
ARTICLE A-2000 


ANALYSIS OF CYLINDRICAL SHELLS 


A-2100 INTRODUCTION 

A-2110 SCOPE 


(a) In this Article formulas are given for stress and 
deformations in cylindrical shells subjected to inter- 
nal pressure only. For cylindrical shells subjected 
to external pressure, see NB-3 133.3 

(b) Formulas are also given for bending analysis 
for uniformly distributed edge loads. 

A-2120 	 SORIESCLATURE UVD SIGiY 
CONVESTION 

The symbols and sign convention adopted in this 
Article for the analysis of cylindrical shells are de-
fined as follows: 

(1) D=El" /. 2(1- v2), pound-inch 
(2) E =  	modulus of elasticity, psi 
(3) 	 L = length of cylinder, in.-used as subscript 

to denote evaluation of a quantity at end 
of cylinder removed from reference end 

(4) 	M=longitudinal bending moment per unit 
kngth of circumference, inch-pounds per 
i n c h .  


(5) 	 o=used as subscript to denote evaluation 
of a quantity at reference end of cylin- 
der, x=O 

(6) p = internal pressure. psi 
(7) 	Q=radial shearing forces per unit length of 

circun~frrence, pounds per inch 
(8) H = inside radius, in. 
(9) S=  	stress intensity. psi 

(10) r = thicknebs of cylinder. in. 
( I  I )  w =  	ratli:~l displacer~lcllt uf c~linder wall, in. 
(12) X =  nleilsurcd frunl the refer- axial ~ ~ S ~ ~ I I C L '  

ence end c i f  c?Iil~der.in. 
(13) Y = ratio of out.illc radiua to insillc radius 
(14) 	 ;nticr of trutbidc r;lJiu* to 3n illtcrnlcdht~ 

radius 

(15) /j= [3(1- v2) / (R+~ / 2 ) ~ i ] % ,1 /in. 
(16) 6=dw/dx=rotation of cylinder wall, radians 
(17) v= Poisson's ratio 
(18) U(= tangential (circumferential) stress com- 

ponent, psi 
(19) 	 U,= longitudinal (meridional) stress com-

ponent, psi 
(20) u,.= radial stress component, psi 
(21) F,,(px)= (cosh px sin px 

-sinh px cos px)/2 
(22) F,,(px) = sinh px sin px 
(23) F,,(px) = (cosh px sin px 

+sinh px cos /3~)/2 

I 

x = x  x=x  x=Lx=o 
FIG. A-2120-1 

1.11~ rig11 cunvcntion arbitrarily chosen for the 
im;d~sis of cylindrical shells in this Article is as indi-
cated ill Fig. A-2 120- I . Positive directims d 
for pcrti~~cnt qt~antities are indicated. 
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(24) F,,(/j.r)= ciwh ij.r CO\ 1j.r 
(25) f:(d.r)=c3~~c'c>vl~.Y 

(3) f,(p.r) = t' j r(cos 1j.v -sin }i.vI 

($7) f,,(p.r)= c-dr(cos/j.r + sin pr) 

(28) j , ( j j . ~ )= e-blsin p.r 
(29) 	B,, =B,,(BL)= (sinh 18L-sin 2 p L )  ' 


2(sinh"L -sin' pL) 

(30) B,,= B,,(@L)= (cosh 2@L-COS 2PL) 


2(sinhZ#lL-sin' BL) 

(31) 	B,.=B,,(pL)= (sinh 3pL +sin ZpL)/ 


(sinh' pL -sin2pL) 

(32) G,, =G,,(pL)= -(cosh pL sin pL 


-sinh pL cos BL)/ 

(sinh' pL -sinZpL) 


(33) 	G,,=G,,(pL)= -2  sinh pL sin pL/ 

(sinh2 PL -sin2PL) 


(34) G,, =G,,(pL) = -2 (cosh PL sin PL 

+sinh PL cos DL)/ 

(sinh2pL-sin2pL). 


A-2200 	 STRESS INTENSITIES, DISPLACE- 
MENTS, BENDING MOMENTS AND 
LIMITING VALUES 

A-2210 	 PRINCIPAL STRESSES A S D  STRESS 
INTENSITIES DUE TO INTERN.4L 
PRESSURE 


A-2111 	 Loading Effects Considered 

In this subarticle formulas are given for principal 
stresses and stress intensities resulting from uni- 
formly distributed internal pressure in cylindrical 
shells. The effects of discontinuities in geometry 
and loading are not included and should be evalu- 
ated independently. The stresses resulting from all 
effects must be combined by superposition. 

A-2212 	Principal Stresses 

The principal stresses developed at any point in the 
wall of a cylindrical shell due to internal pressure are 
given by the formulas: 

A-2220 	STRESS IlVTESSITIES -
A-2221 General Primary-SIernbranc Stress In-

tensity 

The pneral primary-membrane stress intensit! 

Thc maximum value of thc primary-plus-secondary 
stress intensity in a cylindricnl shcll as a result of 
internal pressure occurs : ~ tthe inside surface and is 
given by the forniuln: 

S=2pY' / (YZ- 1 )  (b) 

A-2223 	 Values of Radial Stress L'scd 

Note that in evaluating the general primary-
membrane stress intensity, the average value of the 
radial stress has been taken as ( - p i ? ) .  This has 
been done to obtain a result consistent with hurst- 
pressure analyses. On the other hand, the radial 
stress value used in A-2722 is ( - p ) .  the value at the 
inner surface, since the purpose of that quantity is 
to control local behavior. 

.A-2230 BENDING AN.1LYSIS FOR USI-
FORAILY DISTRIBUTED EDGE 

_.- LOADS 

A-2231 	Behavior of Shells Subjcctcd to Bending 
Rlornents 

The formulas in this subsubarticle describe thc 
behavior of cylindrical shells when subjected to thc 
action of bending moments, iL.1 inch-pounds pcr Tnc11 
of circumference, and radial shearing forces. 
Q pounds per inch of circumference. uniformly di\- 
tributed at the edges and acting at the mcan rntli~~h 
of the shell. The behavior of shells Liuc to iiII othcr 
loadings must be evaluated independently ;~nd com- 
bined by superposition. 

A-2240 	DISPLACEMENTS, BESDIN<; 1 1 0 -
MENTS AXD SHEARING FORCI:S 
IN TERlIS OF CONDITIOSS .\I 
REFERESCE EDGE, .r =o 

A-2241 Formulas for Conditions of h n ?  ;\si:~l 
Location 

The radial displacement, ,v(.r), the angular dis-
vlacemrnt or rotation, k(x) .  the hcnding momcnti. 
f(s),and thc radial shearing forces. 6 .r) .  at any 
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irxial location of the cylindcr arc givcn by the follow- 
ing equation, in tcrms of H'.,, &.., , I f ,  and @.. 

w(.r)= 	 2d .D)Fl l ( $ . ~ )+(,\I,,! 2/YD)FI:($-~)(Q,,;

+ (~ . , !!3)F, : , (px)  (3)f w,,Fl,(px) 


fi(.r),'!J= (Q..,2!j :U)FI:(p.v)

+2 ( , I l . , / 2 p 2 D ) F , : : ( p ~ )  
+(Bfi//3)Ft,(/3-r)-2w,,Flz(Px) (b) 

,W(x)/2/ j2D=(C).,/Zp.'D)Fl:.(p-r)
+(i\f.,i2/3'D)F, ,(Px) 
-(@./b)F,,(Px) -wOF12(BX) *I 


C)(.r))/ZpD=(Q.,/'Tp:D)F:,(/f.r) 

-2(i1f,,/2p'D)Fll(p.r) 
-(f l0/P)Fl2(px)-2w0F13(Px) (dl 

.a-2242 	 Formulas \Vhcn Cjlinder Length 23/P 

In the case of cylinders of sufficient length, the 
equiitions in A-3,211 above reduce to those given 
below, Thesc equations may be used for cylinders 
characterized by lengths not less than 3/@. The 
combined effects of loadings at the two edges may 
be evaluated by applying the equations to the load- 
ings at each edge. separately, and superposing the 
results. 

A-2243 	Edge-Displacements and Rotations in 
Terms of Edge Loads 

The radial displaccments, w ,  and wL,  and rota- 
tions, O,, and -#[., dcvcloped at the edges of a cylin- 
drical shell sustaining thc action of edge loads Q,,, 
hf,,,Q,, and i t f , .  are given by the following formulas: -csvz.--7 

we= (B,,/ 2 p 1 D ) Q . ,+(B1,IEp2D)h1., 
+(GI ,/2CJ"D)L),, + ( G , , / 2 H 2 n ) M ~  (a) 

-@,=(BI , / 2p2D)Q,  +(B,,/2/lD)A4f,,  
+(Gt:/ tb'D)Q,,  +(G:, /2PD)M,.  (b) 

Wl,= (GI!/?/f'D);-:- (Giz/2/3211)i%I,, 
+ ( I ! , ! / &71j!L))Ql.f( 1 3 , ,/2!j")MI. ( c )  

limiting values as the length, L, of the cylinder in- 
crcascs. The limiting values are 

(a) Thus, for cylindrical shells of sufficient length, 
the loading conditions prescribed at one edge do not 
influence the displacements at the other edge. 

(bj lotiaecaseafcylindricl lshellscharac~ 
by lengths not less than 3/@, the influence functions, 
B's and G's are sufficiently close to the limiting values 
that the limiting values may be used in the formulas 
in A-2243 above, without significant error. 

A-2252 	Limiting Values of Influence Functions 
for Short Cylinders 

In the case of sufficiently short cylinders, the in- 
fluence functions, B's and G's, appearing in the 
formulas in A-2243 above, are, to a first approxi- 
mation, given by the following expressions: 

B11=2/PL GI ,=  - l / @ L  
B, ,  =3 / ( p L ) :  G I := -3/(PL)= 
B,, =6 / ( P L ) P G , , =-6 / ( p L ) 3  

Introducing these expressions for the influence func- 
tions, Bts and G's, into the formulas in A-2213 
above. yields expressions identical to those obtained 
by the application of ring theory. Accordingly, the 
resultant expressions are subject to all of the limita- 
tions inherent in the ring theory. including the limita- 
tions due io the assumption that the entire cross- 
sectional area of the ring. t x L. rotates about its 
centroid without distortion. Nevertheless. in the anal- 
ysis of very short cylindrical shells characterized by 
lengths not greater than 1/2& the expressions may 
bc used without introducing significant error. 

6 0 	 PRINCIPAL STRESSES DUE TO 
BENDING 

The principal stresses developed at the surfaces of 
a cylindrical shell at any axial location, x ,  due to 

,, 

#,, = ~ t i : z / 2 p ' l ) ) ~ l , , +(G: , /2pD)1t f , ,  
-!-(B1: !2 / j 2D)Q[ .  	 ( 4+- (B2J2/ jD)h1[ .  

uniformly distributed edge loads (see Fig. A-2 170-1) 
arc givcn by the formul~~s: 

I I ,  5; I,, =0 (c.)! A-2251 (;cnct:~l I . i l ~ t i t i ~~g\a111c\ 11f l n l l u ~ ~ ~ c ~  
i FIJIIC~~~III\ I t 1  thc3c fornluias whcrc. lcrrns 3rr' preceded by 
7- a cfc~tlbles ign.  :, the upper hign rrlcrs to the inside 

1 'Th* ~ I I ~ ~ U C I I C L 'I U ~ I C I I I I ~ I \ ./I . \  911J ti's. in; ~ ~ ) p c a r i ~ ~ g  burfacc of thc c~i indr rand the loivtr sign refers to 

S the ft~niiulitsin 224.; ;rt>o\c. ral>rtll\ ;rpl,riuc.l~ thc oucz~dc. surfacc. 

mailto:-(@./b)F,,(Px)

