
ARTICLE A-3000 


.-!.U.ALYSIS OF SPHERICAL SHELLS 
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(23) w =Radial displacement ot mid-c~rfsce. 
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Licrl~!i!ri.;i bcr,t!;n~ m c m ~ n t  pcr unit 
1-7.2;!l irf cirs:~mf;rcr.cc. inch-pcundi 

(24) .S =Lateral dis~lacement of mid-surf2se. 
~erpendicular to ccnter line oi s ~ k r i -
cal shell. inches 

Fir inLh 
t.ctr;; psr unit len_r!h of circumference. (3) d =  Rctatlon of mid-sun'3c?. r~ilians ". -' 

(16) o=Xs a subscript used to denote a quan- 
tity 3t reference edge cf spherepcq:cn:flc~~!;lrto ccnter line of sphere. 

pour111\per inch 
%lcr~~'nr.~ncforce. pound.; per inch (27) i z . 4 ~a jubscript used Id denote me-

ridional direction 
H;~ili;ll shc;lring forcc pcr unit of cir-
conifcrct1cc. pt)untl\ pcr inch . 

( 2 s )  1= .As 3 subscript used to denote cirium-
fercniial direction 

Strcci irilcn5ity. pci 
I?; l t l~u;  of rniil-<urf;lic of sphcrical 
>llcll. inchc\ 
l f l \ i ~ I ~r;l~llll... iflcllc~ 
'I hlc.l.r~~-,\1 1 1  \pl~cr~cal\licll. inchc. 
\ I t  111 ] ? \ IVI!II!~I\c i , ~ . [ i ~ ~ l ! .  
11, ! I \ .  Ofl.\ I ,If I. I 

I : I .!I I 1. 1. f l c \ ~ ~ r . ~ l  inch-rigtclit! 
~1,11111,1\ 


1 i fI I ,  I It,,, t o1 I .  111~11 


\Icr I.::, t1l.11 :~ I I ; * ICI I I C ~ * I I ICLI f r  o r 1 1  C ~ I I  


tC1 I I I I L .  # * I  \~.II '~!L~.
L ! L + ! ~ L ~ L ~ ~  

http:cirs:~mf;rcr.cc


(37) -;,,I. ; ( - / \tan 
(38) 4r,.= Radial 5trci.s c o r n l ~ ~ ~ ~ ~ ~ i :  ;,. 

(39) 	 ~~=Tansen t i a I  (circumfcrc~llial) strchs 
componcnt. psi 

(40) 	 o,=Longitudinal (mcridional) strcss com-
ponent, psi 

(b) The sign convention is listtd k i o w  and shown 
in Fig. A-3120-1 by the positive directions of the 
pertinent quantities: 

@) 	 Pressure, Positive radially outward 
(6) 	Lateral Displacement, Perpendicular to 

L of sphere, positive outward 
( B )  	 Rotation, Positive when accompanied 

by an increase in the radius or curva- 
ture, as caused by a positive moment 

(M), (M,) Moment, Positive when causing tension 
on the inside surface 

(H), (H3 Force perpendicular to L, positive out- 
ward 

( N t ) ,(N,) Membrane, Force, Positive when caus- 
ing tension 

A-3200 	 STRESS INTENSITIES, BENDING 
ANALYSIS, DISPLACEMENTS AND 
EDGE LOADS 

A-3210 	 PRINCIPAL RRESSES AND STRESS 
INTENSITIES RESULTING FROM 
INTERVAL OR EXTERS.AL PRES-
SURE 

In this Subarticle formulas are given for principal 
stresses and stress intensities resulting from uniformly 
distributed internal or external pressure in complete 
or partial spherical shells. The effects of discontinui- 
ties in geometry and loading are not included and 
should be evaluated independently. The stresses re- 

, sulting from all effects must be combined by super- 
position. 

A-3220 	 PRINCIPAL STRESSES .AND STRESS 
INTENSITIES 

A-3221 	 Principal Stresses Resulting from Internal 
Pressure 

The principal stresses at an): point in thc wall of a 
spherical shell as a result of internal prcssure are 
given by the following formulas: 

SPHERICAL SEGMENT, FOR VALUES OF : 

I	 t+6---
+@L -b 

HEMISPHERE 	 FOR # = 90- 1--------------------- I 
d 

+*LJ 4. 
FRUSTUM, FOR VALUES OF 90: 


162 180 


FIG. A-3120-1 

A-3222 Stress Intensities Resulting From Inter- 
nal Pressure 

A-3222.1 General Primary-;\lrmbrane Stress In- 
tensity. The general primary stress jntcnsity in a 
spherical shell as a result of internal prcssurc is 
piven by the formula: 

S=.75 p ( Y . : +  l ) / ' ( Y . ' -  I )  (a )  -3
A-3222.2 	 bfaxhum Vnluc d Priol.y.-pk-Scr 

ondary Stress Intensity. The maximum valuc of t 



1 -
i 
! - A-3222.2 ,I-3000-.ASALYSIS OF SPHERICAL SHELLS 	 A-3232 

i 
" . 

! 
i 

1 
J' 
1 

/ 


. .-g 

I 


1 
'I 

t

I -

i
.i 

stress intensity in a spherical shell as a result of 
intcrrl;li prcssurc occurs ;it the inside surface and is 
gi\cn by tllc forrnul;~: 

S= l .S / ' (Y : ) : (Y ' - I )  ( b )  

h-3223 	 Principal Stresses Resulting from Erter- 
nd Pressure. 

Thc principat stresses at any point in thf w d  of a 
spherical shell resulting from external pressure are 
given by the following formulas: 

,,,=,,,=-pY(u:1+2)/2(Y'- I) (a> 

n2=crt= - ~ Y : ( u : I + ~ ) / ~ ( Y : : - (b)1) 

a3=q,= pY::(U':- l)/(YrL- 1) (c) 

A-322-1 	Stress Intensities Resulting from External 
Pressure 

.A-3224.1 General Primary-Xlembrnne Stress In-
tensity. The general primary membrane stress in-
tensity in a spherical shell as a result of external 
pressure is $\en by the formula: 

S;,,.,=.75 P ( ~ . : +I ) ; ' (Y l - - I) ( a )  

.\-3224.2 Xlaximum Value of Primary-plus-Sec-
ondary Stress Intensity. The maximum value of the 
primary-plus-iecondnr) strcss intensity in a spherical 
shell as a result of esternal pressure occurs at  the 
inside surface and is given by thc formula: 

Sx1 .5  p ( Y ' ; ) / ( Y ' -I )  (b) 

NOTE: The formulas in .4-33-23 and A-3224 
may be used only if the applied external pressure is 
less than the critical pressure which would causc in- 
stability of the spherical shell. The value of the criti- 
cal pressure must bc evaluated in accordance with the 
rules givcn in NB-3 133.4. 

A03230 	 BENDING ANALYSIS FOR UNI-
FOR31LY DISTRIBUTED EDGE 
LOADS 

A-3231 	 Scope and 1.imitations o l  Formulas Given 

((I) The formulas in this suh3ubarticlc Jcscribc the 
behavior of partial ~lplicrical sl1cll3 of thc types shown 
in Fig. A-3120-1 when \uhjcctcd to tlic action of 
meridional handing monicnts. ,\I.. (inch pounds per 
inch of circurnlcrencc). nil f~)rcc\.1 1 .  (I)OUIIC!S pcr 
inch uf circunifcrc~lcc). unif\lrn~ly di\ltribi~tcJ ; ~ tthe 
rcfcrancc edge arid actills 21 tlic II~C:II I  radiu~uf the 
shcll. Tltc cticcllr oi all otllcr I ~ ; I ~ ~ I I ;r i ~ u \ the cbi~lu- 
atcd indcpcndcnll> ;~nd c o ~ l ~ i > ~ r ~ c J  I>! \upcrjw~4tit111 

( 6 )  The formulas listed in this paragraph become 
less accurate and should be used with caution when 
R,,,/r is less than 10 and/or the opening angle limita- 
tions shown in Fig. A-3 120- 1 are exceeded. 

A-3232 	 Displacement, Robtion, Moment andMembrane Force in Terms of Loading 
rnadirinns at Refereace Edge 

The displacement, (6), the rotation, (8), the bend-
ing moments, (M,),  (M,), and the membrane forces, 
(N,), (N,), at any location of sphere are given in terms 
of the edge loads, M, and H,,, by the following formu- 
ias: 

6 = M , ,  { E t k ,  
F(a)e-" [[cos(Aa) -~ , s i n ( h ~ ) ]-	 1 

+ H. jR.,' A. sing. F(a)e-'a [cos(hn + ).)
[ E t k ,  

-K, sin(h + 	 (a) 

1
C(a)e-" C O S ( ~ )  i 

+Ho -2d'2 A .  sing. C(a)e-" COS(L +-,,,) j (b)
p t k ,  

1M ~ =M, {- c ( ~ ) ~ - \ ~  1[K,cos(ha) 

+ H, 

k1

{$ A. sin+, C(a)e-la [K,COS(*Q+ 

+ -,,) +- sin (Aa 	 (c) 

M,= M,, [B(a) COS(X~) -+ 2v' ~in(Xa)] 
! ., ' "-

+ H,, ..
4 v , i k ,  
-R"' A,, sin+, C(.)e-la [B(a) cos (ha 

+,,) + 2v2 sin(,\a +),,)I 	 (dl 

1 -H,, jkxA.  cot (4"-a) c(a)e-la sin (,ia-+ 1 
(e) 

1 -2.1: C ( ~ ) C - \ ~N , = M,, 7 RX [cos ( k z )  

- ( K ;  :-!<) sin (,\,il]l 

+ I / .  i I ,.\ ,4.,sir1 $,, C(uk 's', 

. . 



A-3233 st~~'1~10sI l l  

A-3233 Dispiaccment and Rotation of Rcfcrcncc 
Edge in Terms of Loocling Condititrns at 
Reference Edge 

A-3233.1 At the Reference Edge Where. a=O, 
and +=+, The formulas for the displacement and 
mtztion (A-3232) -13): to those ~ ~ V Q Ibtbw: 

8. =M, E t k ,  

4A3  2hZsin do e,= M,
Rv1,E t k,+" E r k ,  (b) 

A-3233.2 When Shell Is A Full Hemisphere. In 
the case where the shell under consideration is a full 
hemisphere the formulas given in (a) and (b) above 

;\l't'F%I>l\ 	 .\ - -\-2:43 

3,
(1-32-80 	 ..1l.'r'l.HS;\.TI< R k \ I)IU(; ..\N,\I.YSIS , 

OF <\ ~ ~ ~ . \ l l S l ' l l l ~ ~ l ~ l ~ ~S I i ~ ~ I ~ l . , S ~ ~ R ~\ I .  'I 
JEC:'l'fa:I) '1'0 I.'SIFOR.\ll .Y DISTIlIB-
IJTED El)<;f. I.O;\nS 

:\-3241 	 Nature of Formulils Given 

If a less exacting but more expedient analysis of 

hemispherical shells is required, formulas derived tor 

cytiadricalmdlsrmybeusedmamodifam. 

The formulas listed in A-3242 describe the behavior 

of a hemispherical shell as approximated by a cylin-

drical shell of the same radius and thickness when 

subjected to the action of uniformly distributed edge 

loads, M.,and H,,at a=O, x=O, and do=90". 


A-3212 	 Displacement, Rotation, Moment and 

Shear Forces in Terms of Loading Con- 

ditions at Edge . 


H, sin2+ M, sin d,
6(x)=-,,Q3 /I( P X )  +Tf2(w (ci

LP 2 $ D  , 
H, sin (p M"e(x) =-f@x) rxf,cPx) (d2p'D PU 

reduce to those given below: 

2,tz 7 R  Aso= M ,  -E t 
+H , - E t  

Bo=M0 -4 A 3  2.\? 

R. E 1 E t 

A-3234 Stresses in 'pherica' 
sulting from Edge Loads 

, 

Re-

(2) 


(b) 

The principal stresses at the inside and outside 
surfaces of a spherical shell at any location, resulting 
from edge loads, M, and No,are given by the follow- 
ing formulas: 

N 6MU ~ = U ~ ( ~ ) = A - 't t2  

Ncr2=ur(a)=l=-6Mt 
t t= 

' (a) 

(b) 


(c) 

In these formulas where terms are preceded by a 
double sign, 2 ,  the upper sign refers to the inside 
surface of the shell and the lower sign refers to the 
outside surface. 

M(x)=-H,sin i
f , ( p x i  +M,fl(P-r) (e:

P 

Where f , ,  f,, f z  and j , are defined in Article -4-2000, 
Analysis of Cylindrical Shells, and ' 

xR ,,,x=aR,,,=-(90'-9)
180" 

A-3213 Principal Stresses in a Hemis@Ekrica1 
Shell Due to Edge Loads 

The principal stresses in a henlispherical shell due 
to edge loads. (Itl,)and(H,J, at the inside and outside 
surfaces of 3 hemispherical shell at any meridional 
location, are given by the formulas: 

,I =u~(.T)= 2 6M(x)/t2 	 (a) 

,=u,(x) = E  S ( X ) / R ,2 1,6AI(x)/t' (b) 

u3=ur=0 (c) 

In these formulas where terms are preceded by a 
doublc sign. 2 ,  the upper sign refers to the insiJe 
surface of the hemisphere and the lower sign refers to 
the outside surface. 


