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ARTICLE A-3000

ANALYSIS OF SPHERICAL SHELLS
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NOMENCLATURE AND SIGN CON-
VENTION

T
LTS FRRLIN R

[ ~ 1
and siga convention adepiad in

war HHOERER TP HIFIUEN
L)
n Unmiform pressure internal or external,
Iy
41 Mendional hending mement per unit
sngth of circumference. inch-peunds
porinch
1 Faored per unit length of circumference.
perpendicular to center line of sphere.
pounds per inch
N Membrane foree, pounds per inch
¢ Radial shearing force per unit of cir-
cumfcrence. pounds per inch
S Stress intensity. psi
R. Radius of mul-surface of spherical
shell, inches
R Incide radiu- inches
t Thackness of spherical shell, inches
1. Modulus of cla-ticity . pa
v Porson’s ratio
oot v flesural nigdity inch-
‘n‘ulhl\
o JME v Ry andh

“NMerniional angle measuwied trom cen
ter hine ot sphere, Jdegrees

(13
(16)
("

(13)

(33)

(35 =

&,= Meridional angle of reference edge
where loading is applied. Jegrees
oy, = Meridional angle of second edge. de-
grees
= Meridional angle measurad frem the
reference edge. radians
x=Length of arc for angle .. measured
from reference edge of hemisphere.
+R .2 '180. inches
1=3R.
Y = Rato of outside radius te inside radius
Z=Ratio of outside radius @
+  mediate radius
U'=Ratio cf inside radius
" mediate radius
w=Radial displacement of mid-surfacs.
inches ;
5=Lateral displacement of mid-surface
perpendicular to center line of spheri-
cal shell. inches
4= Rctarion of mid-surface. radians
o= As a subscript used to denote a gquan-
tity at reference edge of sphere
é=As a subscript used to denote me-
ridional direction
t=As a subscript used to denote circum-
feren:ial direction

K=1- 1—2‘.cot(é~—a)
: n :
K=1- ]:" cot (o.—a)
T
ki=1— —-—cote.
k.=1- ;\-\ coto.
4 =\1=k"
mm.)_m*\ (K, = K.) = 2K.]
/ Tsine.
sifte —w)

"o ra
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(36) F(a)=~/in(o)sin(b.) —
(37)  vy,=tan " (-A)
(38) o.=Radial stress compuonen.
(39) o,=Tangential  (circumferential)
component, psi
(40) o,=Longitudinal (meridional) stress com-
ponent, psi ‘
(b) The sign convention is listed below and shown
in Fig. A-3120-1 by the positive directions of the
pertinent quantities:

Stress

(p) Pressure, Positive radially outward
(3) Lateral Displacement, Perpendicular to
L of sphere, positive outward
(9 Rotation, Positive when accompanied
by an increase in the radius or curva-
ture, as caused by a positive moment
.(M), (M,) Moment, Positive when causing tension
on the inside surface
(H), (H,) Force perpendicular to L, positive out-

ward :
(Ny), (N) Membrane, Force, Positive when caus-
ing tension
A-3200 STRESS INTENSITIES, BENDING
ANALYSIS, DISPLACEMENTS AND
EDGE LOADS '
A-3210 PRINCIPAL STRESSES AND STRESS

INTENSITIES RESULTING FROM
INTERNAL OR EXTERNAL PRES-
SURE

In this Subarticle formulas are given for principal
stresses and stress intensities resulting from uniformly
distributed internal or external pressure in complete
or partial spherical shells. The effects of discontinui-
ties in geometry and loading are not included and
should be evaluated independently. The stresses re-

- sulting from all effects must be combined by super-
position.

A-3220 PRINCIPAL STRESSES AND STRESS
INTENSITIES
A.3221  Principal Stresses Resuiting from Internal

Pressure

The principal stresses at any point in the wall of a
spherical shell as a result of internal pressure are
given by the following formulas:

0,=cr,=p(2:'+2),/2(Y“-— l) (a)
r.=a=XZ'+2)/2(Y"-1) ®
0:;=0r=P(1—ZJ)/(Y:—1) (C)
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A-3222  Stress Intensities Resulting From Inter-

nal Pressure
A-3222.1 General Primary-Membrane Stress In-
tensity. The general primary stress intensity in a
spherical shell as a result of internal pressure is
given by the formula:
S=75p(Y'+ 1)/ (Y'—1) (a)

A-32222 Maximum Value of Primary-plus-Ser
ondary Stress Intensity. The maximum valuc of t
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stress intensity in a spherical shell as a result of
internal pressure occurs at the inside surface and is
given by the formula: '

S=1.5p(Y) (Y =1) (b)

Principal Stresses Resulting from Exter-
nal Pressure.

A-3223

The principal stresses at any point in the wall of 2
spherical shell resulting from external pressure are
given by the following formulas:

=0y = _va"-(U“.*.Z)/?_(Y“_ [) (a)
o:=0,= —pY'(U'+2)/2(Y*=1) (b)
ay=0,=pY (U= 1)/(Y*=1) ©

Stress Intensities Resulting from External
Pressure

A-3224.1 General Primary-Membrane Stress In-
tensity. The general primary membrane stress in-
tensity in a spherical shell as a result of external
pressure is given by the formula:

Save = T3 p(Y*+ 1) /(Y'=1) (a)

A-3224.2 Maximum Value of Primary-plus-Sec-
ondary Stress Intensity. The maximum value of the
primary-plus-secondary stress intensity in a spherical
shell as a result of external pressure occurs at the
inside susface and is given by the formula:

S=1.5p(Y")/(Y*=1) (b)

NOTE: The formulas in A-3223 and A-3224
may be used only if the applied external pressure is
less than the critical pressure which would cause in-
stability of the spherical shell. The value of the criti-

cal pressure must be cvaluated in accordance with the
rules given in NB-3133.4.

A-3230 BENDING ANALYSIS FOR UNI.
FORMLY DISTRIBUTED EDGE
LOADS

A-3231  Scope and Limitations of Formulas Given

(a) The formulas in this subsubarticle describe the
behavior of partial spherical shells of the types shown
in Fig. A-3120-1 when subjected to the action of
meridional bending moments. M, tinch pounds per
inch of circumierence). and forces. /1. (pounds per
inch of circumference), uniformly distributed at the
reference edpe and acting at the mean radius of the
shell. The etfects of all other loading must be evalu-
ated independently and combimed by superposition

ANALYSIS OF SPHERICAL SHELLS

AN

A-31232

(b) The formulas listed in this paragraph become
less accurate and should be used with caution when
R,./tis less than 10 and/or the opening angle limita-
tions shown in Fig. A-3120-1 are exceeded.

A-3232  Displacement, Rotation, Moment and
Membrane Force in Terms of Loading

-Conditions at Reference Edge

The displacement, (8), the rotation, (§), the bend-
ing moments, (M,), (M), and the membrane forces,
(N)), (N,), at any location of sphere are given in terms
of the edge loads, M, and H,, by the following formu-
las:

=M, {52 0 F(a)e e [cos(ra) ~ K. sm(/\a)](
+H, E t'"kl o Sing, Fla)e? [cos(ra +vo)
—~K. sin(Aa+70)] (a)
4 a
6=M, {Rm Etk1 Cla)e™ COS(/\a)J
+H, 1E k A, sing, C(a)e* cos(ra + /O)J“ (b)

!
M,=M, { T Cla)e e [K, cos(Aa) +5in(Aa)] J"

‘ Rm
+H, {2 k.

+vo) +sin (Aa+v,)] }

A, sing, Cla)e ™ [K, cos(ra+
S T{e)

ZC(a) ea [B(a) cos(Aa) + 2v* sm(\a)]\

.[ R"l
L4V Ak

+ o)+ 22 sin(Ae +va)] }

Ml = Mu {
+H, A, sing, C(a)e>2 [B(a) cos (Aa

(d)

Ne=-M, 2\ C(a)ea sin{Aa) cot (¢,,—a)
kRm kl
-H, ,Ikl A, cot (¢, —a) Cla)e* sin (Aa+ /O)J
(e
2\
N=M, )Ik-m—[‘ Clu)eNe [COS (Ai)

K, +K, !
—(—-—2-— ) sin (\u)]‘

i, l\\ A sin g, Clude M

[CU.\' {Aee ~3,) - ( 1\ * [\ ) sin (Aa + /,)] (f)
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A-3233 SECTION 1

A-3233  Displacement and Rotation of Reference
Edge in Terms of Loading Conditions at
Reference Edge

A-3233.1 At the Reference Edge Where <=0,

and $=¢,. The formulas for the displacement and
rotation (A-3232) simplify to those given below:

APPENDIX A

_ay 2Asin ¢, R, Asin® ¢o(_1_ . )
So—Mo E t k‘ +Ho Et kx +L-’ (a)
_ 4r° 2A% sin ¢, »
bo=Mo 7. Y- —E T, ®)

A-3233.2 When Shell Is A Full Hemisphere. In
the case where the shell under consideration is a full
hemisphere the formulas given in (a) and (b) above
reduce to those given below:

2537 2RpA

W=Mogr T (@)
4A° 2)\°
bo=Me g BT ET ®

A-3234  Principal Stresses in Spherical Shells Re-

sulting from Edge Loads

The principal stresses at the inside and outside
surfaces of a spherical shell at any location, resulting
from edge loads, M, and H,, are given by the follow-
ing formulas:

N, _6M,

o =ala)= 4 =g ' (@)
N, oM,

2 —-ag(a)=—t-t I3 (b)

o;=a,(a)=0 ©

In these formulas where terms are preceded by a
double sign, =, the upper sign refers to the inside
surface of the shell and the lower sign refers to the
outside surface.

556

A-3243

ALTERNATE BENDING ANALYSIES

A-3240
OF A HEMISPHERIC AL SHELL,SUB.
JECTED TO UNIFORMLY DISTRIB-
UTED EDGY LOADS

A-3241 Nature of Formulas Given

If a Jess exacting but more expedient analysis of
hemispherical shells is required, formulas derived for
cylindrical sheils may be used m a modified form.
The formulas listed in A-3242 describe the behavior
of a hemispherical shell as approximated by a cylin-
drical shell of the same radius and thickness when
subjected to the action of uniformly distributed edge
loads, M., and H,, at =0, x=0, and ¢,=9%0°.

A-3242  Displacement, Rotation, Moment and
Shear Forces in Terms of Loading Con-

ditions at Edge

=H,/238°D+M,/28°D (a)
H,/282D+M,/8D ®)
e UG
o) =202 (a0 + 2180 @
Me=He 82 (5x) + 0,1 80) (@

Q(x)=H,sin ¢ f, (Bx)-28 Mf. (Bx) - (I

Where f,, f., f. and f, are detined in Article A-2000,
Analysis of Cylindrical Shells, and

I=G-Rm 180e (90 (#))

Principal Stresses in a Hemisphérical
Shell Due to Edge Loads

The principal stresses in a hemispherical shell due
to edge loads. (M,) and(H,), at the inside and outside
surfaces of a hemispherical shell at any meridional
location, are given by the formulas:

A-3243

o, =a{x)= =6M(x)/ ¥ (@
a=c(x)=E 8(x) /R, =v6M(x}) /1 (b)
a;=0,=0 ©

In these formulas where terms are preceded by a
double sign, =, the upper sign refers to the inside
surface of the hemisphere and the lower sign refers to
the outside surface.
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