
G

 

 

So

ree
n

n
 

’s

L{

lu

y

ti

(

o

x)}

for

 
 

F
th

u
e 

n
fo

c
llo

t

= f (x)

w

io
in

n
g 

 
probl

for

em: 

a ≤ x ≤ b

and boundary condition

 
 

B{y(x)} = y(a) = 0

P
 
L

ro

{

b

G

lem

(x

’s

,

 G

ξ

r

)

e

}

en

=

 fu

δ

nc

(

ti

x

on

−

 

ξ)

subject to

G(a,ξ) = 0 or B{G(x,ξ)} = 0
 

€ 

€ 

 



Solution for 

€ 

y(x) G(x,ξ)

y(x)
b

= ∫ G(x,ξ) f (ξ)dξ
 

 
Prove: 

a

 b  
L{y(x)} = L ∫ G(x,ξ) f (ξ)d
 

ξ 
 a  

 b  
L{y(x)} =  ∫ L{G(x,ξ)} f (ξ)dξ 

 a  
 b  

L{y(x)} =  ∫
 

δ(x −ξ) f (ξ)dξ 
 a  

 
L{y(x)} = f (x)  

 
 

 including 

€ 

 is 
 

€ 

€ 

 

€ 

 

€ 

 

€ 



For the boundary condition: 
 

 b  
B{y(x)} =  ∫ B{G(x,ξ)} f (ξ)dξ 

 a  

 

B{y(x)} = 0  

 
 
 
 

€ 

 
 
 
 
 
 
 
 
 
 

 

 

€ 

 

 



 

Green’s Function Solution for the 

 

Scattering Problem 

  
 

(∇2 + k 2)G(r  ,r  ') = δ(r  − r  ')
 

 

Defining R 
 

= r  − r  '
 

Fourier Transform of G(R )
 1G(R ) =

  (2π )3 / 2

€ 

€ 

g(
 
K )e−i

 
K .
 
R 

τ

∫ d
 
K 

 
Recall that the Dirac   

€ 

δ(
 
R )can be represented as 

 

  

€ 

δ(
 
R ) =

1
(2π )3

e−i
 

K .
 
R 

τ

∫ d
 
K 

 
 



€ 

is the Fourier transform of 

€ 

 
 

K 


  g(
 
)   G(R 

 

 

)

( 2∇ + k 2) 1

  
(2π )3 / 2

K 


∫ g(K 
 
)e

  
− iK .R d

 1
=

τ (2π )3
 

∫ e
  

− iK .R d

 

τ

( 2−K
 2 1

+ k )g(K ) =
  (2π )3 / 2
or
 
 

g(K 
 
) 1

= −
  (2π )3 / 2

1
K 2 − k 2

 

Then 
 

  G(R 
 
)  becomes, 

€ 

 
K 

€ 

€ € 



€ 

 1G(R ) = −
  

(2π )3
e− i
 

K .
 
R 

K 2 − k 2τ

∫ d
 
K 

 
The integral is performed in spherical coordinates 
in the volume 

€ 

τ where 
 

  

€ 

d
 
K →K 2dK dϕ sinθ dθ  

 
The range of integration is 
 

€ 

0 ≤ϕ ≤ 2π
0 ≤θ ≤ π
0 ≤ K ≤ ∞  

 

The integral in   

€ 

G(
 
R )  becomes 

 

  

€ 

G(
 
R ) = −

1
(2π )3

K 2dK
0

∞

∫ dϕ e−iKR cosθ

K 2 − k 20

π

∫
0

2π

∫ sinθ dθ

 



€ 


G(

 
R ) 1

= −
  

(2π )3
K 2dK

K 2 − k 2
∞

∫ (2π ) 2sinKR

0 KR
 

  
  

 

 
The function 

  

f (K) sinKR
=

K
1

K 2 − k 2  
 
i
 
s eve



n

 

 on K, there

1

fore 

G(R ) = −
  

4 2π R
K dK

K 2 − k 2
∞ sinKR∫
−∞ K

  

 

  
 

R
 
ecall that 

  

sinKR 1
=
2i (e

iKR − e− iKR )
 

€ 

€ 

€ 

 
 



€ 

 1G(R ) = −
4 2π R

  

1
2i

KeiKR

K 2 − k 2
∞ Ke− iKR

∫ −
−∞ K 2 − k 2

  ∞ 

 

  ∫ 

 

  −∞ 

Use of the Residue Theorem
 

 
If  f (z)  is an analytic function then 

 

n

∫ f (z)dz = 2πi∑Re s f (a j )
c j=1

 
a

 

 

Where  j

th

 (singularity) is in the circle c . 

F
 
or a m  order singu

1

larity 

Re s f (a j ) =
(m −1)!

dm

z
lim

−1

→a j dzm−1
 

[(z − a j )
m f (z)]



 


 

 

 
 
 
 
 

€ 

€ 

€ € 
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(a) 
 
First part of the in

KeiKR
tegral 

f (K) =
K 2 k 2−

 
 

 
S
 

K
ingu

=

lar

±

iti

k
es of order m=1 at 

   
S
 
ince R > 0  € 

€ € 

 
 
 



 
 
 

KeiKRRe s f (+k) =
K
lim
→+k

(K − k)
(K − k)(K + k)

 
 
 

Re s f (+k) eikR
=
2

 
 

∫ f (z)dz = π ieikR
c

 
 

 
 
 
 
 

€ 

€ 

€  
 



(b) 
 

Kef (K)
− iKR

=
K 2 − k 2

 
 

S
 
ince R > 0  

 

 
 

Re s f (+k) Ke
=

K
lim
→−k
(K − k)

iKR

(K − k)(K + k)

Second part of the integral 

€ € 

€ 

 



€ 

Re s f (+k) = (−k) e
− i(−k )R

−2k
 

 

 

Re s f (+k) eikR
=
2

 
 

N
cl
o
o
t
c
e
k
 
w
th
i
a
s
t
e
 
.
t
 
he sense of integration is counter‐

 
 

∫ f (z)dz = −π ieikR
c

€ 

€ 

 
 
 
 
 
 
 
 



Hence 

€ 

 becomes 
 

R 


  G(
 
)

G(R 
 
) 1

= −
  4 2π R

1
2i
 

 

[ ikR ikR  
 πie − (−πie )
 ] 
  

G(R 
 
) 1

= −
  4πR

eikR

 
 

R
  
ec

 
all that 

  
R = r  − r  '
   
 

G(r , r  ') 1
= −

  
4  π r  − r '

eik r 
  
−r '
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