Chapter 4

Radiation By Moving Charges

4.1 Potentials and Fields of a moving point charge

The general solution

é(x,1) = 47160 f XH“’HX,|d3x' (4.1)

Looks as if it will give the result for a point charge directly in the same way as the static
solution. For a stationary point charge p = ¢d (x —r), where r is the charge position,
¢ = L For brevity let’s write R = x — r. One might think for a moving charge

dmreg [x—r|
¢(x,t) = ;2 [1/R] but this is incorrect. We haven’t taken care with derivatives etc. of

R

0

Figure 4.1: Vector coordinates of charge and field point.

retarded quantities. Let’s go carefully! The charge density is p{z,t) = ¢d (x — r (t)) where
r is now allowed to vary with time so we want

§(x—r{t —x
¢(X,t) q (X r ( ))d?)xl ’ tl —t_ ‘X X |
deg x — x| c
_ 49 1 f P Y g3
Ty S{x'—r(t))dz (4.2)

where we make use of the fact that the delta function is non-zero only where its argument
is zero, so all the contribution to the integral comes from the place where x" = r{t'), which
is where the particle is at retarded time i.e.

r(t— X;XW) (4.3)
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|This requires self-referential notation which is one reason we write it [r].] Now we have to
do the integral [ (x’ — v (¢'))d3z’. This is not unity because x’ appears inside r(#') as well
as in x’. The delta function is defined such that

/5 (y)d*y =1 (4.4)

but now its argument is y = x’ — r{t'). We need to relate d°y to d*z’ for the integral we
want. Consider the gradient of one component:

Vi, = Vg —ri(t') = V'[z; —

R P FAC R

clx — x/|
o LxoX [ o
v+ (15

[since r; is a function of ¢ but not x’ directly.] Choose axes such that x’ = (2}, 25, z,) with
component 1 in the R = x — x" direction. Then the second term is present only for the x4
component not the other two (because they are L to x — x'). Also (V'z}]) = d;;. [ie. 1iff
i = j|. Thus

8@;1 1 (9?"1
_ gy i]on 46
a1, e “ atﬂ (4.6)
Oz I3
Oxly ’ ol
Consequently
1] ar
&y = dydysdy; = (1 - Hﬁgﬂ) dx dzld
1R &
- Hl . Eﬁ'a_ZH &z’ (4.7)
Let’s write 'R & .
T -
=l—-— —=1——-R. 4.8
& cR dt ¢ M (48)
Then 7 .
Y
6yd3x’:/6y—:— 4.9
Jow ST o
And finally
_ 4 Lﬂ
o8 = dmeq H%R (4.10)

By exactly the same process we can obtain the correct value for each component of A and
in total

Ax,t) — %H%ﬂ . (4.11)
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Figure 4.2: Integral of charge density over a square-shaped moving charge at retarded time.

(v=29ar/ot) , j=gvd. These expressions are called the “Liénard-Wiechert” potentials of a
moving point charge. Since the & correction factor is so important and the scientific literature
is strewn with papers that get it wrong, let’s obtain the result graphically. The retarded
integral [ [p] d*z" can be viewed as composed of contributions from a spherical surface S
which sweeps inward towards the observation (field) point x, at the speed of light, arriving
at time £. The charge that we integrate is the value of p when the surface S sweeps past.
If we are dealing with a localized charge density, such as illustrated, the surface can be
approximated as planar at the charge. If the charge region is moving rigidly at speed v
towards x, then its influence or contribution to the integral is increased because by the time
the surface S has swept from front to back, the charge has moved. Consequently, the volume
of the contribution (in z’) is larger by the ratio % of the 2dditional volume i charge volume 1y,

charge volume

much is this? When does S reach ‘front’ of charge? At the moment S reaches the front,

Figure 4.3: Snapshots as the integration surface, &, crosses the back and the front of the
charge.

L' =cAt=vAt+ L (4.12)
S0 |
At=(c—w)L and I=—"7-——p (4.13)
€— -7
Thus
7 T (4.14)
L 1-% & '

as before. Notice that transverse velocity does nothing, and that approximations implicit
in taking 5 to be planar become exact for a point charge, with spatial extent — 0. The
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quantity & can also be seen to relate intervals of time, dt, to the corresponding retarded time
intervals, dt’.

RI RI
t’:t—? or t:t’+? (4.15)
50 dt 1dR
But
drR’ d d 1/2
G = g X=X x-x)Y
—v.(x —x) v.R’
- 5 =& (4.17)
Hence gt R/
V.

Strictly speaking, it is the value of x at retarded time, when the surface S passes the particle,
that is required here if v is changing.

4.2 Potential of a Point Charge in Uniform Motion

An important special case is when v = 1 = const. From the retarded solution Lorentz derived
his transformation, which is the basis of special relativity. Take axes such that v = vx. We
need to calculate the potential at x = (z,v, 2) and we’ll suppose that the particle is at the
origin at time of interest, (¢ = 0). Tricky part is just to calculate the retarded time ¢’ and
position x'. By definition

AtV =R? = (z—ot) 44?1 22 . (4.19)

Substitute (—t')v = —z’

/ xj O
Uy
A

Figure 4.4: Coordinates of a uniformly moving charge at x(t).

2

C 2
Ex’z =(x — 2 +9° +2* (4.20)

Feynman 21-6]

71



Gather terms 5
C
z? (? — 1) + 22z’ — (ﬁ Tyt /:2) =0 (4.21)

solution

22

(02‘1) x’:xidxu(xuy%zz) (%21) (4.22)

(where the - sign must be taken). And

— .
C:c+\/x2+(x2+y2+z2) (U—z—l)

R = —%;r:' = — (4.23)
we also need the retarded value of x ie. 1 — (R//R).(v/c).
o
Ko=1- %.fo (4.24)
and )
KR =R - Z(@-2)=-R-" (az + ”R’) = (1 - ”—2> R-2z (4.25)
c c ¢ c ¢

Substituting for R we get

S
KR = E{x+\Jx2+($2+y2+Zz) (cz'l)_x}
C v

2 2
= J $v2+y2+zz\/1w (4.26)

This is the value at time ¢ = 0. At any other time ¢, the particle is at the position z = vt
instead of at the origin, = 0. Our formula was developed for the particle at the origin.
So to use it we must move the origin to « = vt, which means we simply have to replace
z in this formula with * — »t. So finally, substituting the general result for 'R’ into the
Liénard-Wiechert formula we get

oxt) ~ | !

9
47TEO v2 x — vt 2 2 2
Vi=a (/ﬁ) Tyt e

See how we have the beginnings of relativity. We get electromagnetic potential dependence
on spatial coordinates that can only be consistent with the formula in the frame of reference
in which the particle is at rest:

(4.27)

_ v .
A0 (27 + o + 27)

(4.28)
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if coordinates transform as

= 77— » h =1 ’ a1 =2 . (4'29)

This is the (spatial part of the) Lorentz transformation, incorporating the Fitzgerald con-
traction in the direction of motion. Now we also need to recognize there is a vector potential

A P Hlﬂ _ Mg M (4.30)
im xR 4w = ot )2
1 — 2 r—v +y? + 22
c? N
So the electric field has both contributions:
oA
E=-V¢—— . 4.31
- (4.31)
To evaluate these, denote by R” the quantity in the denominator of ¢ and A:
. 2
R — L@Q + yz + 22 (4.32)
Vi-%
[Note that this is not R, the retarded radius|. Its derivatives are
aR"  x—wt 1 aR" oy aR" =z AR’ —w(x — vt)
- == ;. — = = - . {4.33)
dx 1-% R oy R 0z R ot ( _ %) R
Consequently
1 —1 1 xz — vt
v? - RNQVRN = 7R!!3 (1 . TJQ/CQ Y, Z) (434)
giving
q 1 1 T — vl
- Vo = Y, z) 4.35
deg fli%gR”?’ (1?)2/62 (4:35)
and 5 5 s
A 1 1 — — vt
oA _ 4 (/)@ —vt) (4.36)
gt Ameq /1 — g2/ R” (1 —2%/c?)
SO
q 1
E=-Vé—A (x — ot ,u,2) . (4.37)

1
 dmey [ _ w22 U

This is a remarkable result. It shows that despite the fact that contributions to E arise from
the retarded position of the particle, the direction of E is actually radially outward from the
instantaneous (i.e. non retarded) position. The E field at t = 0 is along the radius vector
(z,u,2). The electric field is not just the same as for a stationary charge. The field is not

73



Retarded Particle Position
Position X=vt
o

weak

strong

Figure 4.5: Electric field lines of a charge in uniform motion point outward from the instan-
taneous (not retarded) position but the field strength is not symmetric.

spherically symmetric, since it is proportional to

1

N2 3/2
_ v r_v 2 2
ik ((\/(1_1,2/02)) oY H)
which makes it stronger in the perpendicular direction and weaker in the parallel direction.

The magnetic field may be obtained from B = VA A by recognizing VA(fv) = —vAV/f,
if v is constant. Hence, using A = v¢/c?,

(4.38)

v v OA 1

[The latter form uses the fact that (A and) 92 are parallel to v so v A 4 = 0]. This

expression for the magnetic field can also be rewritten, by noticing that E is in the direction
of R, RAR={—-t"hvARandt —t' = R'/e; so v AE = (R'c/R) AE. To summarize:

g X — vt
E = Ires ; 57 (4.40)
= (M) L2 s
and . )
— _ !
B_C_QVAE_ﬁRAE : (4.41)

A helpful way to think of the result that the electric field is still radial but with a non-
spherically-symmetric distribution, is to think about what happens to the field lines when
viewed in the lab frame of reference [components (z,y, 2)] compared with a frame of reference
in which the particle is at rest [components (21,91, 21)]. It turns out that the electric field
we have calculated is exactly that which would be obtained by assuming that the spherically
symmetric distribution of field-lines in the rest-frame is simply compressed together with the
rest of space in the z-direction through the coordinate transform of eq 4.29. This contraction
is illustrated in figure 4.6.
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Stationary Charge Moving Charge

KT
VY

(X X Zy) n=xy (x.¥.2)

Figure 4.6: Contraction of space which gives the electric field-line distribution of a moving
charge.

For a purely geometric compression in one dimension like this, the angles between the
direction of R and v (for the two cases) are related by

tanxi =1/ = y/(vz) = (1/7)tanx (4.42)
where v = 1/4/(1 —v*/c?). Consequently
1

1
CcosY] = ———— =
/1 4 tan? yq \/1 + (1/v)%tan? y

Now the element of solid angle corresponding to an angle increment dy is A€} = 2wsiny dy
and

(4.43)

. tan y sech
siny; dxp = —d{cosx;) = —d i = 72 X 503 dy
J2 +tan2y ) (77 +tan®y)

_ v -
= ooty f i ) siny dy . (4.44)

So the relationship between corresponding solid-angles is

a0, = v dQ

(y2cos? x + sin® )32
- 4L 4o
T (222 4R | 22)R
pais
— T

(4.45)

where R = 2°+y”+ 2% Therefore if the field-lines are compressed in this purely geometrical
way, the number of field-lines per unit solid angle, which is proportional to the electric
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field intensity, in the lab-frame is equal to the value in the rest-frame times the factor
d/d2 =~yR?/R'™. Thus the geometric compression would lead to an electric field:

g R yR?
 dmey R ORB

(4.46)

This is precisely what we calculated directly from the equations of the fields. In other words,
we can regard the non-symmetric electric field of eq 4.40 as arising from a compression of
space corresponding to the Lorentz transformation (eq 4.29).

We are not here invoking the Lorentz transformation based on an understanding of special
relativity. In fact the opposite is the historic situation. Lorentz’s transform was part of the
prior basis for the discovery of relativity. See Jackson 1998 pp. 514-518 for a discussion of
electromagnetism as the historic foundation of relativity. Maxwell’s equations are already
fully relativistic. They don’t need to be corrected for relativistic effects, the way Newton’s
laws require correction for example. Of course the point is stronger than that: Maxwell’s
equations can only be consistent when special relativity applies (i.e. Lorentz, not Galilean
transformations). We don’t have time to cover relativity but we don’t have to make a special
point of it since EM equations already are relativisite.

4.3 Fields of a Generally-Moving Charge

The Lienard Wiechert potentials give the general potential solution. From them we can
obtain the general E and B fields from a particle moving with arbitrary velocity: not just
uniform v. Since both potentials and fields depend only on the values at retarded time,
our calculation will be almost the same as for the uniform motion with the exception that
we must use the value of v at that retarded time and we must account for possible time-
derivatives of v. Our derivations of ¢ and A go through exactly as before except that the
origin of coordinates is at a point X' + v't’ along the projected path of the particle if it were
to continue past the retarded time with constant speed v'. [Here we are putting prime on v
to remind that it is the retarded value we require.|

six.t) — 1 ! (4.47)
O - o) + (24 22) (1 25
Alx, ) = 2 v (4.48)

2 /
o vt 202 (1-%)

Now we need to get the fields by differentiation. We get exactly the same terms as before
plus extra terms arising from the time derivative of v. We could do this directly by taking
into account all the contributions. Instead, let’s do a vector calculation starting with the
Lienard-Wiechert forms:

6 — 7 Hiﬂ : ALHVH . (4.49)

dmeg LrR T dmepc? kR
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B V-5~ ar VLl nl | (59

Again, extreme care must be taken with the differentials. For any function f(x, 1),

VIl = Vi (xt- ) (451)
. [[Vfﬂ—ﬂ‘z,{ﬂ 19— x| (452)

This is not the same situation as we had before. There we had V' i.e. gradient with respect
to retarded position, X', keeping x and t fixed. Here we are talking about gradient w.r.t. x
keeping t fixed. Apply the above equation to the function |x — x| which is, strictly speaking,
[Ix —x[] or [R]. We get

Vs~ xll = [Vlx -l - | Glx =1l 1¥Ix-1] (4.53
H(1 - %%)H V[z ] = [VIx—r]] (4.54)
So . R
VIR = Lwaﬂ — Hm _ (4.55)
Then returning to the general identity _-
Vi = v/ ﬂg{ﬂ : "}iﬂ (456
::Hv ;;%ﬂ . (4.57)
In the same way
0 o [Ix — ]
bl = ot (e (4.5
= |5 (1 ttx—en) (4.59
Substituting R = [x — r| for f shows
o 10R
aeied (1.60)
and, since
16R
e =r 1 (4.61)
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we have generally

5 1 5f
-5 - (4.62

Ok, now we have the tools to evaluate E:

q 1 R o /1 1 8 /v
E--1 |-y (—> = 2 (—> S (—> | 4.63
ey H kR + ckROt \ kR 2k 0t \kR (4.63)
With everything inside the retardation operator, it is safe to proceed with algebra as if x” is
fixed. In particular,

kR = R Y (4.64)
[
R v
ViR = (4.65)
a aR 1R R v
A A ety T At vy
T
= R+— —“Rv (4.66)
[ [

where dot denotes %. The terms in E are then

-V (ﬁ;lR> h KQIRQV (rf) = 14;2{?—'{2 (IJ; B Z) (4.67)

%%% (#) _ ﬁf{% (kR) = %iWR (R 4 ? - %R.v) (4.68)

_%% (%) - —C%i? (R—f—?—%R.V)v—ﬁv (4.69)
Gathering terms together, and denoting R = % we get

e ) e ] e

or alternatively, using vector triple product identities,

g 1 LV o2 1 KA v) \T
E = R — 1—— RA|[R——)A— 4.71
47eq HH;E'RQ ( c) ( 62> + ck3R c c (4.71)

The magnetic field is B = V A A which is

4 v
B = 4drepc? {VAHH;RH}

q v R a /v
- ATy A Y 472
47enc? HV (HR) ckll Ot (mR)ﬂ ’ (4.72)
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by an identity directly analogous to the one we showed for gradient. Also

valm) = V()
- (R7)
- H;RQCR A (R - Z) = RAV (;) . (4.73)
Hence
B = 4wfoc2 HCRA v (%) “RA i% (%)ﬂ — %[Rﬂ AE . (474)

by comparison with our expression (4.63) for E.
Summarizing our results, the fields due to a point charge ¢ moving with variable velocity

v such that the radius vector from the charge to the field-point is R may be expressed using
k=1-R.v/cas:

q 1 LV v? 1 - KA V> \’f}
E = R——)i11-— RA|[R— —)A— 4.75
ey H%BRQ ( c> ( 02> - cr3R C C ( )

B — %Hf{ﬂ/\E . (4.76)

There are several different forms of these expressions, useful to illustrate different aspects
of the fields of a moving point charge. See Jackson and Feynman for discussion of some of
these.

4.4 Radiation from Moving Charges

4.4.1 Near Field and Radiation Terms

The form for E that we obtained was exhibited in a way that had 2 separate terms. The
first of those terms does not contain v while the second is proportional to v. Therefore the
first term is exactly what would be obtained for uniform motion v = 0 (although this is not
obvious when comparing with our earlier formula expressed in coordinates). Also, everything
inside the brackets is dimensionless (I%, Y) except Ha—lRQ and mlgR%. These factors decide the
behaviour of their respective terms at large field-point distances, R. The ‘static’ (constant
v) term is oc # but the v term is %. Consequently, the Poynting vector is

EAH%EAB#EA([R}]/\E)@% or % (4.77)

respectively. If we ask about the total EM power flux across a spherical surface far from the

charge, that value scales like the surface area 47wR? tims E A H. Thus power flux o % for

the constant © term, and o< 1 for the v term. We see then, that the constant-v term gives
rise to vanishingly small power flux far from the charge but the v term gives rise to finite
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power flux even at infinity. This distinction requires us to regard these two terms as the
“near field” term:

1
and “radiation” term: )
E o =0 . 4.79
o Rfu ( )

A charged particle radiates only if it accelerates.

4.4.2 Radiation into a Specific Solid-angle

Having identified just the 1/R term as the radiation term, we will drop the other, near
field, term from consideration. Imagine, then, a sphere of radius R surrounding the retarded
position of the particle. The Poynting vector of the radiation term there is

EAB/uy = EA ([f{ﬂ A E) Jcpho = (Ez/c,uo) [[f{ﬂ = (Eﬂf{ﬂ) E/cpo
1 alg
= EBSE R] . (4.80)

where the last form recognizes that the radiation term has E perpendicular to R|. Radiated
energy thus crosses the sphere, normal to its surface with a local intensity {energy/unit
area/unit time) E?/cuq, with E given by the second term of eq 4.71. One is very often
interested in the power radiated per unit solid angle, {1, subtended by the area at the point
of radiation. By definition of solid angle, a small area of the sphere, A, subtends a solid
angle A/RQ. Consequently the power per unit solid angle is RQEQ/CM(). The extra term R?
cancels the R? occurring in E?, leaving an expression independent of the radius, R, of the
sphere. By convention we can write the power per unit solid angle using the notation

e {(R=2) 2]

4.4.3 Radiation from Non-relativistic Particles: Dipole Approxi-
mation

2

P RE* ¢ 1

= 4.81
dQd, Clbo dmeq dme ( )

Considerable algebraic simplifications occur when v/c << 1 and so we can approximate

(R—v/c)~R,and x = 1. Then

dP 21 S 201 vy
. RA(RAV>2 4 (f)mfa (4.82)
dS},  dmep dme o dmeg dme \ ¢

where « is the angle between f{, the direction of the solid angle (propagation), and v, the
acceleration. An integration of the total radiated power over the entire sphere (all solid-
angles) can readily be done. Taking the direction of ¥ to be the polar direction, the integral
is such that

dQs = 2rsina da . (4.83)
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So, noting that

1 T8
/sinza 2wsina do = 27?[ (1 —coszo:) sina do = 27 |—cosa + gcosgo: = ; ,
0
(4.84)
we get

dFP ¢ 2 /0N

P :f o, — -1 = (—) . 4.85

d€l, dmeg 3¢ \ e ( )

This expression for the total radiation from a non-relativistic accelerated charge is known as
Larmor’s formula. The non-relativistic expressions for P and dFP/dQ, are often referred to
as the “dipole approximation” because they are exactly what is obtained for the radiation
from a stationary oscillating dipele electric distribution when the electric dipole moment p,
is such that

p=gv . (4.86)

Thus this radiation pattern and intensity is what is obtained also from dipole antennas that
are much smaller than the radiation wavelength.

4.5 Radiation from Relativistic Particles

The general expression for radiation by an accelerated particle, without invoking approxi-
mations requiring v << ¢, is given by eq (4.81). However an important distinction must
be drawn in discussions of energy per unit time between expressions based on time-at-field-
point, ¢, such as eq (4.81), and expressions referring to time-at-particle, retarded time ¢'. If
we want to know how much energy a particle is radiating per unit time-at-particle, which
is what we do want if, for example, we want to calculate how rapidly the particle is losing
energy, or indeed if we want to calculate the total energy radiated per unit volume by adding
up the energy radiated by all the particles in that volume, then we must multiply expressions
for energy per time-at-field-point by the ratio dt/dt’ = x. This conversion lowers the power
of £ in the denominator by one. We shall work henceforth with such expressions of energy
per unit time-at-particle and will indicate this by a prime on the power: . Even so, we still
have a factor x° in the denominator of dP’/dQ),. This factor is the most important effect.
Since x = 1 — f{.v/c = 1 — Bcost, when we are dealing with particles moving near the
speed of light, © becomes extremely small when ¢ ~ 0, that is for radiation in the direction
along the particle’s velocity. As a result, the radiation is greatly enhanced in this forward
direction, an effect that is sometimes called the relativistic “headlight” effect.

4.5.1 Acceleration Parallel to v

The simplest case algebraically is when v and v are parallel. The radiation is then rota-
tionally symmetric about this direction, having the s factor as its only alteration, from the
dipole formula:
dP" ¢ 0* sin? 0
dly  Ameg Amc® (1 — Beos 6)°

(4.87)
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Figure 4.7: Polar plots of the radiation intensity as a function of direction, with acceleration
parallel to v, for different values of 3 =wv/c. Velocity is in the z-direction.

The radiation in the exactly forward direction # = 0 is zero because of the sin?# term. The
maximum radiation is in the direction 8,, = 1/(2v) when 8 ~ 1. Here  is the relativistic
factor (1 — v%/c?)~"2. Moreover the intensity in this direction becomes extremely large as
3 gets close to one.

4.5.2 Acceleration Perpendicular to v

Figure 4.8: Definition of the angles for radiation when v is perpendicular to v.

An even more important case is when v and v are perpendicular. One can then obtain

dP' ¢ 1 . sin?@cos? ¢ (1 — 32)
dl  Amep Amc® (1 — Beos 0)° (1— Bcosd)

(4.88)

where @ is the angle of R with respect to v and ¢ is the polar angle of R about v measured
with respect to v as zero.

This distribution is likewise highly peaked in the forward direction for 8 ~ 1, having a
typical half-angle extent of approximately %
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Figure 4.9: Polar plots of the radiation intensity as a function of direction, with acceleration
perpendicular to v, for the case where R lies in the plane of v and v A v.

4.5.3 Total Radiated Power

The general expression (4.81) can be integrated over solid angles by elementary but tedious

methods to obtain
2 . 2 .
o) )
P = — - = —=A—
47r60307 { s ¢ c

s [(0) - (0
Ameq 3¢ ¢ c e

the first form of which was obtained by Lienard {1898). These two alternate forms are
convenient for obtaining the power when v is parallel to v:

2

, (4.89)

2 "2
q° 20° 4
P = —— 4.90
4dmen 3¢ szy (4.90)
and v is perpendicular to v:
2 -2

; g 29"
= —— 4.91
47eq 3¢ 027 (4.91)

These expressions give important quantitative information about the rate of energy loss by
a charge undergoing acceleration. The first thing we can see is that a charge could never
be accelerated through the velocity ¢, because v — oo at § — 1 and so infinite amounts
of radiation would be emitted. This remark is quite independent of Einstein’s theory of
relativity which shows that the mass becomes infinite as 3 — 1. Thus in 1898 when Lienard
obtained his expression he already could have deduced that a charge could not be accelerated
past » = ¢. Second, let us compare the rate of radiative energy loss to the energy gain from
an accelerating electrostatic force.
Write the field as equivalent to the field a distance r from a charge Zg so that the
acceleration is
B Zg* 1
 dmeq mmioy

(4.92)
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¥

Figure 4.10: Comparing the radiative energy loss to the energy gained from force during
acceleration due to a nearby charge.

accounting for the relativistic mass increase. Supposing v to be parallel v, the rate of

radiative loss is 5 5 4 4
, q 2 Zq i i

= — —— 4.93
Ameq 3% (dmeg)” rtmi (4.93)
This will equal the rate of gain of energy due to acceleration, namely
Zg* v
dreg 12
when ) )
Zq* 3 2
@\ _ 530 (mect)” j (4.94)
Ameqr 24
or 1z
Zq° 37
7T ( f ) moc® . (4.95)
dmeqr ¥

The left-hand side, here, is the potential energy of the charge and the right-hand side is
a square-root factor times the rest-mass of the charge (expressed as an energy). For mod-
estly relativistic particles, when we can take the square-root factor to be of order unity, we
therefore see that radiation would begin to have an important effect relative to the parallel
acceleration only when an electron (for example) is in a potential well at a depth ~ mgc?
= bl11 keV. Remembering that the binding energy of a hydrogen atom is only 13.6 eV this
could happen only in the most exotic of situations (e.g. inner shells of heavy elements). Of
course those situations would really have to be treated by quantum mechanics. Moreover
these immensely strong electric fields (~ 10" V/m) are never even approached in present
accelerators. So radiation caused by acceleration parallel to », such as in a linac, is never a
serious consideration.

If v is perpendicular to v, however, the lowest order energy gain by the acceleration is
zero. Compared with this the radiation may well be important. In the atomic force-field

. q2 9 ZQQA 1 72

= — —— 4.96
Amen 3¢ (4meg)” 74 my (4.96)
and the classical kinetic energy in a circular orbit at radius r is
1 Zg?
E=— 4.97
24meqgr ( )
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Radiation

/' Classical Orbit

Figure 4.11: Radiation from a particle moving in a circular orbit arises from its perpendicular
acceleration.

Hence the orbital energy is radiated with a characteristic time constant

£ 1 Z@ | ¢ 2¢{ Z@Z \° 1 A2
T ~ — e — PR PR
P 24meqr | dmeg 3 \ dmwegr ) r?mict
242 2 2 242
3 VA
R L UL WL (4.98)
292 2c \ dmwegr I? c

where [ is the binding energy of the particle in this circular orbit. For a “classical” hydrogen
atom circular orbit, / = 13.6eV, Z=1, and r = ap = 5.29 x 10~ m (the Bohr radius) we get
7 = 1.5 % 107%s. Thus the rate of loss of energy by an electron in a “classical” Bohr orbit is
such that the electron would spiral into the nucleus in a few nanoseconds. This, of course,
was one of the key problems with classical electrodynamics that physics faced in the early
1900s, which prompted the eventual discovery of quantum mechanics.

As an immediately practical matter, we can also ask how fagt a particle radiates energy
because of being accelerated by a magnetic field, in the circular orbit of a cyclotron, for
example. In this case, the acceleration is ©# = v?/d, where d is the orbit radius. The power
radiated is then, from eq (4.91),

[ F# 2 ot . ¢ %54,}/4

= — = 4.99
dareq 3e CQT?”}/ daeg 3 72 ( )

For a relativistic particle (3 ~ 1) the power therefore increases proportional to the fourth
power of the energy (%), and the energy loss per orbit for electrons moving with radius of
curvature r can be written numerically in the form

(£/GeV)*

6E/MeV =88 x 1077
/Me ” (r /meters)

(4.100)

This amounts to a major limitation for electron storage rings and accelerators above a few
GeV energy. Jackson (p 668) cites the Cornell electron synchrotron with » = 100 meters
having a loss of 8.8 MeV per turn at 10 GeV. The MIT Bates accelerator storage ring is
designed for up to 1 GeV energy. With a bend radius of 9.1 m the loss is 9.8 keV per turn
which is compensated by an accelerating stage within the ring.
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4.6 Scattering of Electromagnetic Radiation

4.6.1 Thomson Scattering

We have seen that a non-relativistic accelerated charge radiates according to {(eq 4.82),

ar  ¢* 1 /G,
= — : 4.101
dQ,  Ameq dmc (c) Me ( )

where « is the angle between the direction of radiation and the direction of the acceleration,
v. If the acceleration arises from an electric field K, then

v="1g, | (4.102)
T

Therefore the power radiated per unit solid angle from a single electron can be written:

dpP e 1 e 2 e? g
= E) info={ ———+ Eisina . 4.103
dQ,  4dmegdme (mec e (47reomec2) Cof B ( )

The combination of parameters arising in the last form of this equation,

_(“ (4.104)
e = Amegmec? )

has the dimensions of length, and is called the classical electron radius.

A steady electric field will not give rise to radiation that is particularly interesting, but
if the electric field is oscillating, it will give rise to radiation that is at a corresponding
frequency.

_‘,,f/‘Scattered Wavefronts
incident Wavefronts
Figure 4.12: Schematic illustration of the process of Thomson Scattering.

The most elementary case one might consider is when the electric field varies sinusoidally
with angular frequency w. This is exactly the situation that arises if a charged particle such
as an electron experiences the oscillating electric field of an incident electromagnetic wave at
frequency w. In this situation we speak of “scattering” of the incident wave by the electron.
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This process of acceleration of a free electron by an incident wave and reradiation of a wave
into other directions is known as Thomson scattering.

Now the instantaneous power per unit area of the incident wave is given by the Poynting
vector whose magnitude is

1
s; = |EAB/po| = %Ef —cell (4.105)

and we evaluate it at retarded time ¢ {(i.e. at the time necessary to give rise to radiation at
the field point at later time t). Therefore the scattered power per unit solid angle from a
single electron can be written:

dP

d€,
The differential (energy) scattering cross-section is the ratio of dP/dQ to the incident power
density s;. One can rapidly verify that this definition is in accord with the standard definition
of a cross-section: that it should be such that the number of collisions per unit length is equal
to the product of the cross-section and the density of targets. In this case the “projectiles”
are represented by the incident energy of the wave. The projectiles can be considered to
have a flux density proportional the wave power flux density, s;. An alternative view of this
cross-section is to regard it as the area across which the incident power flux density would
have to flow in order to give rise to the power scattered. The cross-section is

—r’sin®a s; . {4.106)

do 5 . 5

=r.sin“«a 4.107
dQS [ 1 ( )
where « is the angle between the scattering direction and the electric field (i.e. the polar-
ization direction) of the incident wave.

Integrated over all scattering angles this expression yields the total Thomson scattering

cross-section

o= 8;@ . (4.108)

If the electron is stationary apart from the oscillation that the wave imparts to it, then the
scattered radiation will have exactly the same frequency (in this classical approximation) as
the incident wave. However if the electron is moving prior to its perturbation by the incident
wave, then there will be a Doppler shift of the scattered frequency both because the moving
electron will experience the incident wave at a different frequency and because its radiation
will be Doppler shifted at the observer. These two effects give a scattered frequency w, that

is related to the incident frequency w; by

1— f(i.Vo/C
‘1 —k.vo /e
where k; and k, are the wave-vectors of the incident and scattered waves respectively, whose
magnitudes are k; = w;/c and k; = wg/c, and hats indicate unit vectors. The numerator
and denominator of the fractional form for w, represent the two Doppler shifts just referred
to. This one-to-cne relationship between the scattered frequency and the component of
the electron velocity along the direction k, — k; is extremely helpful in plasma diagnostic

applications. The velocity distribution of the electrons is directly revealed in the spectrum
of Thomson scattered light.

we =w; + (kg — ki) v =w (1.100)
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4.6.2 Compton Scattering

One approximation implicit in our treatment of Thomson scattering is that all the incident
wave does to the electron is to cause it to oscillate and that this oscillatory motion is added to
an otherwise unperturbed prior motion. In other words, after the scattering has happened,
the electron remains either stationary or moving at the same velocity as it had before. [In
this section we will henceforward take the electron to be stationary prior to the scattering for
simplicity.] But this cannot really be right, even on a classical picture, because we know that
electromagnetic fields carry momentum. So if the wave is scattered, changing its momentum,
then the electron’s momentum must also be changed so as to conserve total momentum.
The classical effect can easily be calculated. By the symmetry of the sin®c« angular
distribution of scattering, the scattered radiation has zero momentum on average. Therefore
the momentum imparted to the electron is just that of the incident radiation. We saw in
section 3.2.3 that the momentum density of electromagnetic fields is equal to 1/(:2 times the
energy flux density. The force exerted by the incident radiation on the electron is equal to
the total cross-section times the momentum flux density, which is ¢ times the momentum

density. So this force is
8T 4

Mely = 08;/c = ?reeoEf% : {(4.110)
In this classical picture there is a radiation pressure, applying over an area equal to the
Thomson cross-section of the electron, which steadily pushes it in the direction of the incident
radiation.

Quantum mechanics teaches us, however, that electromagnetic radiation is not smooth
and infinitely divisible. Instead it takes the form of photons whose energy is Aiw when the
angular frequency of the radiation is w. If the size of the photon, the quantum of energy,
is much less than the other energy scales in the problem, then the classical limit discussed
above, can apply. If the photon energy is large, it cannot. Actually, the crucial question here
is the momentum of the photon but this can be related to energy and compared with the
rest energy of the electron (moc? =511 keV) as we shall see. The quantum picture, then, is
that each individual photon may, on encountering a free electron, bounce off in a scattering
event. When it does so, the photon’s momentum is changed, and the electron’s momentum
changes also so as satisfy conservation. As a consequence, for energetic (large momentum)
photons, even an initially stationary electron recoils from a scattering event with substantial
momentum. This recoil leads to a downshift in the energy (and hence frequency) of the
scattered photon that will depend on the direction in which it is scattered.

The kinematics of the problem, momentum and energy conservation, are all that is needed
to relate the energy shift to the angle of scattering. Scattering takes place in a scattering
plane. We will suppose that the photon is scattered through an angle 8 and the electron
recoils in a direction at an angle ¢ to the initial direction of the photon. We have to do the
problem relativistically and we appeal to the general relativistic relationship relating energy
and momentum:

E = \/}9202 + (mpc?)? {(4.111)

We denote the final momentum of the electron by p, the photon energy by & before and &
after the scattering collision. Then the momentum of the photon is £/¢ (from the energy
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Figure 4.13: Compton scattering geometry in the scattering plane.

relationship above or from our knowledge about the relationship between energy flux and mo-
mentum of electromagnetic fields). Then we write down the two components of momentum
conservation parallel

E &
— = —cosf+ pcos ¢ (4.112)
c c
and perpendicular
5:’
0= —siné + psin ¢ (4.113)
c

to the incident photon, and the energy conservation:

E+moct =&+ \/p262 + (mpe?)? . (4.114)
We eliminate ¢ by separating the ¢ terms in eqs 4.112 and 4.113 squaring and adding to get:
P = (§>2+ (§>22‘€§oose . (4.115)
c c c

And then we eliminate the momentum p by squaring the square-root term of eq 4.114 to get
pc® = 2mpc (€ — N+ (£ — £ (4.116)

and subtracting from ¢ times the previous equation to get
0=2EE(1 —cosd) —mgc* (€ — &) . (4.117)

This is the equation that relates the photon energy downshift to the angle of photon scatter-
ing. It is most often written in a form governing the photon wavelength A = 2mc/w = he/E
and using 1 — cosf = 2sin® /2,

h )

N — A= ——2sin* -

4.118
_— 5 (4.118)

which expresses the “Compton Shift” of wavelength in terms of the “Compton Wavelength”,
Ae = h/mge = 2.426 x 10712 m, of the electron. A photon’s wavelength equals the Compton
wavelength when its energy is equal to the rest mass of the electron, mgc® = 511 keV.
Therefore the Compton shift is important only for very energetic x-rays and for ~-rays.
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The energy of the scattered photon is

2
MgC
£ = 4,119

1 — cosf+ moc?/E ( )

and the energy lost by the photon, and hence gained as kinetic energy by the electron is

1 —cost
£
1 — cosf + moc2/E

(4.120)

Image removed due to copyright restrictions.

Figure 4.14: Compton scattering cross-section angular variation. (o = & /m,c?].

The cross section for this scattering must reduce to the Thomson crosssection at low
photon energy. It was first calculated using relativistic quantum mechanics (1928) by Klein
and Nishina shortly after Dirac’s formulation of the relativistic quantum equations for the
electron, predicting spin and negative energy states. The agreement of the Klein-Nishina
cross-section with experiments was one of the early triumphs of Dirac’s thecory. For unpo-
larized radiation, the differential cross-section for photon scattering (which is different from
the energy scattering cross-section by virtue of the photon energy shift) per unit solid angle

15:
d zienNtle &
c_T () ( + 2 sin28> . (4.121)

Q. 2\&) \g ¢

In this form the reduction to the Thomson cross-section at low photon energy, so that
E'/E — 1, can be verified by integration of the Thomson formula over all possible incident
radiation polarization directions. At high photon energy, £ > m.c?, forward or small angle
scattering tends to dominate the cross-section, because the (£'/£)? term becomes small
at larger angles; although for those photons that are back-scattered 8 = 180°, they lose
practically all their energy to the electrons and retain only & — m.c?/2. Figure 4.14 shows
polar plots of the cross-section at different energies.
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The Compton scattering process is a dominant attenuation mechanism in the 1 to 4 MeV
photon energy range. It is sometimes helpful to distinguish between the cross-section for
scattering of a photon, given above, and the cross-section for removal of energy from a photon
beam, which is equal to the product of the scattering cross-section and the ratio of energy
loss to initial photon energy. This later is sometimes called the Compton “absorption” cross-
section since it represents the rate at which energy is transfered from photons to Compton
scattered electrons. In either case, the attenuation of a photon stream of intensity I is
governed by a differential equation:

df

— = —n.ofl = —Znol | 4,122

g7 (4.122)
where ¢ is the cross-section per electron, and the fact that the Z electrons are bound to
each atom is ignored since the photon energy is so much higher than the electron binding
energy. The solutions to this equation are exponential (x exp(—n.ocf)) with inverse decay

length n.o, which is called the “attenuation coeflicient”.

Image removed due to copyright restrictions.

Figure 4.15: Photon attenuation coefficients for lead. [From Evans]

Since the ratio of mass to charge of most nuclei is very similar, between 2 and 2.8,
the greatest attenuation arises from the greatest electron density, which corresponds to the
greatest mass density. Hence lead, for example, has one of the largest attenuation coefficients.
Figure 4.15 shows the total {angle-integrated) Compton attenuation coefficients together with
the photoelectric absorption and pair production coeflicients. These latter processes will be
discussed later. The Compton attenuation, since it is simply the product n.o can be scaled
to any other material by multiplying by the ratio of electron densities, that is (for elements)
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by the quantity
Alea,d Pather Z other

4,123
Plead Zlead Aother ' ( )

where p is mass density, A is atomic weight, and Z is atomic number.
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