Green’s Function

Solution for the following problem:

L{y(x)} = f(x) for asx=<b

and boundary condition

B{y(x)}=y(a)=0

Problem’s Green function

L\G(x,8)} = 6(x - &)

subject to

G(a,5)=0 or B{G(x,&)} =0



Solution for Y(X) including G(x.§) is

y(x) = [ G(x.8) f(§)dE

Prove:

Y

L{y(x)} = L1 [ G(x.) f(§)dE

Y

L{y(0)} =1 [L{G(x.5)} f(&)d&

Y

L{y(x)} =1 [ 8(x-&) f(&)dE

Liy(0)} = f(x)



For the boundary condition:

B{y(x)} =1 [ B{G(x.9)} f(§)d&
B{y(x)} =0

Y




Green’s Function Solution for the
Scattering Problem

(v + k )G(* ) =8(F -7

Defining R=7 —T'
Fourier Tmnsform of G(R)

G(R) = | o(K)e *RdK

(2.7'5)3/2

Recall that the Dirac O(R)can be represented as

. 1 P
O(R) = “TdK
(R) IR [e




g(K) is the Fourier transform of G(R)

(V2+k )(2 )3/2 fg(K)e KRAIR = (2;)3 I e KRl
(-K* + k*)g(K) = : —
(27r)
1 1

K
g( ) (2]7:)3/2 KZ_kZ

Then G(R) becomes,



N 1 e—ilg.l_é N
G(R) = - dK
(R) IR f

The integral is performed in spherical coordinates
in the volume T where

dK — K*dK dgsin6d6
The range of integration is
O<sgp=<2n
O<O0=xma

O<sK=sw

The integral in G(R) becomes

T —zKR cosf

szquof >sin6do

G(R) = (2:1)



1 %+ K*dK
J

) ==y S KK

( 271)( 2 sinKR)

KR
The function

sin KR 1
K K-k

J(K) =

is even on K, therefore

G(R) = -

1 j K dK (sinKR)
A4x°RY K*-k*\ K

—00

Recall that

SINKR = zli(eiKR — e‘iKR)
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m iKR —iKR ]
12 < 1 f Ige 2—f Ke
47°R |20, K" -k

"

G(R) = -

Use of the Residue Theorem

if f(2)isan analytic function then
§ f(z)dz =27y Res f(a,)
C j=1

Where 4 (singularity) is in the circle C.

For a mt order singularity

1 . dml
Resf(aj)—(m 1)!}% {dzml[(z a.)” f(Z)]}



(a) First part of the integral

K IKR

f(K)—K '

Singularities of order m=1 at

K ==+k
Since R >0

Im

Re



Ke IKR

Res f(+k) = lim (K - k)
Kk (K = k)(K + k)

ikR
2
gﬁf(z)dz =mie™

Res f(+k) =&




(b) Second part of the integral

Ke—iKR
K*-k*

J(K) =

Since R >0

Im

| KeiKR
Res f(+k)= lim (K -k) (K - k)K + k)



—1(—k)R

e
Res f(+k) = (-k)—

kR

2

Note that the sense of integration is counter-
clockwise.

Res f(+k) =&

gﬁf(z) dz=-mie"™



Hence G(R) becomes

D 1 1 » kR + kR
G(R) = -~ {21' | mie™" — (e )]}

G(I_é) _ _ 41R eikR
I

Recall that

R=[F -7

1 k|77
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G(7,F') = -
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