fm and consider the angular

momentum potential at the minimum distance
2

~ l(l+1)Vl =
µR2 .

0

Hint: Note that this experimental evidence does not set a range forV0 andR0 separately.

For the deuteron to be bound in the center of mass square well, we need the wavefunction to fit inside the well. This
happens if the wavelength of the wavefunction is such that it has a negative slope at the boundary, or whenλ/4 ≈ R0.

4

and widthR (here we neglect the spin effects). It is

6



This sets the wavenumber tok ≈ π
0

. The wavenumber is limited from above by the condition that the total energy2R

is negative, or the kinetic energy is less than the potential depth:
2 2

~ k < V0. At the same time, we know that the2µ

states with are unbound. This means that
2 2 2

~ k ~ l(l+1)l ≥ 1 > V0 − 2 . With k = π
0

, we have then the conditions:2µ µR
0

2R
2

~ π2

< V0R
2 2

0 <
~

(

2

2 + π
)

. This sets a range of allowed values for the productV0R
2

8µ µ 8 0.

Now,µ = m/2 = 938/2MeV. Then the range is

2
~ c2π2 2c2~ π2 (200MeV fm)2π2 (200MeV fm)2 π2

< V 2
0R < 2 +

8 0 < 2

(

2 + V0R
2 <

µc2 µ 8

)

→
c 4 × 938MeV 0 938/2MeV

(

8

)

9 × 104MeV fm2 2
< V0R

2 4 × 104MeV fm2

0 < → 100MeV fm2 < V 2
0R

2

938 93 0 < 270MeV fm
8

b) Show that if the excited state withl = 1 is unbound, then also the first radial excited state withl = 0 is unbound.

The first radial excited state should have
2 2

λ′ = λ/3 to fit inside the well. Then the kinetic energy isEk = ~ k′

=2µ

9 2
~ k2 2

= ~ 9π2

. Because9π2

> 2 + π2

, Ek > V0 and the state is unbound for any combination{V0, R0} such2µ µR2

0
8 8

(

8

)

thatV0R
2 2

0 <
~

(

2 + π2
)

.µ 8

Problem 7: Mass Parabola and Beta Decay 10 points

The semi-empirical mass formula (SEMF) gives an expression for the binding energy as a function of the mass number
A and the proton numberZ:

Z(Z − 1) (A− 2Z)2
B(Z,A) = a A− a A2/3 − a − a + δa A−3/4

v s c sym p
A1/3 A

a) What terms in the SEMF arise from the “liquid drop model” that considers the nucleus as a uniformly dense drop
of a fluid composed by nucleons and which ones arise from quantum-mechanical considerations? (Explain briefly)

The first three terms assume that the nucleus is a uniformly dense fluid (the Coulomb term is calculated assuming a
uniformly charged sphere). The last two terms instead take into account quantum-mechanical considerations. The
asymmetry term takes into account the fact that if we increased the number of neutrons – in order to decrease the
number of protons and thus the Coulomb repulsion – these would have to occupy higher energy levels because of the
Pauli exclusion principle, leading to an higher total energy. The pairing term describes the tendency of nucleons to
pair up, to achieve zero angular momentum (and thus reduce the spin-orbit interaction).

b) Consider the nuclear mass as given by the SEMF forA = 65. What is the shape of the curveM(Z,A = 65)?

At fixed, oddA (for which the pairing term is zero), the binding energy variation is given by the Coulomb and symmetry

term:B(Z) ∼ cst. Z(Z (− a −1) A 2Z)2−

c 1/3 symA A
parabola as a function ofZ (see figure 2).

−1

c) The minimum mass is reached forZmin ≈ A
(

1 + 1A2/3 ac

)

≈ 29.2 4 asym

This correspond to the isotope6529Cu. Sketch the shape of the curveM(Z,A =
65) and show approximately on the plot the Masses of65

29Cu and of its neighbor-
ing isotopes65Ga,65Zn, 65Ni and65Co.

TheZ number for each of the isotope is found from the periodic table and we
can make an approximate sketch.

d) Since65
29Cu is the nuclide that is more tightly bound, it is the only stable nu-

clide. By what process(es) do the other nuclides decay toward the stable nuclide?
Write the reactions involved, making sure to show all the decay products.

Beta decay is responsible for achieving the stable configuration. More precisely,
the isobars withZ > 29 will try to loose protons and transform them into neu-
trons, decaying byβ+ or electron capture. The isobars withZ < 29 will decay b
into protons:

65
27Co→

65 −

28 Ni+ β + ν̄

65
28Ni→

65
29 Cu + β− + ν̄

5

− a . When considering the functionM(Z,A) both these terms describe

29Cu

A=65

28Ni

27Co

30Zn

31Ga

M

Z

Figure 2: Mass formula

y β− processes, converting neutrons



65
31Ga →65

30 Zn+ β+ + ν or 65
31Ga+ e− →65

30 Zn+ ν

65
30 29 30 29

Appendix: Useful Formulas

Relativistic energy: E =
√

p2c2 +m2c4

SEMF coefficients:av ≈ 15.5MeV, as ≈ 16MeV, ac ≈ 0.7MeV, asym ≈ 23MeV, ap ≈ 34MeV.

Spin-orbit interaction V 0

Vso = so

~2 l̂ · ŝ (you can considerV 0
so a constant).

Fermi’s Golden Rule: W = 2π
~
|〈ψ 2

f |V |ψi〉| ρ(Ef )

Gamma Decay: Estimates for the rates of different electric multipoles (energies in MeV):

- λ(E1) = 1.0 × 1014A2/3E3 - λ(M1) = 5.6 × 1013E3

- λ(E2) = 7.3 × 107A4/3E5 - λ(M2) = 3.5 × 107A2/3E5

- λ(E3) = 34A2E7 - λ(M3) = 16A4/3E7

- λ(E4) = 1.1 × 10−5A8/3E9 - λ(M4) = 4.5 × 10−6A2E9

Cross Sections
Differential cross-section:d σ r(ϑ,ϕ)= Doubly differential cross section:d

2σ
d Ω 4πIan d ΩdEb

Coulomb :σc = 2πr2
Z2 2

α
e 4 ln Λ (with r 1

e = e
β 4πǫ0 mec2 ∼ 2.8fm –or4πr2e ∼ 1barn– andln Λ ∼ 10)

2

Stopping power:− d E = σcne∆E. Rutherford’sd σ = zZe2
−2 −4 ϑ

d x d Ω 4πǫ0
(4Ta) sin 2

Rayleigh:σ = 8πr2 ω4

Thomson:σ = 8

( )

R

( )

3 e Tω4 πr2
0

3 e

Compton: m c2

σ e
C = σT ~

, with a change in the photon’s wavelength:∆λ = 2π~ (1 − cosϑ).ω mec

Number of collisions to reach neutron thermalization

1H 2H 4He 12C 238U
18 25 43 110 2200

6

Zn→65 Cu+ β+ + ν or 65Zn+ e− →65 Cu+ ν
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Figure 3: Shell Model
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Figure 4:Periodic Table of the elements1 amu≈ 937 MeV/c2.
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