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ARTICLE A-2000

ANALYSIS OF CYLINDRICAL SHELLS

A-2100 INTRODUCTION
A-2110 SCOPE

(a) In this Article formulas are given for stress and
deformations in cylindrical shells subjected to inter-
nal pressure only. For cylindrical shells subjected
to external pressure, see NB-3133.3

(b) Formulas are also given for bending analysis
for uniformly distributed edge loads.

NOMENCLATURE AND SIGN
CONVENTION

A-2120

The symbols and sign convention adopted in this
Article for the analysis of cylindrical shells are de-
fined as follows:

(1) D=Er,/12(1 —v*), pound-inch

(2) E = modulus of elasticity, psi

(3) L=1length of cylinder, in.—used as subscript
to denote evaluation of a quantity at end
of cylinder removed from reference end

(4) M=longitudinal bending moment per unit
length of circumference, inch-pounds per
'unh .

(5) o=used as subscript to denote evaluation
of a quantity at reference end of cylin-
der, x=0

(6) p=internal pressure, psi

(7) Q=radial shearing forces per unit length of
circumference, pounds per inch

(8) R =inside radius, in.

(9) S =stress intensity. psi

(10) 1= thickness of cylinder. in.

(11) w=radial displacement of cylinder wall, in.

(12) x=axial distance meusured from the refer-
ence end of cylinder. in,

(13) Y = rativ of outside radius o inside radius

(14) Z =ratio of vutside radius to an intermediate
radius
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(15) B=1[3(1—v)/(R+1/2)*14, 1/in.

(16) 6=dw/dx=rotation of cylinder wall, radians

(17) v = Poisson’s ratio

(18) o.=tangential (circumferential) stress com-
ponent, psi

(19) o =longitudinal (meridional) stress com-
ponent, psi

(20) o, = radial stress component, psi

(21) F,,(Bx)=(cosh 8x sin Ax

—sinh Bx cos 8x)/2
(22) F,.(Bx)=sinh Bx sin 8x
(23) F,3(Bx)= (cosh Bx sin Bx

+sinh Bx cos Bx)/2
QoMo Qix)Mx)  QuM.
¥ = br W}
~ - - ] ; j& ~ '—.—‘i
¢ ] ]
sw!
R : ‘; 3
~ B N, NS I
x=0 x=X X=X x=L
FIG. A-2120-1

The sign convention arbitrarily chosen for the
analysis of cylindrical shells in this Article is as indi-
cated in Fig. A-2120-1. Positive directions assumed
for pertinent quantities are indicated.
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A-2120

(29 F ()= cosh gx cos 3y
(25)  f(30)=¢ #coysx
(20)  faBx)=e #(cos px —sin gy)
@7 fJABx) =87 (cos B +sin 3x)
28) f.(3x)y=eP'sin Bx
(29) B,,=B8B..(8L)=(sinh 28L —sin 23L) "
2(sinh* BL —sin® BL)
(30) B,.=8,.(8LY=(cosh 23L —cos 28L)/
2(sinh* AL —sin® 8L)
(31) B..=B..(8L)=(sinh 28L +sin 23L)/
(sinh®* gL —sin*gBL)
(32) G,,=G,(BL)= —(cosh gL sin gL
—sinh 8L cos BL)/
(sinh® gL —sin°gL)
(33) G,.=G..(BL)= —2 sinh 8L sin 8L/
(sinh®* BL —sin*gL)
(34) G..,=G..(8L)= —2 (cosh 8L sin L
+sinh gL cos BL)/
(sinh*@L —sin*BL).
A-2200 STRESS INTENSITIES, DISPLACE-
MENTS, BENDING MOMENTS AND
LIMITING VALUES
A-2210 PRINCIPAL STRESSES AND STRESS
INTENSITIES DUE TO INTERNAL
PRESSURE

A-2211 Loading Effects Considered

In this subarticle formulas are given for principal
stresses and stress intensities resulting from uni-
formly distributed internal pressure in cylindrical
shells. The effects of discontinuities in geometry
and loading are not included and should be evalu-
ated independently. The stresses resulting from all
effects must be combined by superposition.

A-2212 Principal Stresses

The principal stresses developed at any point in the
wall of a cylindrical shell due to internal pressure are
given by the formulas:

a=a=p(1+2Z%)/(Y*-1) (a)
c.=o=p/(Y:=1) (b)
w=o=p(1=2Z3)/(Y*-1) ~ - ()
A-2220 STRESS INTENSITIES
A-2221 General Primary-Membrane Stress In-

tensity

The general primary-membrane stress intensity

SECTTION I

54%
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developed in a evlindrical <hell as o resutt ot internal

pressure is given by the formuta:

. PR g

S A (a)
A=2222  Maximum Value of Primary-Plus-Secon.

dary Stress lutensity

The maximum value of the primary-pius-secondary
stress intensity in a cylindrical shell as a result of
internal pressure occurs at the inside surface and is
given by the formula:

S=2pY: /(Y1) (b)

A-2223  Values of Radial Stress Used

Note that in evaluating the general primary-
membrane stress intensity, the average value of the
radial stress has been taken as (-p/2). This has
been done to obtain a result consistent with burst-
pressure analyses. On the other hand, the radial
stress value used in A-2222 is ( —p). the value at the
inner surface, since the purposc of that quantity is
to control local behavior.

~A-2230 BENDING ANALYSIS FOR UNI-
FORMLY DISTRIBUTED EDGE
LOADS

A-2231 Behavior of Shells Subjected to Bending

Moments

The formulas in this subsubarticle describe the
behavior of cylindrical shells when subjected to the
action of bending moments, ¥ inch-pounds per nch
of circumference, and radial shearing forces.
Q pounds per inch of circumference. uniformly dis-
tributed at the edges and acting at the mcan radius
of the shell. The behavior of shells duc to all other
loadings must be evaluated independently and com-
bined by superposition.

A-2240 DISPLACEMENTS, BENDING MO-
MENTS AND SHEARING FORCFES
IN TERMS OF CONDITIONS AT
REFERENCE EDGE, =0

A-2241 Formulas for Conditions of Any Axial

Location

The radial 'displacemcnt, w(x), the angular dis-
placement or rotation, #(x). the bending moments.
M(x), and the radial shearing forces, (O(x), at aay



A-224]

~ axial location of the cylindcr are given by the follow-
ing cquations in terms of w., 4., 44, and Q...

w(x)=1(./ 23 D)Fn(p‘t)‘*-(l‘l ‘1 24°D)F;.(3X)
+ (4, 'B)Fx {Bx) +w,F (B8x) (2)
6(x),/ B=(Q., 28'DIF,BxX)
+7(M /28*D)F,.(Bx)
+(6./ B)F 1 (Bx) — 2w, F 15 (B3X) (b)
M(x)/2p3°D=((Q./28°D)F,.(Bx)
+(M../28°D)F,.(Bx)
‘ —(8./ B)F 1,(Bx) — woF,.(8x) ©
. QW2 D=(Q./23"D)F. (Bx)
—2(M,/28:D)F 1, (8x)
—(ta/ B)F 1:{BX) — 2W,F 13(BX) (d
'A-2242 Formulas When Cylinder Length >3/03
In the case of cylinders of sufficient length, the
equations in A-2241 above reduce to those given
below. Thesc equations may be used for cylinders
characterized by lengths not less than 3/8. The
combined effects of loadings at the two edges may
be evaluated by applying the equations to the load-
ings at each edge, separately, and superposing the

results.
w(x)=(Q,/28°D)f,(3x)
’ +(M,/28°D)f.(3%) (a)
Y AHx)/B= —(Q,/23"°D)f(BX)
. ‘ —2(M,/28°D)f,(Bx) b
M(x)/28*D=(Q,,/2p°D)f(Bx)
+(M,/23.D)f( Bx) ©)
Q)2 D=(Q..723'D)f.(3x)
~2(M,/2(D)f.(8%) @
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A-2243  Edge-Displacements and Rotations in
i Terms of Edge Loads

The radial displacements, w, and w,, and rota-
tions, ¢, and —#,, developed at the edges of a cylin-
drical shell sustaining the action of edge loads Q,,
M, Q. and A, are given by the following formulas:

w,=(B,,/23'D)(Q.,+ (B, !23 DM,

A9

+(G1,/28°D)Q:,+(G ./ 28 D)M,, @

- —8,=(B,./2°D)Q, +(B../2BD)M,
] +(G,./23:D)Q;, +(G../2BDWM,, )]

1 w,=(G,, /23 D)—-((‘ /28°DYM.,

+(I} /7/3 D)Q( "'(B /‘,/f D)MI (C)

8, = (G ../23: D)0, +(G../28D)M,
-§-(B,:,/Z/J‘D)L),_-'.~(B._.._.,/2/3D)M,, (d)
A-2250  LIMITING VALULE OF FUNCTIONS

General Limiting Values  of  Influence

Functions

i TN

The influence tunctions. #'s and (s, appearing in
the formulas in A 2245 above. rapidly approach

.0 A, <9 b b A
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A-2260

limiting values as the length, L, of the cylinder in-
creascs. The limiting values are

B, =B;=1, B..=2,
ancx::G:::O-

(a) Thus, for cylindrical shells of sufficient length,
the loading conditions prescribed at one edge do not
influence the displacements at the other edge.

(b) In the case of cylindrical shells characterized
by lengths not less than 3/, the influence functions,
B’s and G’s are sufficiently close to the limiting values
that the limiting values may be used in the formulas
in A-2243 above, without significant error.

A-2252 Limiting Values of Influence Functions

for Short Cylinders

In the case of sufficiently short cylinders, the in-
fluence functions, B's and G’s, appearing in the
formulas in A-2243 above, are, to a first approxi-
mation, given by the following expressions:

B,,=2/8L G.=-1/8L
B,.=3/(BL) G..=—3/(BL)*
B..=6/(BL)* G..=—-6/(BL)?

Introducing these expressions for the influence func-
tions, B’s and G's, into the formulas in A-2243
above, yields expressions identical to those obtained
by the application of ring theory. Accordingly, the
resultant expressions are subject to all of the limita-
tions inherent in the ring theorv. including the limita-
tions due to the assumption that the entire cross-
sectional area of the ring. z x L. rotates about its
centroid without distortion. Nevertheless. in the anal-
ysis of very short cylindrical shells characterized by
lengths not greater than 1/283, the expressions may
be used without introducing significant error.

PRINCIPAL STRESSES DUE TO
BENDING

A-2260

The principal stresses developed at the surfaces of
a cylindrical shell at any axial location, x, due to
uniformly distributed edge loads (see Fig. A-2120-1)
are given by the formulas:

= dX)=Ew()/ (R+1/2)=6vM(x) 't (a)
ao=ead X)= = 6M(X)/ 17 (b)
i =0y, = 0 (C)

In these formulas where terms are preceded by
a double sign, =, the upper sign refers to the inside
surface of the cvlinder and the lower sign refers 1
the outside surface.
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