
Chapter 21 


Modeling of the Structural Behavior 

of ~ u e lElements and Assemblies 


Fmm tbmicrocasm of point ddefm, tltsloe&m, and 
&ended reactions, we mw& Into the d o m a  structwd 
&@s, br thisis tbfitr by which atomigttc UI80ry is  
u d  to pwediet tbe ammmopic W i m  of a zeacbr core 
drrr- opgrption. The preceding chapterswere dwoted to 
prep@ the s~ient$lefoundations aecesay fcr rational 
malysis of &a irradiation comportment of the principal 
amponen@of the mctar, of which we &dl d e n t  the fuel 
pih andtbe W d  @w3mB1yfor &baed examination. 

Sqpdklally, a fue1element Isa & I ~ I B  object; 
3ts tstal par& rmre eylhdrhl pellets ef a f i d e  axide 
weased in a metal UP.TW Wmate  purpose of tbe 
fuel-pin8naly& m y  be &qly skated: Gven the geometry 
of the fuel demn (i.e., tbe fuel d i s ~ ,the cfaddtw 
tlriaknesg, and the sfae nt the fuel--cladding @p), the Initid 
chemloal mrnpadtim and gomity of the fuel, a d  the 

histmy at which t3ur gin 'is to operate, b calculaEe 
the I-b of time kht the lcladding pe&mUs prl-
fundtian of =parati% the d n t  ha!  the fueL A fuel 
element i s  ean~dewdb have Wed Prhan W &Wng is 
bmchpa. The prihcipql eauu of dadding ruptum L 
pmm~nentstrain @ l a s h  fIow and cmp}  due B internal 
hadi  by byiandgasgrasslue at hd-cWdIng mechwied 
inWaeha The npparenk h@ciV of the ad p h  is d e  
eeptfve. Its mmRa&d behavior dlujag irr&tfan dqenas 
on a #teal number d hdiddual phenomena, oaly a few of 
whirch madequately understud theoret1WUy. These basic 
pmems -take PmuIbeoudy witbin the fuel, mdthere 
L a. iaqp- .of internmetion ktwew each af &rn 
FI#m a.1n u m m r b ~the wmplex relaET0~sbetPlPean the 
physicdl & e W ,  and mhanicaI p r o w  (shown in 
wals In Z;S$ 21.1) tmd B e  obmrvab1e quano noes en 'the 
fual dezmnt (shownin reECmgh8 In Fig.2l.l). ~eu3ationfi 
b& on Fig, Q1.1S, 80 bomplimhd that they can bd 
@omd only by - w e d  wmpuw. T W  cbmputer 
analyses am Failed fusbrllocFsling d t q  the$ atttlmpt to 
tollow the evdutlob of #B iraportant chmcter3sb nf the 
fueland clad- ~s functiwn ol imdistion time*baginning 
dth the ht applkatioh of power and lemi1m91qgfn 
faunby claddingmpbe. 

The dreled item in Hg.2Ll am the nuderats input 
fum#ons h r  the d e .  Tbese function6 e t in lWt 
dm~lgtof a l f ~ tof physkal, chemical, or m e e ~ ~  
properties or they may &presentcaldationg af ttae rates of 
prkieular pmeses tag., fidon-g)8s swdling] by sub-
Wries marly as -o bbe main fuel-modeUngmgran 
The mbri& input f u n e t h  uaneither he hsed entirely 
on thorp or be d e h d  h m  ebsemtiens. Often the 
tbmUoal framemfk of a basic pmxss 1s used with 
sumcient adjdshble paramakernto force the model to @tie 
d t b  s b m d  gut% ebangm in the hrl-pln dimensians 
duringIrtadjation. Thie pmazdur3is  ?mdma8 eallbratlng ot 
fine t u h g  the coda, 

The computer proganrm can either bz r e s M W  b h e  
daddin$ m can consider tha e h i h  fuel element. Fuel and 
chiding are ootlpbd via the +hetma& mechanical, aM 
e h d @  lids IMed ia the ~entrdmlumn d Fig. 2Ll. 
hdes  that treat the entite pin sm d d  ihtegral ha-
modeling codes ler Uqtlld-m- Past breedez readtor 
I U F B R )  analysis, The mod h p o w t  are LIFE (U.S. 
NatibnaI ~oda)''~ and COMETkI(CR&H (Begonw 
cleaire)?" I k l b r  hiel modeling mdes developed m B e  
UniW ~ t a t e s ~ "haw h e n  abandoned ia ramr at a 
o o n m h b d  deveiomeut ofthe LIFE cpde. A rmM by 
Mat#ewt? d& witb the general p m b h  at fuel-dement 
modeling, 

The sour- d the makerials input botloos fm kbe 
vdcius ca lcu~onsperfarmad by the fuel-modelhg cede 
we deadbed inthe f~llodhgmtirmn 

23,l.l Temperature WistzibuLion 
(kc.  10.4) 

hmh?of in bRa t k m l  cwducdvity, the  
pamity dl~tfibutrim~and the chemld Blstuibution in the 
fuel during bdiitl?n, the tempahkm disQihUti6n also 
cbangm slowly with ame. A temperature distribution ts 
dehmined at each Idm step by numerid g01ukion of 
Eq.lO.49, using a tkw&conduotivity exprdssfon tM 
depends na fuel hmpratum, prasiby, and o x y e t o .  
metal racIo and using a heat-soum term that reflids the 
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(a) Suppose that stainless steel containing 18 wt.% Cr 
and 8 wt.% Ni is equilibrated with sodium in which the 
carbon activity is 0.01.What is the total carbon content in 
the steel at equilibrium? 

(b) What are the chromium and carbon concentrations 
of the austenik phase in steel that has been equilibrated 
with sodium having a carbon activity of 0.01? 

(c) Using the chromium and carbon balances derived in 
the text, determine the Cr((Cr -t. Fe) ratio in the carbide 
phase (i.e., X). 

(d) What are the implications of the result of question 
c? 

20.13 Sodium flows past a bare cylinder of mixed-oxide 
fuel having an initial oxygen-to-metal ratio of 2 -a.The 
oxygen concentration in the sadiurn stream is Co . The 
oxygen patentials of the sadium ( A G ,  and of the fuel 

(A% are both lower than the threshold necessary for 
formation of the Na3MQ4 phase. The oxygen potential of 
the fresh fuel is larger than that of the sodium; thus oxygen 
is removed from the fuel by the flawing sodium. Equi-
librium at the fuelsodium interface is maintained,and, to 
permit the kinetics to be solved, we linearize Eq. 20.150 t o  

Co = 5 2  -750x (for T = 1000"~) 

The oxygen dissolved from the fuel i s  transported into the 
flowingsodium by convective diffusion with a mass-transfer 
coefficient of kd. 

Solve the diffusion equation for the oxygen in the h e 1  
with the appropriate conditions at the fuelsodium inter-
face reflecting chemical equilibrium and the transport 
resistance in the sodium film. How long an exposure of the 
fuel to sodium is required for the center line of the fuel to 
attain 50% of its equilibrium value? 

Hint: Use results in Conduction of Heat in Solids by 
H.Carslaw and J.C. Jaeger, 2nd ed., Secs. 3.6 and 7.7, 
Oxford University Press, Inc., New York, 1959. 

20.14 The maximum amount of mechaniml work that can 
be released in the fuel-molant interaction can be catcu-
lated thermodynamically. Suppose fuel powder at 2 5 0 0 " ~  
contacts a large body of  sodium at 1000°K.What fraction 
of the heat content of the fuel (above 1000°K)can be 
converted to mechanical work in a reversible process? 
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Fig. 21.1 InhrreIa€Icn of ntxhmid, m&Uurgid, a d  ehm9pmcesm in fuel-element irradiation behavior. 

d i a l  nonuwrmity introduced by acthideredistrlbutid?. 
Equatioaq 10.47 and lOA8 are examples al  the kyp of 
thermal-mnducMvity e4cpwians used in thmal-amlysls 
submutlnesof fuel-moddingaodes. The heatource term 3n 
the condueti# equation is given by Eq. 10.66, The 
temperature dcuhkion a h  depends on the number and 
odentation of in the fuel, an the s h e  d the cmkr3 
mid, and on the nature of the fuel-cladding gap. The 
tenqmatm &Mbutlon depends sensi#vely on whether 
the gap Is open or d d  and whether it is fllled with 
helium, bioti gas, or liquid mionproduck. 

Themost important aspect of fuel reskuduring in fast 
reactor b l  is the tnigfatlon oi the imalporosity of the 
fuel to the center by the pmcessof vapr *port along 
the temperature pdient (See. 14.2). (Extemhe fuel 
re&uct- dam not occur En Ught-watermctors, becraus~ 
the tempecatures and temperstwe &radJeatsare tua mall.) 
Equation 14.Z mud Be solved to Mribe the porodb 
rdstributim phencmeaon. The pore vdocib i8given bg 
Eq.14.11. The gmwth 61 aqulaxed grains (See.14.5) is 
important kc8- grain she h t s  the creep strmgh of 
the fuel (Qec. 16.6). Omet aspects of fuel re&- am 
hni n k a  I R r  f d 11\ d d n e  n mAam h v~ h i ~ h  

removing parosEty in the e q d e  and m W c W 
z o w  of the Puel, he1 cradsii .  Fire 21.8 W w s  
$&rnattcaUy h e  shctural wolutbn of an oxide fuel 
during irradiakion. 

21.1.3 Fuel Chemistry (Chaps. If and 12) 
Oxygen redskbution along the temperature gradient is 

d e s m i d  in Set. 11.6, and actinide redistribution is de-
scribed in Sec. 11.7.T h chemical and physical states ofthe 
fision pr~ducts,their migration under the thermal gradient, 
and the swelling caused by solid figsfon pmducts are 
reviewed in Chap. 12.Chemical attack of the cladding by 
the fuel (See. 12.6) ig especially important to fuel-mcdellng 
calculations because it mtrIbutes ku ccladding wastage (i.e., 
thinning) and to removal of oxygen from the he1 (by 
h m o b ~ a t i o nas cladding csmsion product). Burnup 
hc- the oxygen avaihble for cladding attack. 
Figure 21.3shows the chemical evolution of a fud pin. 

21.1.4 W~on-GasBehavior (Chaps, 19 and 15) 
Accurate he1 modeling reqhires knowledge of the 

fraction of the s W e  fission g m  which have been 
produced up to a partitular #me and which have been 
mlam~od +n thn nfomnm 'Pka r n m m i n i n d  fiedmn no= 4. 
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conhind in the fuel, and it may be desirable to be 
able to predict the size distribution of the fiMm@ 
bubbles as a funcMon d radial position in the fuel during 
irradiation. Although codes such as BUBL and GRASS 
{Sec. 13.12) were designed to do just this, they ba# not 
yet been incorporated into integral fuel-modelingcodes, all 
of which use the crudest ofw ~ l e a s eandwelling models. 

21.15 Cladding Behavior (Chaps. 18to 20) 
The most important effects of m&tion on the cladding 

are void ~weWng(Chap, 191, irradiition creep (Sec. 19.7), 
and reduckion in ductility [Chapla).Corrosion of $beo u k  
surface of the dadding and unifomr decarburiaation hy 
soaium in LMBBRs (Chap. 20)affectcladding skength and 
are induded in the fuel-modeling mdw. Radiation harderr 
ia (Sscs. 18,4 to 18.8) c a n  be important In detemlnhg 
the extent of plastic deformation of the cladding ia regions 
of abnormally high stmss. 

21.1.6 Mechanical Properties 

One of the most important mechanical propetties of 
both fuel and cladding in the skructural alralyds is the 
thetmal-expanelon mefficieat (Sea. 1022). The creep 
properties of the he1 (thermal and hadfation)are reviewed 
in Chap. 16, Cladding thermal creep is governed by the 
same hwa as thermal creep sf the fuel, but with different 
numdml wnsbnts. The ternpetahrevariation of mechd-
ml pmpaties of the fuel IS=. 16.2 and 16.3) b important 
because of the -2000'~ temperature c h g e  across the fuel 
radius during opexafion. As the temperature increases, 
Young's modulus agpm&es zero and PotswnUsratio 
appmches 112. 

The output of a fuel-modelingcalculation providea the 
detailed infomabbn as a fmcticm of Wlation the 
including: 

1.The temperature and stress dishibubjon in the fuel 
and clddhg. 

2. The extent of fuel cracking and fuel reskmckuting. 
3. 'She ffieI-claddfslg interfacial@ressure. 
4, The plenum gas pressure due td fmlon gam. 
5,The net strain of the fuel and cladding, ihcludiag 

the dilatational &rain due to swelling and the mdjd and 
awial components of the permanent strains due to creep or 
piastic deformation. 

6. The agproach to fuel-pin fallurn, =sed, for in-
stance, by the lifefraction rule (Sec. 18,Il) or by a m p  
strsinlimit. 

212 MECHANICAL'MODELlNGOF 
FUEL-PINBEHAVIOR 
(URTCRACKGD FUEL) 

In this section we review the ~t;re$estrainanalysis, 
which, when combined with &e mkrlals input fmations, 
determines the mechanical behavior d the h e 1  rad during 
irradiation. lgrs fuel i$ assumed to ~ m a hfree of cmlw 
despite the fact that the t h e m  gmdient induces s i m s ~  
that exceed the fracture a t m .  The effect of fuel cracking 
on the analysis is considered ia 6ec. 21.3. 

21.2,l Gap Closure 
One of the most important aspects of integral fuel-pin 

madeling is deciding whether or nbt the gap between Ule 
fuel and the cladding is closed or open. If the gap in open, 
only the plenum gas p w u m  loads the inside of the 
cladding mdthe outside of the fuel. If the gap k dosed, the 
interaction farce between the iuel and the dadding is due 
to contact of the twa aolids and is  obtained only by 
mecbica l  analysb of the entixe fuel pin. 

The initid sbte of the pin Is specifid by the internal 
poroslty of the fuel, Po, and the thickness of tba 
fuekladding gap in the mfabrtcated element, t:* 

FUEL-CLADDING GAP 

Fig. 21.4 Cross section of the fuel elemant before M a  
tion. 

(Fig. 21.4). The smearad dehdty ofthe fuel pin is relabd to 
the pore volume mdthe gap ,~olumeby 

-& ~ t &  ++R"P.Initial smeared dansfty = 1 
afR + t;,.l3 

where R is the radius of the fuel. 
When khe fuel rod i s  first subjeet to neutrm and 

generates power, the temperature profile is approximately 
garabolfc (Eq.10.621, and the initial gap width changes 
bemuse of tb-I expaadon of the he1 and the chiding. 
Although the thermal expansion ~oefidentof the chiding 
is lager than that of the fuel (see F'igs. 1a.B and lag),the 
temperature rise of the fuel Is considerably greater than 
that of the cladding. The net mult i s  a reduction in the 
thickness of the gap upon startup. 

The tangential M i n  of a cylindrical body is equal to 
the incmse Lo radial position jte., radial displacement) 
divided by the initial mdus (Eq.21.6). According to the 
theory of thermoelastidty, the displacement of the outex 
surface of a solid cylinder is equal ta aRT, where* is  an 
average limeas m~ffiEientof themal expansion and T is the 
avenge tempaturn d the solid, whkh is equal ta (To+ 
T,)IZ for a pakabolk temperature diibutlon. The tem-
perature change acros the cladding Is small cnmpa~dwith 
its average tenqwrature. The hiW hot-gap thickness is 
given by 

, 

mailto:@ressure


where, for simplicity of notation, T,, To, and Tsmfer to 
the temperature &es of the claddrbxg, fuel center line, 
md fuel surface, mpeeti#ly, above the temperatuxs at 
which the C O ~mp is -sued (-25-C) ~d RfueL 2 

Rclad = R. CalmlaH~nof the initial hot-gapt MJr-
neB (or equivalently, of the fuel center line and mpface 
temperatures) is a hriial-and-error affair becaum of the 
dependence of the gap conductance on the gap thickness 
[see problem 10.2). When fuel cmcking is included In the 
analysis, the hobgap tbicknm is maller khan tbe value 
obhined b r n  Eq. 21.2 (mSec. 2L3). The initial cold-gap 
tMcknm is c h u ~ nm that the gap &iU existson the idtial 
rise to power. As fuel swelIing due bo fission products 
hcmses with irradiation time, the gap gradually closes and 
the fuel and cladding interact mechanically. Much bter in 
the life of the fuel e lmnt,  the gap may reapen because of 
cladding swelling (which does wt v a q  linearly wkh 
fluenee). 

21.2.2 Mechanical Analysis 
The fuel-element geometry used in fuel-modelingcodes 

is shown in Fig, 21.5. The fuel and cladding are divided into 
a number of axial regions and raw intervals, each 
elernenkry vdume considered in the analysk is shown a8 
the ring on the right of Ffg. 21-5. The original LIFE 
code''' divided the fuel into three tadid m e s ,  corm 
sponding to the 0oIu83nm grain, eguiaxed grain, and 
umtructured regions showb In Fig. 10.23,and put the 
entire cladding cwss section Wo one miid sose. Recent 
m k ,  however, has shown that the radial mesh m u l  be 
much finer than tbree he1 zones and one cladding zone to 
properly account for the very steep rdial  temperature 
gradient in the fuel pib 

Other restrictions placed upon the andysls are: 
1,The system is axtsymmetric (Le., there is no tan-

gential variation of any variable). 
2. Although both the Puel md the dadding may move 

axially (and not nec&mdly at  the same r&), planes 
perpandlcu4 to the zdrection in each material tlremaln 
plane during deformation. This is  the plane: strain 
assumption. Frktion is allowed between the fuel and 
cladding. 

8. The Bme dependence inherent In the analysis (due to 
the swelling and creep phenomena) is handled by treating 
the system as a succession of equilibrium $bates. 

4. The central void mrnmuni~teswf th the plenum; so 
the inner radius of the fuel and the top of the uppermost 
axial zone are Ioaded by the plenum gas pmsure. 

5. The outer radius UP the fuel and the inner r8diu~of 
the clad- are loaded by the plenum pressure if the 
fuel--cladding gap i s  open and by the fuel--cladding 
interfacial pressure if the gap is cloped. 

8. The outer radius of the cladding is subject to the 
coolapt pmmre. 

As a result of restrictions 1 and 2, only khe nomd 
stresses along the three principal diredons in the cylin-
drical coordinate system are nonzero; these are denoted by 

a,, a@,and a, and am positive if in tension. There are no 
shmstresm* 

The govemlw nirttiom for the mechanical anal@ afe 
similar to thaw presented fox e W c  defarmatians in 
the Appe- except that the elastic strains given by 
Eq,A.21 must he supplemented by Wms representing 
hxmal expansion, swellbg, and p e m m t  deforma~ons 
due to creep orp1agt-i~flow. 

Tbe equilibrium eonditiona given by Eqs, A29 to A31 
are simplified by elttnlnatlng shear and axial and 
tangential derivatives,which leads to the single relation 

htting e,, ee, and e, be the total strains in the tbree 
prindpal directions, the &rain-displawrnent relations of 
Eq.A32 become 

=	constant with r except for discontinuity at 
the fuel--eladding interface (21.6) 

where u Is the radial displamwent. Equations 21.4 and 21.6 
satisfy the compwtlbility wnditiom (sham for Carte* 
coordinates in Sec, A-3 of the Appendix) which precludes 
h t l n g  cracking ofthe fuel. 

The tohi Btrain in each direction i s  divided ihto the 
mtegoriesshown InTable 21,l. 

The elastic strainsmghenby Eqs. A.22 of tbe Appen-
dix,with appropriatechange in the aoordbate syhm.  The 
constitutive rehtiom used in fuel-modeling anal-
become 

Equations 21.7 to 21.9 apply to both the fueI and the 
cladding pmvided the linear thsmlal-exparwparwoncxlefficlent 
a,Young's modulu~3, and Poism's ratio v are choen 
accordingly and apprnpriate matarid functions rue.used I!OI 
the welling and creep/phtic st& in each put of the fuel 
element, 

In the fuel, $Ts given by 
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Fig. 21.6 Subdivi~ionof a fuel element into radial and axial zones for mechanical analysis. 

Table 21.1 Componenh of the Total Shin ,111, (AV/V),oldwhere can b d ~ k r m k dProm one' of 

Component Symbol IsoixoplrS Permanent? 

EIwtio None No No 
Thermal dl' Yes No 
Swelling eS Ye Yes 
Creeplp~astic E:, t$, No Yes 

Equation 12,44 shows that the swellingdue to solid Fusion 
products is proportional to burnup (or the rate of this 
swelling component is constant); the coefficient of pro-
portionality d e p n l  only on fwion-productyielL and the 
partial voInmes of the =on products. 

The gaseous-fission-product swelling term is related to 
the size and concentration of fission-gas bubbles by 
Eq.13.19. A model for (AVtV),,,, (either theoreti-
d or emplrlcd) must be supplied to the computation. 

The h o t - m n g  contribution to fuel smlli@. is 
negative inasmuch as pompomsib is removed by this pxocess. 
Typiml hat-predng kinetic formuls wed in fuel-modeUng 
analyses are given by Eqs. 16.177 and 16.190. The 
porosity P in these formulas must be interpreted as the 
avity volume due to pores which do not contain f i e  gas 
rather than the total pomity. 

In the cladding the $wellingstram is due solely to void 
formtion 

I AV 
8W n5(b)

void swening 

the theoretical modela described In See. 19.6 or, more 
Uloely, by such empirid relations as Eq. 19.12. 

The hydxoshtic state of s h e s  

affects dl the swelling terms in Eqs. 21.10 and 21.11 
except that due to solid fission products (which is termed 
'YnexombIe"). Bemuse the s t r e w  In the fuel and cIadding 
vary with time, swelling rate e ~ s s i o h s&el and Fw are 
used instead of integrated swelling strains. The swelling 
rakes are integrated Jong with the creep rates as the 
fuel-modeling code traces the evolution of the fuel pin 
during irradiation. 

The permanent strains Iabeled E! ((i =r,  8 ,  or s) in 
Eqs. 21.7 to 21.9 are composed of creep and plastic 
deformations 

Creep and plastic deformations occur at: constant volume 
(unlike elastic defomration); so the components of eC m 
related by khe inwmpressibility condition 

Formulation of the permanent strains based on the von 
M k s  awumption tkt  creep and plastic deformationsoccur 

6-Ehewhenonly state deviates fmm pure hydtostatic 



Casion or corapressim (kc ,  18-3)leads to the s t r e w  
strain relations known as the RandtFReuss flow laws or 
the Soderberg equations: 

where D* and E* are the st- and shtraill devhto~or the 
equiwknt stress and equiimknt sWn+mpectivdy, of the 
tdaxSal stress s t a h  

Equations 21.15 to 21.17 and Q,21.19 andm be &ten 
tn terms of the $train rates instead of the accumulated 
shins by placing dots over all the E'S. The meplplastic 
stress-shin laws are of the same form as the elastie 
Axesirstrain rehtjons (the fir& term an the right-hand 
sides of Eqs. 21.7 to 21.9), but Youngb modullts and 
Poissonqsratio in inhe str-bin relationsare replaced by 
o*/r* and 119, respectively. The ratto &/E* is called the 
cmzp or plrtsticity modulus of the materid& 

For deformation by m p ,  @/E* abe obtained b r n  
the creep laws determined in uniaxial tern by replacing t h  
uniaxial stress md strain by EZle equivalent s b s  and k b e  
equivalent strain. Thus the creep Lrmub mmponding €m 
the NabmHerrfng model [Eq.16.27)b 

whers B is a comhnt, Edl is the activation enefgy for this 
form of cteep, and d b the grain diameter. The param-
eters 3 and am the same ws those obtained iu unfaxirl 
crwp tea.  

For tberrrral creep cantrolled by &location climb, 
Eq,16-87hhmsformed to 

whew 3' and & are constaab dehmiued by uniajrial creep 
task. 

Equatiod~21.20a and a20b refer to wcwrdary ar 
hadpstate creep, P h a q  creep can k induded in the 
analpis by a creeplawthat egpliettlyincludesthe time 

where K,n,and m are ernpWcal m s t a &  

Except for difWional creep (Eq.21.201, the cre~p 
moduli are functionsof the s t a b  of dress us.,of@}. 

Irmdition c ~ e gformulas (Eq.16.132 for the fuel and 
Eqs. 19,116, 19.225, rrr 19.239 for the cladang) an be 
expressed in a similar fashion. 

Plastic strain b expressed In analytlcd form saItab1e for 
progrruaming by fitting the tm s t r e d a f n rmrye~from 
knsile kts (eq., the dashed c u m  in Fig. 18.11)by an 
equation of the form 

(e*)PU* 	 = (21.22) 

where the constants a and b may be fked by hw pinkson 
tile true shes-strain cwvhed., the 0.2% OWyfeldp in t  
and the strain at the ulkimate SWBS,For I?&?-, h e  
constants a and b depend on radiation hardening due to h e  
fssLnwtron flux. P W k  flow in the fuel is not currently 
cddered in fuel modeling cades 

21.2.3 	 Solution for Radial Stresm and 
Displacements 

The anaIysh up to this point is mmmm to most 
fuekmwleling d e s .  If swelling and creegjpbticity were 
not eoasidebd, the problem would reduce to om of 
ordinary thermoelWcity for which analyticalsolutionsa a  
gossiblle ((see prob1ems 21.1, 21.2, and 21.6 at the and of 
the chapter'). However, the presence of time-dependent 
permanent shins and the sizeable varSation of the mechaa5-
cal proprties of the fuel with positfon (mainly bemuse of 
the radial temperature distribution) require numwId 
solution of the relevant equations. Moreover, the creep and 
swelling phenomena introduce time as a fundamental 
varlab1a The numerical solutions of the Puel-element 
structural bhavlor must not only deal with the spatial 
vdaatoa of the stre- and strains but with thek time 
dependence as well. The various methods differ in the 
procedure for solving the set of equatfon~,Zqs. 213 to 
21.9. The technique decribed here is appmxtmately that 
ased in the LIFE code.l 

The total strains E, and q are eliminated by mmblning 
Eqs. 21.7 to 21.9 with Eqs. 21.4wd 21.5, and the stSeSSes 
are expreswd in kmlri of the radial displacement 

- a + - - (21.25) 


Equations 21.23 and 21.24 are substituted Into the 
equilibrium condition, Eq, 21,3, and the following Sffer-
enW equation for the mdial displacement is obtained: 



The 9tep leading tcr Eq. 21h26requires that the s h t i c  
conahnh E and v be mumed independent ofr (and hence 
of tempwatum). This approximation is valid only when the 
raW interval over whi& the resulting equation a p p h  is 
small. The elastic con~tm'tsa d  all ether temperature- and 
porudkydependent quantltiss In the creep and swelling 
h m  ate evaluated at the average conditions ih the iadd 
mne over which Eq. 21.26is integrated. 

EquaPw 2136 is appIi~liedto, each ring in the fuel 
element ( s h m  on the right-hand side of Fig. 21.5). h c h  
ring i s  chamt&zed by gubsmipk i and j, representing .the 
radial and axial pitions in the pin, respectively. In the 
fuel, the fhst radial zon& ti = I) form the baurtdary of the 
oenttd void and the fmt axial zones (j- 1Jare at the 
bottom of the fuel pin. In the ciadding the first radial zone 
start6 at the hn& surface nf the cladding. The mmber of 
axial zones (N} and radial zones (Mt in the fuel and B& in 
the cladding) ate chosen to balance sped of campuking 
with accuracy. Equation 21.26 ts intagrated &om the iw 
boundary of the ith radial zone {rai) ta radii1 posiiioh r 
within the ring. If the mesh is suMciently fine, Poisson's 
ratio may be a[~flumdt o  be constant wlthln %be ring, and 
the radial displacement is 

where C11 and are mnstmts of Inkegmtim f e  the ith 
zone which mmin to be detmnined. At this point the 
LIFE code assumes that the thermal, welling, md 
permanent strains are constant within each ring," which 
reduces Eq.21.27 to 

m e  assumption Q€ constant shah within each ring 
r ~ u l t sic &swnthuomchanges in the strain fmm oneting 
to tne n e d  Th$ u-tic -It became8 lw impoetant 
us Che number of radial rings inlo which the fuel element k 
&hided becomeslarger, but, in the original LWl?, d e ,  only 
fcnn radial sane3 are wed a 3, M,= 1). In t b  cae, the 
step changesb ~ t r &  Mweea rings produma incorrect final 
mulb  in some casa Rather &ah slidnab this dk-
crapaulcy by increasing the number of d i d  mnw, the 
w i n  mmpwenk map be arbi-y wignee\ the r 
dependence A + ( ~ h ') within each ring, the constants A 
md 3 being d&mined by matching strains and strain 
gradimbatrhg boundark 

where (x)~denokes the eonstant values of the stmin 
camponenb in ring i. T h e  stmius are alsro dependent on the 
axial position of the dng (denoted by j), but this 
dmflpt'ion is ornitted for M t y .  

Since the radial boundary rxmdElons needed to 
d m n e  the integhtl~acondmls apply b the f d i a I  
she^ component as well as ta the displacement,Eq.21.28 
is wbtituted inb Eq.21-25, which leads to an eqyak?on 
for q ( r )  s a functionof CLI,C21j the strain mmponenb 

(EBk, nnB {d),, the zoneboundaries rd, and the 
axial strdn e, . 

The bdundary mndiEion at the Wide of the cenRal 
void at r -s is  

where gp h the plenum pcessure. To ensure conLinuity of 
stre= anddsplacement at the radial zonebsunkies  wit& 
the fuel, we have 

The condition at the fuel-dadding Werface depends on 
whether 'the gap isopen or cl& For an open gap 

For tbe outer feel surface and the same conditlo~for the 
inner aurface st the cladding 

If the gap is closed the conditionsare 

in the fuel,and 

in the cladding. The fuekladdhg- interfa  pressure hcis 
yet to be determined. 

The matehim conditions within the cladding are 
expressed by 

and at the outside of the claddlng 



where E, is the miant p m m e  at tba?ddloation where 
the rad i i  ihtegration is performed and b, i s  the cladding 
thiclmes 

Since the bunday conditions were used to de te~nW 
the integration conatants Cli md Czt in each radial zone, 
the dlrrpiacement distriblltirrnuff)is now a function of: 

1.The s h i n  wmponents (aT)*,(fa)r, ( E Z ~ ,and leg)t in 
each ring. 

2. The axif sWn e,, which m y  W e  on different 
vdua in the fuel and in the cladding* 

3. The plenum pressure p,and, if the fuel-cladbing gap 
is c l o ~ d ,the l a t erb i i  pressufe pf,. 
The dependence of u(r) on the axial strainsofthe fuel and 
cladding and on the Interfacial pressote results fmm 
appbtion of the boundary conditions. The radial 
displacements in the fuel and cladding m y  be written in 
the form 

for R < x < R + ~ a a d l < i < & . A t t h i s f i n c t u r e p p , m d  
the fuel and cladding axial strains and eZ, rmre mlplown. 
Axial-forcebalances areaeeded for kheir computation. 

Figure 21.6 shows that the axid forces acting on th 
shckof fuel between axid zone j and the upper su~faceof 
the fuel consist of the avemge axid stress, the plenum 
pressure, and the sum of the friction f o macting v e r t l a y  
on t h  outer surface of the fuel These forces axe positive if 
they mMct axid wwth of the fuel and are zero if the 
fueI-claddng pp is open.The force halanceon the hallow 
cylinder of fuel beheen the top of ths stack and the 
dashed msssection in Flg. 21.6 is 

The form balance on the cladding between the m e  4 a l  
Iocakion and the tap ofthe fuel element is 

where P,(~,~)I h e  coolant pressure at the top of the fuei 
element. 

The symbol F in the above equations is the axial 
Wction farce acting on the Puel--cladding Interface at axial 
zmej. The subscript j hw been omitted from the 
Besighation of the Bfction fome, but the equations apply ah 
each axid zone in the fuel element. The sums on the 
right-hand sides of Eqs.21.36 and 21.37 are assumedtobe 

Flg. 21,6 Axid forces on the fuel and eIadding. 

known &om previously completed computations on axial 
zones above zone j, 

The axfd strests dfstributfon needed in the integrals in 
the force balances are given by inserting Eqs, 21.35 hito 
Eq.2125.. When the rrrdial distribution of a, ha ken so 
used, Eqs. 21.36 aud 21.37 can be solved for the axial 
strains in the fuel and cladding, e , ~and e,, ,In t e r n  of 

1.The radU1y averaged strain components aT, EB, e;, 
and in the fuel a d  in the dadding.* 

2. The fuei-dadding interfacial pressure pi,. 
3. The ftictian farce F. 

*Radii? averages of the s h i n  components, which are 
m i n e d  to be constmi in each ting, are defiped for the f d  
by 

Mi 


where r h  and are the inner and outer radial boundaries 
of ring ia d  R and so are the outm fuel and central void 
radii, respectively, In the cladding the radial average of a 
strain component h defined by 

?& 

where t, ir, the cladding tbicknesr;. 



The axial form b a l m  thus lead to eqmtitm fat the axid 
strains in the fuel a d  in the dadding ( ~ eReT. 1) Mick 
mag be expressed io hncttatlal firm by 

whbm the sWaconfameats xefm to the  fuel, md 

where the  steain wmponeata nick ta the dadding. 

31.2.5 TimeStepping 
Suppose the average strmm md tbe shin c~mpnnenh 

due bmeplplatldty, awellhg, and thermal expansion are 
known at a paxhdar time t for the entire &el element 
(i.a,fat wll dngs sC dl beighb). Calcuhlan of the stresses 
d attains at t + l t  ia accompushed one axial zone at a 
the, Wnrlfng 1IE the @p d t&e hrcd and ~xloyitq 
downwan?.* T b computation at axhl zone j 18 getfamed 

i~nowil. 
The total strains E~,EB, and E% In Cch radial a l ~at 

t +St are guessed These extimates are use$ $0 mwte 
average stress cornpon~nts&, 6,and rzh each mdid ring 
by mnipu1aeion of Eq* 21.1 b 21.9 {see REP, 1 Lor 
-5). Sixrm the creep and sweUing mtea are known 
hnctlons af the &e crrmponent strains in ewh ring 
ak t +st [i.e., (Ohl(8)*.( ~ 2 ) ~ .  mn be eahlatedand (E:)~] 
h m  khe avmge &ss components Justdetermined. l%e$e 
s h i n  aomponents am then used int40radial'digg1acement 
eqhtian @q& 21,Sb). Simtlarlg, the same strain 
torn-h are r a d f d y  waged and w e d  inma.21,88to 
obMn Brst atimates of the &a1 bitrahsat h + bt. 

The quantlEies of inter& am the rhaa$es 4n ~ , fmde,, 
d W g  the &tend between t and t t6k These e2rffmnces 
am oBtlJned by sulaharcWng the know mid &raIRs at 
rimet b m  tbse dwlated by Uie method d w l b e d  In 
the paceding pmgqph: 

8~ ,~(ph ,P)a t r g e  in axial aetshof &%ding= 
Intime 6t (21.M) 

Sfmiletly the chahges in the redial di~glaanaentsof the 
fuel auter 1 A m  md the cladding wd3@during 8t 
can 'be exprewd in the followhg fuaetional form: 

6% f(ptp, cZf) Sn radMa l p l W ~ ~ &of 
fuel outers u m ~n MBM 4t @I.al) 

Equstjons 21-89 'to21.42 are USXI to d e h n t n e  P~ arid B 
at t +at, FiBf,lbwvek, it mist be m a d whether-*e 

*hbhe L m  d e the alplaation be- at h e bottm 
afehe fuel c d u m .  

gap qwns  up w remdmdo~dih 3%.Ik i-d.Wt tbe 
gap b clos& & the L. 

'1. &sum k h e  gap opens up Ila time St: Set F a  4 
rephoe pi, by ~ p ,amddebminethe axial SWDdungsd 
tbe fud and the cladding fmm Eqs. 21.39 and 21-40 
wRer&n the traro afgumehts rtre both zero,SuWitutioa of 
the &al s&wins 416 t.+ 8t into Ms.2L41 aha 21.42 
deiemfnes the xadial displ-nb of the fuel outer 
wfaee and aP the dadding inner surfaw, IfBuRE>hat, 
the original mmptlorr is mytect, and the g.ap h s  in fact 
opened In the time interval 6t I f  the cakulakd fuel 
dispiaeem4nk b grsabr Chm the calculated claddiq 
displacement;, the @p remains dosed and pmoedum 2 is 
used. 

2. The,gap remains chsed in t h e  Sl2 If fuel--clad&n$ 
mntact Is matntaind, the radial diielzlent d the Azel 
oukw W a r n  mst qud hat at the claddimg inner rurface, 
€u 

To compfek the pmMem, we musk deternine whew 
the fuel sod L e  &dd@ are tightly wedged togethe 
that W y  inow h u$on4[&aUy) during hhe i a b a l  bt 
(the stick cundifi~n)m whebbw the fkictslonal bm islarm 
enough b parnit rela* aisplacement (the dip 
wndition). 

(a) The stids ccmdtirm: If the fuel and the cladding 
stick, then the cbaage blwid sWn WngSt LWW 
Ca the &ng4 in 4te claddingaxid shah,  or 

Slaw the change^ in *aie la the fael and eladding are 
funations of hamd F according toEm,21.89 md $1.413, 
Eq.2 1 A  Is~ & & n t  toa rebtim bekwm &, aa8 F.tfa 
value d pf, 1s se-ted, F 1s wmpuM by @a relndon 
behem fJmm two vatirlbk~itnpHc3 in &.21.44, md then 
8 f H  and SQ, are individually cornputad from Bqs. 11.38 
and 21.MU1.Since the vatus d the fuel and cb&bg axial 
stmias at the Wnning of the I*@ areknown*#e axial 
s h a h s  aft t+Bt can be mmpuhd From the d u e s  of the 
6e2, and SE,, jnst drtt.cirrnhed. With E* slnd e,, at t + S t  
known for the $elected pro, khe displawmnt &eagfi asRf 
and 8uE, am k determined ftQm Ega 82,41 and 81.4%. 
T b  value of pf, which mtmsBq. 21,43 to be $rltid~lIs 
the mmct me. By thiimath~d,pl, and F am boOr ix 
dehmined If the fuel and cladding stick dudngthe time * 

inberpdSt. 
To determh"tW the pg, and F mlues so d-

&rW are oompa#hle, we am alw m p u t a  F %om the 
deflnltPoe of the mefPi&t ofStatic &r. f!! ticklng 
occurs* 

wbm L is k h ~W i t  d an axial,mne.,The cwfficimt of 
static Mctfoh aP UQ2 mdsW&s& sterr! is  t h as-Q.$. If 
the value ,ofF does not satisfy Eq.21-45,bhe frictional 
fme is  g(r large sat &e %Awd &ddiig ~aasata c k  
bgetbw; imh, they dip. 



(b)The slip condition: If the fuel and the claddingslip 
relative to each other in tbe dm?Intend 6k,F ahd proare 
taken tobe related by tJse c d d e n t of sliding friction,pd 

TfMPERATURE DISTRIBUTION 

Using Eq.21.46 in Eqa 21.39 and 21.40, we can cmpuh CHEHlCAl DISTAIBmDI 

vahes of 6ezf and 6e,, (they are no lwger equal) f o r a h  
interfacial p r e s m  dected. The value of pi, and the 
~tssociatedvalues of ~~g and ,E,, at t + 6 t  are used in 
Eqa. 21.41 and Z . 4 2  to giw SuRiand 8uRc.The fied u e  
that satisfiesEq.21.43ts&e mlution. 

Whihever condition (open, stick, or dip) appl@ over 
the i-al at, the quantities ~ f c ,F, E , ~ ,  and &*, are 
detwmhed at  time t + 6 t  for the particular ariai zone' 
under considemtionbp method I,2a,or 2b.Thus the radial 
displacement di&itrations $ven 'by Eqe, 21.36 m de-
termined at L + &t bemuse the s h i n  components contained 
therein have been supplied by the initial guesses md pi,, 
e,, and eZE,,have been &tennilled in terms of k s e  
gue- by the khniique just outilned. To asses the 
aacmcy of the mews flthe total which began the 
iteration, we a o m p ~ b.the fdlowiag mtlially averaged 
totaI&Ia components: 

and 

for the he1and malogowintegmls for the cladding. 
The average total-strain cwmponenta in the fuel and the 

cladang at the end ofthe time step given by Eqa 21.47are 
compared with the initial peas* T k  cornputatifin is is-
peated using btter inikial guessas of the htal strains until u 
consistent set of tresses and 4 h h s  at t + 8t are obtained. 

After ceavergenoe!at aucial eon@j, the code moves b the 
next axial q&n, and the entire radd Iteration pmcedm 
L begun agajn, When the bottom of the fuel pin ismcbed, 
the time ~p fsadvanced,and the q c l e  is repeated. 

The mnputntiorr emm when tbe desired hadiatbn 
histmy is  completed or when the cumulatfve damage index 
of the ekaddhg equals unity. A flow chart of the LIFE 
fuel-mad8Ung&de (which a h  indudes cracking)is &own 
in Fig. 21.7. 

Immediately upon startup and before swelling or creep 
has occurzed to any appraciable exbnt, the fuel develops e 
&work of ma& oriented either along radial p b p 
ing through. the fuel-pin m i s  (sometimw called 8 cracks 
because they are perpeadicular to the e direction) or along 
horizontal planes petpndidar to khe z-axis (z cracks). 
These craPlrs appear because the thermoelasbic s t r m  eom-
ponenta exceed the hadm hength of the fuel k knsion 
(Mg.16.7). The parabolic tempemturn p e n t  in the fuel 
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F3g. 21.7 Flow chart of the LIFE fuel-modeling c d e .  
{AfkwRef. a) 

induces teasfle strerrsa iu the 8- and swlimetions in the 
outer region d the fuel w h e ~the fuel lai L d t l e  @emuse 
T< -l40O0C). In the inner cow ofthe fuel, Ule t b e d  
strew m compmsslve, and, because the Wngth in eom-
pmhm i s  an order of magnitude mter than tbe t& 



strength, no cracking occurs in the interior. Moreover, the 
inside of the Fuel is above the ductile-to-brittle transition 
temperature and therefore can sustain appreciable plastic 
deformation before fracture. Additional cracking occurs on  
each powPr change. 

The thermal stress in the cladding due to the tempera-
ture drop through this component does not cause cladding 
cracking because the metal is ductile (initially at least). 
Howevet, the thermal stresses can resuit in plastic flow at 
startup i f  the linear power is sufficiently large (see 
problem 21.2 at end of chapter) and mntinue to cause 
p~rmanent deformation by creep through power operation 
o l  the fuel element. 

The fuel-cracking phenomenon at shrtup may be 
analyzed with the aid of  the equations developed in the 
previous section, which in the absence of swelling or creep 
strains can be treated by thermoelasticity theory. 

Consider an infinitely long cylindrical fuel pin of 
radius R operated at linear power 9 W/cm. If the thermal 
conductivity of the matrix i s  assumpd independent oC tem-
perature, fission heat generation wsulls in a parabolic tem-
perature profile (Eq.10.52). The tempetature drop from 
the  center line to the  fuel surface is given by 

where is the average thermal conductivity of the fuel. 
Application oC thermoelasticity theory to this situation (see 
problem 21.1 at end of the chapter) shows that the 
tangential or hoop stress in the fuel, DO,  varies with Irac-
tional radius according to 

Stresses arp positive jT in tension. Equation 21.49 indicates 
compressi~nof the fuel oulqto a fractional radius of 1 1 3 ~  
and tensile hoop stresses thereafter. The maximum stress, 
which occurs at the outer surface, is  given by 

The following properties are typical of UOz : 

From Fig. 16.7 the fracture stress of U 0 2  is  "1.5 X l a 5  
kBl/rna. Application of Eq, 21.50 shows that the fracture 
stress is attained at the outer surface a€ the fuel pin when 
the linear power is -50 Wlcm, Since this value i s  an order 
of magnitude lower than the normal linear power of an 
oprabing luel pin [Table 10.21, it is  evident that extensive 
cracking of the brittle outer portion of the fuel is un-
avoidable. The cracks due to the tangential stress occur on 
planes emanating in radiaI directions from the center and 
containing the fuel-pin axis, The cracks shown in Fig. 16.8 
are of this variety, The radial cracks extend into t he  fuel to 

a distant@at wnicn m e  ixtagcllwdl arr rm glVF1. M J  Uy. 

becomes equal to the fracture stress, provided tbe tempera-
ture at this point is below the brittle-to-ductile transition. 
Becaus~the maximum axial tensile stress is also given 'by 
Eq. 21.50, cracks on hiel cross sections perpendicurar ta 
the  pin axis can also occur. 

One of the most important functions of fuel cracking is 
to move void volume from the fuel-ckadding gap to the 
interior a l  the fuel in the form of spaces between the 
ctacked surfaces. Consider fissures along radial planes in the 
fuel (i.e.; 0 cracks), When the fuel cracks, the tangential 
stress at the crack focation vanishes, and the two surfaces of 
the crack separate slightly because of the tensile hoop 
stresses in the interior of the wedges o l  soEjd which are 
separated by cracks. Since the solid is nearIy incorn-
pressible, crack opening js accompanied by radially outward 
movement of the =lid in the wedges. The temperatl~redis-
tribution remains parab~lIcthroughout the rue1 arter crack-
ing has occurred because heat does not flow in the 19 direc-
tion when the cylinder is intact, and radial gaps, to first 
approximation, do not perturb the heat flow lines. The 
therrnoelastic stresses in the cracked hel ,  however, are no 
longer axially syrnmekric; r r m  is zero at the crack surface but 
not in the interior of the cracked pieces. Consequently the 
formulas used in the preceding section are no longer 
applicable because they neglected tangential derivatives oC 
the stresses and strains and did not consider s h ~ a r  stresses. 
Nevertheless, an approximate calculation of the tangential 
strain, AR/R, which results from cracking in a parabolic 
temperature distribution is given below. 

Suppose the radial cracks exlend from the periphery of 
the fuel to radial position R,. Since the tangential atrain of 
the outer surface of a solid cyljnder is ruT, where T is the 
average temperature, the tangential strain of the solid 
portion of the fuel pin between the center and R, i s  

where Toand T, are the central temperature and the tem-
perature at the root of the crack, respectively (both are 
measured above ambjent temperature). The thickness i n  the 
radial direction of the wedges that result Prom craeking of 
the outside of the cylinder is L, = R -R,, where R is the 
radius of the fuel. We approxjrnate the strain of these 
blacks of solid in the direction of the temperature gradient 
as the product of the linear coefficient of expansion and 
the average temperature of the wedges, or 

AL, 1
-= -a(T, c T,)
4 , 2  

where T, is the difference between the surface temperature 
of the fuel and ambient temperature. The total radial dis-
placement, AR = AR, + At,, is  given by the preceding two 
equations: 



For a perabol ic temperature di~trfbution, 
T, -TO-(TO -TJ(RJR)~, or tbs &v% rottauls WUI bs 
wr9ttenas 

w b qe- R,/R i s  the r d w  atw b b  the m b  
wn,When no e k i n g  ocaus(qm-I),Eq.  21.61 d u e #  
b the treln formula wad In~~g Ute hobgq~thick-
naa (Eq.  21.2). If &he fud h&um strength Is w, 
Eq. 21.40 Miat the mckroohsmat& - l131L.For 
To 2600 -300-220Oe& T,~1000-300~70OO%, 
snd a - I  x lWs 'K'.,the Wondimmaws of the fuel 
mdlw due to t b d  s4mw htbec m b d  and uncrreloed 
pbrtfgasJthetueltre 

This dMmnce im tangential d n arbma horn the inability 
of the atcked outer atmulug to conklh the eqm&oa of 
the bt b l  in t k  interlor d the gellet. Tbs larger ex-
psnsioll of mked fuel mmgrrwl t6 uncmcked solid = 
d m  tb htet-eWw mp at dmtup below the d u e  
eomputed fnmlQ.21.2 (by about 105&). 

The effeut of mcking on the m e d m h l  pertormrwe 
or the -1 cannot be mly taken into accaunt in the 
fuel-modeliag d e s  deserfbed in the previous d m  'h 
do w wmuld require (1)howtedge of tbe pcb locafim 
and dze of every crack in the fuel and (2)solution of t&e 
complete I i m e d b m d 1  m h i n  pmblem in emi~ 
of the bloeb of intact solid w#hdut the akl of the mjor 
drnplihtion a M e d  by the mmptlon of symmetry 

Sec. 21.2 Camquently the phenomena Is modeled by 
maiming that erackfng mrsonIy on h a  prlndpd p h s  
IspecifhalIyady 8 and o c d u  are rxmddemd).The effect 
o l  multiple d n g  in treated b a manner that rehim abe 
eyllnddd symmtry  ofthe system in a mamompieseose. 
Rather Lhm mta wl# containinga populrtian of d k & e  
h w m ,  an equivalent continuous d d  body with 
bbnally tle dent elastic c o d a n b  la u s d  In the stress 
. t u i y l * z ~ %  ~ l l epmprtisl of ais nonisotmpic but 
homageeeous d u r n  are governed by the type and 
number of m c b  In the rerl d d  

Suppose crackingormm dong radial pInnm (8 much). 
It ir intuitively ex- tbat the fuel would be weakened 
in tbs B&e#oa but stwld W n  moCi8Uy th mu& 
bady stmqgth In the other two pdndpal M i o n &  To 
mpdrtee  bbis effIect in th bo- model of the 
mckJ  d i d ,  we red- Young%WHIMinEp. 21.8 &om 
& to a I m r  value denoted by E'. At tbn same time, we 
demme Fohn's sdo tar all ztl and zd coatm#ona lrom 

~ t h e ~ R t r a l ~ ~ C h f B U S B d i n t b e d e r i o a t i o n o ftltptively e m l e  mdmkimof thisprocem am not yet 

u ta v'. Tbe d k r h  ~ q d o l l sin the c m k d  n+n~ of 
t h e ~ l r s ~ u m h t h e f ~  

Uslqg t h  c o n ~ k u ~ ~r e t a b  In cmhd pmtbnr of the 
fuel mpreenb an attempi to e~llpe~lsateior the hct that 
the #rmp&ifrUtty conditions(Eqa21.4 and 21,s) axe not 
applies& in tlre wal m1W. However, a d *  of the 
mckad fuel stalting trom Eq% ! It62 to 21.a r e h h  the 
axin1 symmetry a d  heedom tmm s h r  shmiw akr-
a c k M c  oi the hatmnt of Ule intact eolld. The wdt of 
wing tbe mdf led  eollaClt&ve m U m  along with the 
equilbrIum and strrio-disphcement equc#w la a dl-
femkl  eqdm lor th d a l  dhqhcement s[miler to 
Eq. 81.26 but whining addmom1 term m h d h g  #be 
dIfIemnce in the @mdmd uaprlmed elrs#c cmhnts  in 
Eqe. 2l.82 to ZX.84. 

A set of wastltutive mlafsons simtlar to $pa 21.62 to 
21.64 for tue1 wBh 8 m c b  can be devebptd for 
h o ~ t n l I y&ad iuel or far glmll taaw clackin$ 
prpendidat  to botb tbe8 -md a-dIree#ona 

The new of cast[tutive r e l p t b ~ ~d the muMag 
dbphemnt egurtlon La nppw to t b  cyhdr id  rings 
hhwhkh tbe Lusl h s  been divided (Flg. 21.6) a h e m  
tbe&essmoe ~ r q e x d t h e h d u r e s & w s h t e d m  
(&.16.7), The LEB ade (Fig.21.7) cheuks tor eraeking 
after each time sbp Multiple etacItlag In a ringan occur if 
the linear pow changes or dmply b m  the mabent 
power evolution of the n t t m  diekmutims In the fuet One 
m k  is addad b the rlng each time th fmcture shas L 
d e d  at a l d o n .  On the atbm had,cm& 
may be removed by hmllw ff thes-in thedngmmab 
compryiaive for a &eat duatfoa of h e .  The iunda-
mental study of cmk healing la in its Iniancy; quan-

n.llabs. although soma aprlmmbdenped 0ehmhhte 
crack h h g  hew been perIarmed."' ' rn tbe LfPE 
&aleZe r r a k r r a r e ~ d t u ~ ~ h e a l e d w k ~ t b e  
r p p m m  s m camponent Ln a ring with T> 1400*Cb 
o o m ~ for at lea#&3. hr.and la alrptiea coatln~~lsly 

A p p U d o n  d tha m h p i c  but honqpmow 
m o d e l d a a r a c h d ~ o ltbe fuel ~ I n p l r t o f ~  
mod5ed e M e  constsllbp E' and v'. In the W E  dm-
Illtimi tbe redudon in &t!c cwwhb h the dlmCTons 
w e a h m d b y ~ h h k e n e s  

wbere N ls thenumbrot -le in tbe parLlrmlardlraetion. 
Al-h an a#empt b made In Ref. 2 to jWfy t b  



iormulasoa t b m d i e e l p u n d s , t h e ~ S ~ , a n d h f &  
the entire momentof cracking la hwCmwIeItag d,b 
on a raw tenuous W,tlse use of Eq6.21.52 to 21.54 in 
~ j with u ~ 21.66 mnEqk21.65 and bnlg be 
justflied by the ssucma of the f u e l - d e h q  code In 
repaodudng computatbdly the o b w d  s t m c k d  
c l m g m  bM l e t e d  fuel. 

2l.4 	 FUEL- DEFORMATIONS 
DU&ING mRAD][ATION 

Altbougfi the fueGmOdeUtt# d m  demibed in the 
precdng three aectioaa of this cbm* dcuhk the stress 
and &&in ptterns in trotb the fuel and the ahchhg ha 
#eat detail,veryferadthe!wpmdlcloasmaxneaaMe b 
camprima wlth s~~ mmmremnLs. h m n t  
of code aecuroey md code dmtadon usually wlim on 
comparisonoftL perfmmwa padIdaaswith bhe follow-
hg chmecteri~thof a fueI dement as detertniaed by 
pthwiWop1d n a t i o n  of fuel rod^ in a bot e l k  

1. Petmaaertt d l r m ~ h l ,or tangential, s h i n  d the 
clad- a a s n ofd pasjtfOn along the fuel rod. 
This measurement wrmpnds to the code pmilctlm of 
el + 4 (he ineh8blcor h v d b l e  sWm) of #ha last radtal 
Minthe eladdingat W ~ n d o f ~ m .  

2 claading swellhg due tQ void I d a n ,  which 
o o m p n 6  to QE' h the code. Void swelling may be 
m d by the ImmaEelon methd or by traPsmkabn 
e k b n  mkmapy (eee Sec. l9.2), although the latter 
technique Is too l inwmmln#lor hvetipa#on ofa 4tp 
number ofsamples of irmWt8d &addin& 

a, Padhadwon ~~c examtnattaa of croais 
mWns of tlte imdhhd h e 1  pln pmvfdes qudrtaUw 
Wormtion on the extent of mtrucMng of Ule fuel and 
an indlesta whether or not tha fuekhddlnggap wrrs own 
3 tbe time of shutdown. Tbe mth o h m d  In such 
m # o n s  (eg., Fi$2428), howeoer,rncooling~taehB 
and do 1105 r v n t  the cracks ~ nin thet hd during 
imdtatIon. 

SpciaUy imhmmbd fuel elements supply infm 

two mmpnats, tberrmj c m p  and irradiation amp. The 
%radhUon creep may oa may a t  be dmaghg to 
the chidng. Even though thexmahwp strain is 
pmbably the prlnelpl aouree of cladding damga and 
uWmh1y I d s  to Mure, t h w  U tm way of dlvidlng tbe 
nwmud daddimg creep skai13 hb ~ r m a dand 
~ t l o m i m d u c e dompments. Tbb distbction, however, 
is BssIly xwh in the tuel-mdeliq mde, although the 
mmwy d the predicWo11 isdiffkukt to gauge. 

figure Zl.8 LEse W E  mde prerlict3o~of swelI-
hq aud inehatic s t t a b  of a shbI-beEdad W 9 x i d e  
fuel rod tlrat bad imdiaW in a fast reador." Tbe 
drele on tbephphwipmmh LhenreasursddiamdralstWa 
in ~ d a ~ a t t h e m d J l ~ m o t p e a l r l I n s a r p w e X .  
The meinhgly exmUent wmnt between Lhe gDde 
predicthiof and theafngle datumis not tobe comkued 
w a masum of tk rsWiMy of the theomti& models 
embodied in LIFE. The code bad p r e v l d y  been fine 
tuned ms the IWs of 0th daddingstrain dab bemum, 
when firrrt a@pIled b Use M elmant repmmkd by 
F'lg. 91.8, the wlcuhbd cMdQ hslre#ct m h  wasafwtcr 
o f ~ l a r g e r t h a n t h e m e r s u r e m e s l t . l ' l m e f ~ ~ ~ t h e ~ w ~  
~~by adjustllrg fhe input alahids mnshnts (in 
this caee, tbe fidoagas sWeUiu rate, which was d m 
by a iactor d 4) to force m m e n t  of the computatim 

~ o n o n d i ~ e t r s t n a a s w e l l r a i d d d ~ o n o f  
both the iud and the oladdng dud* opeartloa. The 
diametral s t d m  mmmd in-pile Iaclude ehtic 
defomution sad @mndexpwbrl, b t h  or which d b  
rrppear when the m r  Is hmed off. In-pile skucttual 
meaeruemeats b m  been pwf- pdmaxily In thermsl 
~~*U g l l t w s t e r ~ f u e lw'" 

he beb?Hcoompa~ent4 of the I#rlrlnat the UaW of 
shutdown ta hhmb38d by the m-red 
sweiiing stdn horn the total shah. W hhdk-dmin 

lV -
10 100 1 0  10.m 

ccnn-t is  one of the iMcahsof aEadding dan* and TIME. hr 

appro& b Mum. M,o-hg Wfb on WFBR 
Iuelpbmay k g h e n ~ a m ~ ~ l m u m d l o w a b b ~ ~ e n tFlg.81.8 F'ueI-rod performance pmdicted by LIFE. Fuel 
dhmtxd srsldn not Muding ootd swelling. The latter is 
not believed to allect t)oe mphn Metime of the cladding, 

Dud* n-I opecatlontbeprimary contdbtion to the 
i n W c s t m l n t $  L d a m t o c m p m d w r y W h d u e t o  
pdastPc deformtian. Howevm, ( G y o R  ibeUconih of 

density, 88.496 d theoMcaI density; luekhddlq cold 
grip, 0.- cm;,i raahlum length, 34 cm; tuel-flet 
d w ,  0,274 em; dadding thlclmess, am8cm; clddhg 
temperam, 5W°C; Hnear power, 440 Wlcm; taut flux, 
1.7 x I& mbnsenf3 saf I .  (MWW1.16) 



with the slngh masunmefit. As a muIt of the mcalIbm 
tim, the p d i c b d  mlutim of shahs and with 
#me shown La E'ig. 254 ere probablyfairly wliable. 

The fne ldu  -a la b b  claddtng h a r e m s  W l y  
from starCup & e Y l O Q I u k r t o ~ o n 8 ~ a ~ ~ d ~ p  
I n d u d  by t h e d  stmm produd by tbe b m m  
dmp through the eladding. Durlw thls period, tke fuel-
dadding gap is open and tL plenum pmmre, which adds 
tothe thermal~Intbdad&ag,Lstorrrbmuarenot 
much f&n gas has been released yek At 400 hr the fuel 
k swollen WfMientIy to -tact the ekddlng, and the 
cladding becomes laadd by tbe hehlddiag IntetiaeiPl 
~ u tather tban by the plenum preammdue lorehasidm 
h i o n  The sharp dm in tbe interfdd pmme 
followiq Itrel-dadding contact eaum a comspdngly 
steepinereasa In&dd@ imhstic draia Tha fbehWq 
Jnterfadal pmmm reaches a maximumofcYla,OOOmim 
at -5000 hr and thereafter d e c m w  will the gap mpem 
at -11,000 hr (although the actual he1 pin was not 
iwedbbad W 10138). Fud-daddlag contact is lost becaw 
daddlng mei l i~[w&h hmmm as (W)" with a > 11 
becomes more rapid tban fuel swelling. Tha saremng m m  
tor the cladding &awn in F'ig. 21,8 is metW the 
vohtmetrlc void sweltlng and 4 simik In shape and 
mgnlhrde Eo the sweUIng w e  shown in FIg. 19.4. When Fig. 21.9 EIfeot of tuel pmsity and fid+adging gap
the gap reopens. We dadding is aceagdn Wded by the she on C W e m e n t  pdorm#ce at camtaut meemd 

p m ,  which has been inc- in ra demity. (Alter Ref. 14.)
appmxbtely b m r  f8Bhton wiCb tinw b c a w  of a 
roughly conshnt rate ofMomgas mlwa from tbe luel. 

Flgum 01.9 ahom Cbe computed effect of the initial 
fuekladding gap slat, &, on &e imiastic d-ing 
ahin.  Tbe a d l e r  the oold gap, the amher tha ha1 makes 
cont&cB with the dadding and the bger am the resulking 
&idding stmias.ln tbe eomgutations for the curves hl this 
pbk, the m a &  density wms held muhut; thus an 

of the IniW gap d a  mwt be aemmpanied by 8 
decmm ill tha pmdty of m labricated fuel pew 
(Eq. 21.1) 

21.10 r b t b  erlrr  of t b m m u r r  
on tbedadding permanrrat strain. Thea lad~- tempmtum 
vada#on at commtI* powerwas ddevedby atljud4ng 
the sedium cmlsnt hUtempemOure Intbsd.W d l n g  
strain at 37S°C b low bcmm the thermal e m ptate, which 
hs hip$ly krmpe&m m-ve {me a.2120b), ia smalI. 
Far t h e m  atma themepmteat bOO0Csbouldbe 
mu&largatthauthatat37fP~;yet~heamfarWhg 
&rein at 600% fab  Mow that for 375'C dsdding late 
in Ute. Tbe explanation of W behavior h that BOO% is 
tb peak swelling temprstm lor 5Mnless sml 
(Fig.19.3); flu the dmlding at Ws tempemtm librally 
rum away born the riwelling Iuet a d  pmveah b i b  
lob- prerwuue &om dmeloping. At ternmum 
a b m  or below 60O0C, U aladcbg daa not pmim tt3s 
Mgh -velodtr, Plad t h e s t r a i n d u e t o l u ~ d l q  
~ b l a w e I m p o r f a n t t h r t m ° C . ~ ~ g  B 
temperatms mter timn600°C, Flg. !2l.lO&ws th& the 'O"r0 1m 1m 
daddIag Inelsstie ahaim becorn, At 8M) lad 700°C TIME, hr 
azte mqt &ewh of sClvhrlePs sbel iu low, and Ehe 
I u - - i s - t - h m - ,  m.a.10 oi adding temp- oa bwmnt 
wueh v # d y  dhpperrs at 000% {H&19,8). Co& perf- for a bed linear pwat of 440 Wlcm. (After 
quenkly the combination or high brnpmhw and high Ref. 14.) 



s h m  in Eq.2l.m gemraka hge thertnal.creep skrdns, 
whfch am m a &  as the slapabld diamhal s t d m  
pteaieten by tbe L m code. 

Elgum 2l.10 p d c h  that the dadding deformtlon 
rate k dmticalty reduced at higb burnups. TMt be- is 
a din& comquence of the fisaioawmehg &I used 
a9 a maQeriab bput fanMon In the code. Thb model, 
although ernp-1, predkls a t i o n  of swelling at all 
tbmpemturm and m m  w i d  akwnment ofahration the 
highr the tempacute. Suckbehavior is entirely ~ W n t  
with such t h e o d d  models d 5asIomgas swelUirg and 
release *s BUBL and WAB3. h facet, the ocrmphtlcm of 
fbhqps bubble d ~ ~ o n s  performedIn Sec,13.18 
far jutmeh a mkuated #tubof the &ion gas in tbe h L  
When tuel swellin# vanisha, the major mason for cladding 
defmmtioaabb dim-, tb t b e m d S- have been 
hgely n M  by cmp bk hlgh bumup, aad the only 
remalnlngdeformstion procrepskWt drivenby the pteaum 
prwoliure. 

F l # m  21.11 shows the diiklbutlop ofbbe tstrrl 
csaddihg strain (is., I$ + 8)and the mew component 
h a  for e wb of Inrtdhtlon parameten dlltwlant fkom 
t h e  ud to prepare R@. 9 .8  to 21.10. Howewr, it was 

- LIFE raub aRw d l l w a t b n  
(-1nnlnM l r gmu!o. 

m.2l.il Ciompmhaa of tam pdictlQos and -
ma& of w pammat dlrmetrrl swn and stRdlibg 
shah ( h mA 3 4 4  W.E. Ray, aad W.J. Rowan, 
O M e  FueS Ebment Dewlopent Q w t d y  W 
port OL th RBdoB whg 8eptember80, 1972, 
Report W b f t D W - W 8 - 8 ,  Wastlngholcae &drk Cbrp., 
krausty19734 

@n nemmry to reealibtste WPE by Wudng hshn-gas 
rwlelkg to pmduoa the agreement betrmen. code pre 
dictions a d  trreasuremenk ahom in the graph. The relative 
i m p h a e e  of swelling m n ,  8,aDd c m p  shin, E$, is 
dsfactmily pmiicted by the pmgma The o b m d  axiat 
dakbutionof W total:s u n la sharpn then that predicted 
by Lhe code. but Dbe ken& am Imibir; tnehtlc shh is 
greakst ab tk midpl.lle, where th lEux and hence the 
hew pwer plle the hrgmk Thebigbpmercenter portion 
d the fuel pin wells more than tbe he1 mar the en& of 
tbe ml; M o m  t h  dadding at the midpime expdenaes 
a p a ~ j n t # ~ ~ m ~ i t ~ a t o t b r o a d a l  
tpoltions. The etedahg cmp largely In teaponse bo the 
inwhclal -re, and hence thdiaroetd straia ts lam 
at Mm ro8mldplboe. 

Becwse the &t sodium flows ~ p w m lltwugb the 
m,L h  swelling shin is not symmetric about be con? 
midplane. Cleddlng swelllng due to void fornution k 
@mte&tslightly abod the midplane and d a m rapfdiy 
Purther np the con! beeam t b  cladding Cempemture 
exmeds the mrxlmum for mellilrg wbUe bbe fiux is 
decreasing. In the lower half of kbe ae,however, the 
chiding CernpmWe % gelletally el-r to tbe 500-C 
maximum welling tempemtum Elm It is intbe top W o f  
the mm. Hence the swelHng shdn dues not dmp o f faa 
rapidly wben n d n g  &om the midplane to the bottom ot 
the hel rod as It does when moving in the opposite 
dimdon (see pblem %1,7 at ehd of the chapter), 

Ilthe linear pomrofa he1rod issubject tooontlauow 
d l a n  cycling and It fuehbddlog contad ki mde at a 
porn Iem thra the meimam, p e m n t  deform= 
Uon of the adding m y  occur during eeeb @em Thks 
mode ot permanent strain of tbe W i n g ,  wMch is 
lundamentally dif'ftrent h m  the shady dsfmmtiiws 
cmddmd &ier In this oham, k b m e d  axhI 
m-tting. It b been studied uul l@djI  but the 
ph-m L d l M t  teobaer~e of the m m w  
nage of EbnWons that Wt lb operatiim 8 , l Q  
34 w. 

Tbe d lvxhl rakhetflae in s k w n  sabematlcally 
in 21.12- At power tbere h 8 h e M d j l l f f  mp 
(Fi&r4I,lfh).Asth? td pwm bmbd+theiUd,whlchb 
imtk  thn  the chddng, mpmdn mare thn the dadding 
b t b  a-1~ and m p and BaeWdlng  contact omm 
belore tbs aiaximurn pwer in tbe cy& b aohieved 
(Pi#,1H.lBb). The I n t e r d m  Form kkween them two 
mombera place the dadding in temim both rxhlty and 
hgentially, and tbe tad mpdebes wmpmah. an-
#amed expandm of tEe marly hcompmsibh fuel further 
i ~ d m ~ ~ Q t h e o k d ~ ~ t h y t d d  
p o t a t b f t ~ ~  lmmedtrtephbflowL-, 
~ . U U a e m e Y I m u m p o w e r E B m i ~ ~ l o n g ~  
t l M ~ * ~ l l e a p s t l n d e r t B s i n i l u e ~ o t t b e t e e s U e  
shmk For cbddhg detormatian in the dmcklon to 
omr ,  there mut be molt kitweem tbe fuel 
and tbe W n g ;  otbemh t l  &td slmjdy skip upwad 
w i t h w t h k i ~ g t h d a d d i n g d ~ ~ q ~ i t h t  



Flg. 22.11: Diqmn d Eha rvrdal ntcbetfiqm h n h m .  
The marks in b b  ctaddlng provfde refemme p h t s  b i n  
w k h  debormdons m be measured. The line8 between 
each draw shm the mi@natpsition of we Wfmm 
pink (Afw Ref. 8.) a*,linear power at whkh hd-
clorddiwmt& oermw@,,,, -urn W h 

kt khe end of the mximmpower me (F'ia. 21.124, 
pemment axial d e b m t h n  of the claMhg has occurred. 
Whea t b  power b mIumd, the fuel returns bnearly its 
originaI size, but the cladding, bavtng been &fond 
immmIbly, d m  not I&. 2l.l2dl,Only tbe e W c  skatn 
of the cladding fe d m d  witen contwit with the fuel t 
loat. When the pmr cgde is repeafed, fuehhdding 
contaet i again made, and the aladdhg weeives a n n t h  
hmment of pennrnent detopmatim (Fig, 21.1%). If the 
fuel pIece rehnastap c h l y  the same shape and wrlume at 
the -power put ofemhoyda and thermully axpanda by 
emctly tbe sameamount at at power I-, cladding 
deforwon will case &er a number of eyctes suffldent 
to extend the tube ptastlwlly bo a size which either does 
mt provide suIfiefent friction for the wmt& or which no 
king* lPsaIte tn m p  or plastic now during cotitact. 
H o w ,  two mchbnxi ace capnble of cantinuhg the 
axialmkhetttng p?mmiadehniteiy: 

1.The b1m y  cornlidate during the pwe~mduetaon
mrtd ta such a wny that the hehMdIng mp bndrr to fill 
up Mtb fuel otIginating Ram the mata body of the fuel 
skek. Fuel mwement into the reopened gap my m r by 
gravity (i.e., by cracked pieceg fdlng from the fuel and 
becaming lodgedin the gap). 

2. If the fuel is swllingat a eoasbt mh during pwer  
cycling (em#, by solI&flsion~productswelling), khe he1 
volume a t  the end of mch cyPle continually In-
Fuebladding contact Is thus made easier, and tbe fuel 
m y  be w b l e  of pumping tbe ctaddiw and of continu1y 
Indefinitely to Mom the ctItddiq dudng each cycle. 
Flpm 21.18 d m  the results ot deulations with #he 
dadding behavior mde CRASH' tot a situatroa la which 
both axla1 and mbl rabhetting a in dwbg unUmn 
power cycling ofe fuel rod. 

Anotber bI-rod deformtion pwblem that, toa h t  
approldmation, can k twakd by Unear khemmbtieity 
theory h tha calrmlabIon ot the sWn in a iinit% cylider 
( t ~ . ,  a Cod gellet) due to rpplIo11f0011.of a radial tern 
pmture gmtient. As a result of Ute a b m i  o f a n t  at 

the top and b o h m  of the pellet, the en& experience 
pntet  ndhl eltsfn tban the central ems s d h .  The 
ho- shape %ssUmea by the peUeb prodacas pattar 
f u e l e d h g  hhmtlon at the peTIebpnat Wdhees 
thna at axlal positions m r m p n d h g  Ea tbs middle of the 
@lets. The dadding deform in mponse to this non-
uniform iateracth with the fuel by demloping circum 
f%mntWrtdgea The pbsaommn Iskaownas bornbooing 
and Is sbown scbmt idy  in Fig. 21.14. The dqmof the 
pelM rnbe computed Born thmmmlWdty tbeory if tbe 
Inteaetlm of a pellek with I$ natrbors and wItb the 
cladding Is mgleeted (I.e., if 8 Bitqgle h pellet b 
cmddmd). In thb appmximation the upger and lower 
haws of the pellet can be characterlid by pbne s W  and 
the ems section though the middle by plane s h a h .  W 
themoelmtk dutlotl L d h m d  by ada#hews? 

Bambmlng is pDsalble only betom the pellek have 
s i n W  together and formed a continuous Ihel stack. The 
phenomenon b most b l y  to occur in he1 alemen& 
hmemA In a cootant at sufacienkly high p m to 
coltapse the dad- onto the fuel, w k h  L the c m  In 
p r e m ; B e d - w  metorfuels. 

21.5 	 VOID SWELLINGEFFECTSON 
OTHER mRECOMPONENTs 

The a d p b  in Ibe f h t  four W o w  of thh ebaptet 
t~88dimM at deblrdafng the Ion@vity of a d u e  Fuel 
element b an LMFBR. Impliait in thb discmion was the 
amumption that the Metime of the reactor corn WM 
dictated by the time at which unacqWIe numbem of 
daddlng ruptures began to occur. However, hiel &men& 
are bundled hgether and i n w b d  Into w m M due& 
which sre packed togethit to fohn tbe core. Primarily 
beeawe of void swellh~&corn Metime may be limitad by 
uadwhble hdiation-induced deformations of khe 
w r a ~  ~ b t  of ~l+Iemnttube and by the fall= 
cladding W wmqueaces of void sweHHw in core 

CYCLE NUMBER 
I@ 2 0 2 1  12 2 3 2 4  2s 

t 


TIME, hr 

Zl.18 M e p d l c t h  of axial and rdnl ~ttainsof 
eldairy dMng mhhetfing b d u d  by power 
F u ~ i n g-tad fhst occurs du- Ute 19th I ~ I R  
(Attar Ret &) 



FUEL PELLETS 

m.21.14 Barnbooingof fuel elements. 

mmpnmb 0 t h  thm he1 demntB on LWBP cure 
prIomm~~ ccr-bve been revfewd by Huebotter and 
workers,' 6''8and mu&* of tba dhwim hthis s&bn b 
bseedrnt l le l ra l la l~  

F'igum 21.Ushowslongitudinal and cms-sectlonalviews 
of ap f,MF3R *I aawnobiy. A cutaway ot the 
seme component h shown €na.10.4. Thete are 217 fuel 
elements @acedInaide the hexagodrhaped wrappet in tbe 
mngular p a h  sbowu in the cmwmellonal view- Wires 
wmpped around w h  hmle h n t  (Pig. 10.3)act ssspem 
and pwvib pmqewaya ford u r n  flow p t  mch element 
In the bundle. The wrapper L appwximtely 0.36 crn Wek 
except for amas at t L  tog and jwt above the core whm 
the walls rn thickened by -0.06 em to tom smcw md& 
Thm are the wnes whem neighboring membllm ink& 
meehaaioally, E m i r r e  mid swelling at t h eonkt 
phb could cause s k e m ~In the duet walls Mgh~IK)I& to 
mdt In asmnbly eaHure, ~ p d a l l yif the meW is 
emMttled by helium. The mattpads are placed above bhe 
a m  region to cape the high flux that promotes both 
m111llgand heHum embdttleamt of steel and thus a d d  
hchm at InkrwmaMy contact points 

A nozzle i~ akhbed to the frotbom dof the wrapper, 
Tb node L I& into tlre p i m w n t  struchm in the 
bottom of the mstw -1 and w eupports the entJre fuel 
membly in mntikwr fasbioa Coolant d i u m  enkern the 
sammbly through slots la the n o d e  and Ilom upward 
arauad tbe fuel bundle inside the m p p r .  

E l g m  21.16 s h two neighbofhg fuel aseemblies 
sup- by insertion of their nodes in the upper and 
b w e r g r B d p h r @ w h i & # f n b ~ Z r o m ~ a Z e s s ~
Thew plates are-am in dhwhrand-10cm tM&.The 

holes h the upper ePd lower grid plates are ammtefy 
aligned m that W fuel 168emMy is plumb when ~aatedin 
both plates. The ha& on top of tbe wrappx 
Wm mmit a &heling macblne operating under the 
a o d f u r n p o o l i n w b k h ~ a a # r e ~ o ~ I s i ~ t o ~ m ~ ~  
fuel &mmbUm a the allotted Puel burnup bi been 
aeMBWd. The fuel mmmblies are appmjmtely 4 m in 
length. They are paeltad tagaha in tbe honeycomb W o n  
shown In F'& 21.17 to form aa appmxirnately hexqpnal-
&aped corn that eclnhins about 400 fuel mmblitsand is 
of the &r of 3m acmss the flats (for a 1000.MW 
wacbr). Approximately one-tenthasmanymi& tuba far 
d e t y  and control rods as them are fuel e m b l i e s  am 
inb* among the fuel aasamblies. Two rows of 
blanket ~~ (oonbiainbq mb fIlIed with P 3 6 ~ ~ z )  
corn* the peripheryof the cote. 

The principal functiohs of tbe hexagonal wrapper 
m n d  each W-orLhnkehlement bundleare: 

1.To p e n t  tbe M u m  &nt horn bypmhg the 
h € g h ~ - ~path h g d d e  the fueI-pin bundle and 
mPPlngup the int€tmm&y gap k k d .  

2 To p v l d e  stmchd support for the bun&& of fuel 
elements or controlr& wnLain4 in the wrappcr. 

3, To -vide mecbanid mean8 (by the handing 
heads) for removal ofs p t  fuel and replacement with Iresh 
fuQ 

4. To provide a barrlet agalnet propgation to the rest 
of tbmm ofan accident that mtght be caused by tu-
ofoneormore fm1pias hM asgembly. 

0 t haompents ofthe c m am: 
1.Gdd plates that sup- tbe mmnblies. 

WRAPPER (OUCT 

ACTIVE CORE 

FUEL 
EtEMEMTS 



~ t o u m 

I .  An inshumeat plate Iocated &ova tbe wm In tb 
sodium PI. This eomponant sup@& Wmmcouplea md 
tlowmebam tor monitoringWe dimWe4aBiUona. 

5 . A C a m w ~ ~ t o o ~ e n t ~ t h ~ b d  
a W d  Lm on t b e ~ p o f w e m b I f w b ~ t b e  
dimmy dtbe m  due tobowityf ofthe wemb1les. 

A protype mbmbafnt devIee, a cow clump, IS 
shown in Fig. 21.la. This eompnent wnd@ of six 
hJPdrauWly opmted yokes or rams t h t  p m  lnwafd on 
me six &lea of the Corewllicb oo* of Eke blanlcet 

(FI&22.17). The c h p  aeb at the e l d m  of 
tbe s p m  pads oa hiaxmnbHes. Thohmof the core 
damp fs: 

1.To 8 calcubble and -udble skuetural 
d ha m  which, If left uMBskajl~ed,would k 

wbtanWly d h m @  by mMng and bowihg of the 
WrappH. 

BTomafnta In thabpof the~mbUee in~mtm 
th t  thehmdbghLcaa kbatdU~d$rappldbyLhe 
reiuew m c h t & w h i c h o p n t h r r ~ % ~ o ~aodiutb. 

3.To pmiL adtqmte damma aud mahhih mf. 
Wilt dud BIraightness so tht  memb1h em bmnmed 
w ~~~ a r r a y 1 R l t h P u t t m d u e ~ i r i c R T o n  
fa- due b rubbhg a n s t nelghbming ~ s B B ~ W ~ .Tb 
corndam#b lehamd far refue1lngopwatiom 

The l@mUealky mated COH clamp &own In 
Flg. 21.M Is uaed mly to test the mechqnhd @ ~ c e  
ofmoth-up LBdFBR eoresi a&bl breeder wdm(In 
k h e U t r I A d S W m a t b m t J W U I u m r p d v e ~ t ~  
ku w h M  cum mthn b m t m h d  bg a &My 
b ~ ~ u p e d ~ ~ d ~ k 

.Oatloet.n witb h wpe& of mtall m~ shwhml 
~ ~ ( a u d ~ ~ ~ i o r ~ 
t h r e ~ ) L a ~ t a m e q ~ a f d i g g d ~ b y  
mi& meraw rolrter tastareawn br,dwdmrtt, The 
M l e r  sections of thts chapter oonaideted tbe effect o* void 
sweIlhg on the performanee of individual he1 dements. In 
this htaote it was found tlmt metal swelling may be 
beneficial to fuel-element gerfonmm it uch to 
telieve the ftd-cklding intedaciJ p-ure built up by fuel 
swelllag. When thm other cam components swell, howem, 
there is no such Meeming Ceatute; the mnqusnees are 
uniformly ~ ~ The probleme is limited to the. 
-mbly wrapper hbe h u m  the obber compouenb of 
the cwe (grid plrtes, instrument phb,and ore damp) are 
in done of sufileieotty low flux that the e f k t  of swelling 
on taem is not BignHbat even over the -3O-yar Wetime 
d t b e m & t  piant 

Th effects of void swelling on tbe ~ m b l ymay be 
divided into the uniform wlume of meht (axial 
and m u ) and Ehe dif fmtld  welling mused by nos. 
unifmm tempeaatum and flux between the side of an 
~ m b l yclosest kn and the side furthest away fmm the 
-axla 

-81JT ~ a w a t d ~ l h i n ~ r e * c t o r ~ .  

f b m  0.a. chlw 100aMw(e) IMm Acddent 216.1 Elongation

AnaWs and 6tstety Dealen Study. Tow Re- met 
of m ~ l l - I n d dWhI m n g  M &h@Rdm~ E l o n ~ l o nrefem b the prmaaeat axial exknsian 02 

V W mpoaC BAW.1855, Eab& (3a, an awmbig due bvoid swellhg, The d-swell ing s h i nB W i h ~  
N m m k  19?Q] mag be computed by hkgmkbg one of the POid-sweUlng 



1 A prototypecwechmp (WJ. t hdopslents, Qmtd~W. fpwach, CowW RwmRqmt

far Mod Nov~mber50,1918, USARCBeprt WARl%C&801&4, W d q b g l e c W  bq.,19?5), 


eguaUom m t e d  In Chap. 19 (e.g., Eq.19.12b) over the that of the duet wah bocaPee CBe datldlng ddwaN 
tm&b of t4e aaeembly, taking into amount the d d  tmpmhm Is 60 to W°C Mgher thaa the . v q  d u r n  
vww011 of botb the fb&meatmn flux (wbieb Is apprwd- kiqetaluae, whkh Is theslmsesthetempemhmofole 
BmteIg d a b  in Ilh~pe)and tha eooht kmpemtuna (wbicb wrapper. A potential mschaaIcd pmblem ariseshause the 
h- born inlet to outlee). Tbe *Idal wireswmpped fn h e l i d  f d o n  atwnd tbe daddhg to sct 
W n or elongation is m&hW the volume m M b g  w ss spacers (F& 1tU)are clwer to the sodium temperature 
computed. Figwe 21.18 &OWE the mmh of such a than W the claddingmldW hmpmtnm. !Ibis Thlsmpetaftue 
cakulation for the rings of alisemwes at dinerent diffbmnce memstbat the d a d & g ~ ~ y m m t h . l l  
~ m s d t o m t h e c o r e & T b e w a H s d ~ e d a & d d  does tile* uoundit(byh0.2%~.Rxcdwta3ressonthe 
b tbe core ceatm el- more than the o p p l b m l h  w i r s w m p ~ ~ ~ 1 : t h e e n d d 1 ~ w M c h m a y ~ s ~ e e ~  
bewm of the mthI nu%and t%mp%twtwegmdenL #I¶=cankadladby rllmhgswnsinItWd&ch~#&wbentbs 
#adfonts rra abompawib1e farbowingwMch isdhumd ~ i s l ~ o u n d r r r o u g d t h e ~ ~ h ~ *  
In the next d o n ) .  The cenkal hd ~ ~ ~ % r n b I y  ~ ~ ~ a i m o f t h e r e a e t M a m ~ b y e o r e u c l r lelongabs 
mom than 4 a,whW corresponds to m lxial mllh# growth. The estimated reaetipfty deemaae due to the 
strain of about 1% $IwgrUwt of the -1lw by tbh elongation la a*T%is lom must be c o m w  for by 
%mount complicates the ddgn ofthemaehiae tor handing ~ t b e ~ o f f w e p t u t o n i u m i ~ t h ~ ~  
the mamMe+but thb pmblem doee appear to k 
bmlltnm. 

VoOB swelling &a the fhd elemenb pmpr b *A dollat ($1 f egu*l b d d 9  of m-
gr0wfaIen~TBegmwthottbedddtngLgrerbertban nmlm ( - 0 . 0 0 0 ~for plutdum). 
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MSEM8I.Y ROWS WWEREP F W  CORE CENTER 

a*n.a EbItgatb dWmpmWBIk due to Vofd d* 
jag at tbe eud of tlte nominal lifetime ofBach comment. 
( A hRef. 18.) 

which rep-@ the *t but by no meatis #* Worst 
adverse mmomic cowqwncaofwid mllhg 

MkUon refers to the uniform ndlal:grow& ofthe coma 
due to swelling ofeech offtscomponentm b l i e s ,  Radial 
dilation of khese compmeah is  computed by k h e  mtbd 
d w b e d  lor dmrlating elongation. Figus 21.24 shows 
the radial H b o n  of the wrapprs k vsrlow +rln@of the 
core after -2 yean of o m i o n ,  Wludmum Mation w u a  
just above the oore ddplasle b e m ~ ~this bcr#on otfers 
Ihe combination of flux and temperaturn m& prop1Uous 
la void swelling (see problem 21.7 at end of ebapter). At 
this pdtlon diaanetrel expandm of the eeatral 
assembly Js Q.6 em.The wnquenaa of d i a l  dtlatloa of 
the wmppm b tlm Mudw in khe ckmmace between 
ammidie& I swdltng w m  absent, a gap btweert mi@-
barbig a m a l d i ~of -1.3mm would be sumdent tor 
assembly remwd and Inserblon. However, as a m l t  of 
void swelling, the central amembly must be separated Born 
its six neighbors by gaps of -7 mm. The requIled dam-
Is ~ d u e e daa the periphery of tbe eole ls approached. If 
inltfal deamcs$ ultimately to be fined by the 6weUing 
wrappew we= not provided, the are wouId push outward 
mdislly during i d a U M 1  sud very quickly would cause 
unacceptable ~ i g n r n e a td mntd  rods and their abwe 
corn extenrmloas and handhng heads and the mb1lng 
m n e .  The kqer lhau n o d  @p siae between the 
kssembUes in the core introduces a sfpitfimt economic 
pendfy bemuse the gap Is filled with dimnot W L  The 
large deatauces wdrtoe the Wta-mehl ratk of tbe corn, 

Wwby b d n g  Cbe critical -a d  de-g tbe 
b e gntb. 

TRe bundle of titel d s W d e  th memWy medl 
d@B~OE the dua W, pnd mchht 
mwst k pW&d during frbrierttoa to acmmodate 
dffere~tblawlling of fuel plm d -per. T k -15% 
dmce ne&d Sm tbis purpwre ismom tkaP the aominal 
clearara~eneeded to I dthe bundle into the srisembly. The 
I- fit of the fueCpia bundleeatly la hxadlrElOn doss nat 

-
DlSTAElCE BETWEEN VERTICAL LINES = 0.13 qm 

Fig, 2l.M Dihtath  ofwmpper m!bdue bmid swalliq 
at end oflife. (Afbr Ref. 18.) 

M n g  rites ta tbe lossofduct s-tnsss cawby 
diifwenthl tempemturn and swelling %haikuon opmk 
f- of an mmbly, ThCB eomquersee of mlltng ts mom 
sevea than the e m of unWm expansion just M, 
which rt least cm k computed with reesonable leeuracy. 

b w h &  on the otber hand, innha 8 compIex wmbiaa 
tlon of thermal exprmah, vdd m g ,  ImdWm creep, 
and rnechsnld mmwion mennetgbbrfngassemblies 
which do not deform by q u d  amounts and w k h  
b m  aa each other at: &e slgae%r pads. SwmI c~mputar 
p q m m  m available lor numedal rJnly& of* bowing 
pmblem 'Ille Eodes cRASIB'~and AXICRP?' &diuIde 
the fuel mmbly tat0 m g i w  (slmiler k, h a  metbod used 
in f'ueldlement mmhling d m ) and deulata bhe U m  
depdent loads, st- and of the ducts due to 
nonunifam themul expsnslon -pled with void mlhu 
~ i r t a d i J o n c r e e p . ~ ~ p k ~ d e t h e ~ p p w r r e  
v e r y ~ o m p W ~ ~ ~ t o t h e ~ - w a U d ~ a a d a r e  
not cunddemd in tbt Warlntloa Tbefid p ham m d 
tofollowtblmwingoftbeducLTtl88e~bowevar,do 



not dlow 162 hterammnbly medmlcd interaction. TMs 
w p c t  of bowing Is tmaM in dctldl In the BOW-V hZ' 
which, mfo~ately,L m&fIcCgdonly to themal bowing 
Complete skmdwai amlyda of the entire array of-m-
Wes fiquIres d n g  of CRASlB and BQW-V. We h e w  
hem some ot Elie elemen- notions that undedle the 
mmpukrtfmalmthhu m i  b them codes. 

21.8.1 Elemefitary &am Theory 
Figure 21.21 shows a beam with its long d€me&n in 

the zdlmdon. The c m  sectton may be any dup  that is 
~gmmetrfcabout the x- aad y-axes, but a W $ e of 
dimedons ah and b has k h  &own lot the pl.eaent 
dlscusion. Bending mum in the plane because ot 0)
farm applied on the upper ot lower b c a  of the beamIn 

F'ig. 21.21 Bending of n b m .  -

the x-dhctlon and (2) vo1umeMc themu1 and swelElw 
stmias Wt depend on x. Thme strsins are m e d  to t~ 
symmetric about E-Oand b v n r p l i n d y h m x - - h t o  
x -h. 

7% beam bends Inthe x-z plane asa W t  of one or a 
combination of thew effect& To d e k d n e  the 6tm6 

disMbutfon and the lateral displacement v(z) of the beam, 
we must d e t l y  three basic relatiom: (1) the stmindis-
placemeat equation, (2) the equllibrlumequations,and (5) 
the d i t u t h e  equatipn. Solutlon of these equa#m 
requires spedfication of appro@ boundary eondltions 
on h e  beam. 

21.6.2 The Strain-DiapIaernent Relation 
The meWy d the curved bm at a p d m l a r  

m u o n  Ls shownh Fig, 21.22. The radius ofmtmturr of 
the eimhd p b (x -0) Is &noted by p.  Thb plane I s  
called the nerrtral fikr because It expeftences aero &&I 
complued to the aelghbrhg fibere, and the l e e  of a 

Fig. 21.22 hgitudinnl sectton (~rzplane) of a bent 
beam. 

segment on thtsplmemahls constantas tbebeam Isbent 
H o w e v m , f b e ~ d t h e B b e r a t p * x f s @ + x ) B , w h i c h  
is p t e r  k t w  the leq#h @Lorn babiag by aa amaunt xB. 
Thedore the 8- In the Ahction of the fiber at  
podtlom x is 

A theorem of plane geometry shtes t h t  the redprocal 
of the radius of mature  (provided that p is  large) bs equal 
to the sewnd derivative of the m e d  segment. Ilenatin# 
the deflection of the beam away b m  the a-& In tbe x q  
plane by v (see in& orFig 31-21),we have 

1 d'v 
;-iz 


Combllling the above kwo relations,we obhin the axial 
sWn4bphcernent equation 

21.6.3 Equilibrium Conditions 
Ftgure 21,23 shows the forcesand momat3 actingon a 

slice of hatti of t W m s  ASLTbe sides of the beam are 

m.21.28 F- and momentson a section of a beam. 



STRUCPVRAL BEHAWOR OF BUk& ELEMBNT3 AND MSEBiRLTM 

subject to an applied load (normal stms) distribution 
denoted by plz). The c r o ~wtion perpendicular to the 
-is experiences a abex Porn denoted by 7 and a bending 
moment: about the y-axis due to the distribution ofn o m !  
stresses shown in P%, 21-22. The moment acthg on the 
dlfpemntial area bdx is €he product of the km ubdx and 
the lever em x. or dM -xubdx. Integrating over the enth  
cm@ seetion yields the moment due to the she= diskibu-
tion 

Inorder that the net fome In the d i c t i o n  on the element 
in Fig. 81.28 be zero, we must have 

and, tor the M y  to k in mtat lod  equilibrium, the 
resultant torque muet be smo 

BlMnatltrg,? between the W e  M a  equatlw yields 

which is Zba dealrad equilibriumrebtlon for the h m ,  

21.6.4 ConstitutiveRelation 
The strain in tbe r-dirocClon,E,, is tbe surn of tbe e W c  

shah due to the L t d  s t x m  dlstributioa, thermal 
expamion, smelling, and creep. Negleckhg m p  {we will 
return to it later), tbe rrdal strain b 

&em E is the Young's modulus, and a! is the linear 
coefficient of thema1 expansion. The ternpegturn T is 
measured with mpet to the vertical (m)g h e  b h d h g  
the beam, and E' i s  omW Ule mluhle swellng due to 
volda in the metal. Replacing the left-hand side of 
Eq. 21.62 by the atrain--disphcenwnt relabion (a.21.671, 
multlplyhg the d # n g  equation by Itbdx, and inkqpxkiq 
mr tbexdmemioa yielh 

where A@ is the d i m n e e  in swelling &ah bhveen the 
ilabof&e-blydPeeatbaadlurtMltomaem 
canter U e  and I8 a ftuwtbn of L e  radfd fla and the 
tempraturn lshibutlon in the core. It a h  v&s with 
tlnte, w h e m  the WpenWe diffemnw across the flats, 
AT,W MIL. 

The moment of inertla of the rectangular beem about 
the yd r i  Is dennd by 

The mmnt of InerHa Is a geometrical properly of the 
ham mas mfion.Equation 21.86 applies to the d i d  
m c h q y h  beam, but r W l #  formulasmag kobeained for 
other $Imps,such rn the kMow hexagonalwaftgumtion oi 
the wrapper of a he1 xmmbly. Using Eqs. 21.63 Eo 2L66 
and the definition of the moment, Eq. 21.58, the h m -
defhtlon dlffamntblequation beaomes 

DeWmination of the deflection pmEUe or oambea of the 
beam w q h  qwincatim ofthe mamat M sad in-
tion of Eq. 21.66 with a p p r q d h  boundary e~lldltbna. 

TRe total deflection v Qonslsfs d mMbuPotui fkom 
the applied toed (first Gem w the right-hand slde) and 
Crom tbr& and &ng expambm~Sine the W 
deflection e*n be obtahd by adding tkw heoatrlbw 
Hms,we emmineeach onempamtdy. 

1. &palder hm m b l y  showa in Fig 2116 h w k 4  
hrb the grid plates by ttri node .  k t  n- 0 be the axial 
Iodon of the upper gdd plate, and suppaw Uiat a tom F 
Is applied i a m y  to tbe top pad, which EB a dsbnm 
L fmm the upper gdd plats. Wee the ippUed load is  m u  
ex* at x - f ,  w,21.61 cm be Intagrat%dtoyield 

w h e r e t h e ~ b a a n d b a w ~ b y e a n d t I o n s  
applied at the im end,The applied fom B Is represented 
as a bhear stms 7 on tbe end d tbt member. In rdditlon, 
the moment M must m C h  at the free d.The appmprinEe 
boundary mdl.thsat a a L arm 

h a u s e  tbe load p is eem along the length of the be~lm, 
Q.%I,&h w s  that r fs wnstanh dong the tength of the 
berm or that T - P for aU z, *ation 21.60 requhs that 

W e r ~ s u m e r ~ P 1 S 1 Y B t t o a t d t s m ~ a c m s t h adM/& -F,whicb q w i k  oneof tbeIntegmtron mmsbts 
beam (the x d ~ n d s ~ w ~ t i w o f  as a P.The integrationm t follows&om thet b d i a l  
dirauth fmm the mrecmkr line) wnditlon at am moment at zmL; h e  moment in the 

kam b&us 

where AT k the tempatwe dtfkrence Mwem tb hot 
a n d d d s l d e s o f t b b e s m . S i ~ y ~ s f f e l l i a g ~ n i sS h  the ammbly is can#BePerad fmm the p$id plats, we 
~ d ~ ~ ~ l a xmuw* 



Substituting Eq. 21.67 hto 21.66 [neg!ecting the la& two 
terms on the righkhand side), integratEng, and using the 
boundary conditions at z = Q given by Eq.21.68, we find 
the deflection 

2. For a linear temperature distribution along the 
x7dhction of the m m b l y  wrapper, the temperature 
distribution though the beam isgiven by Eq.21.63.In the 
absence of applied loads and void swelling, the def ld~on  
due to the nonuniform h p w a t u r e  acrozrs the assembly is 
obtained by solution of 

The temperature d i h e n c e  acms the fiats, AT, is a 
functian of height z and i s  computed from th8rrnal analysis 
of the fuel a$sembly. For the s p x i d  (but unrea~tic)case 
of AT independent of z, integration of Eq.21.70 with the 
boundary conditionsof Eq.21.68 yields 

3. For the transverse linear swelling proPlte, the 
deflectionis obtainedImm 

which requires spdficsrMon of the axhl mrfation of AEs 
mdappmpriate boundary conditions for integmtion. 

In the absence of creep (either khermal or irradiation), 
unrestrained deflection oP a fuel assembly with both 
temperature and sweIling gradients is obtained by solving 
Eqs. 21.70 and 21.72 independently, each subject to Eq. 
81.68,The total deflection profile is obtained by adding 
(supetpwing) the two componentdeflections. The result of 
such a calcuhtioa is shown in Fig. 21.24, The camblned 
thernaal and welling deflectionsamount to 6 Ern at the b p  
of the he1 assembly. The thermal component of the 
bowing i8 recwaed when h e  mdor is  shut down £or 
refueling, but the permanent camber due to swelbg 
remains. This graph illustrates the potential difficulty of 
locating the handling heads of the assembly under iwdiurn 
and the virtual c-nh of mechanical interaction between 
wemblim in adjacent mws. L a M  forms, due either to 
the mtud interaction of nearby assemblies or to the 
compactingactionof the core restmint, aregenerallyapplied 
at the spacer-pad elevrltions. The deflections induced by 
these mchaaioal loads must be added to those adsu -in 
unresained bowing.The mechanical forcesmay be applied 
at more than one axial position, and the moment distribu-
tion L genemlly more complex than that given by Eq. 
21.67. If the loads are due to interaction of adjacent 
awmbliw at a singe axial podtion, the force F in Eq. 
2167 is not known a priori but mu&be determined in the 
courae ofsolving the deflection equation for all interacting 
assemblfes (see problem 21.8 at khe end of the chapter). 

0 7.5 5.0 

RADIAL DISPLACEMENT, cm 

Fi.21.24 Free bowing of a fuel assembly due to nonuni-
form thermal expadon and void swening. (After Ref. 18.) 

21.6.5 Effect of Irradiation Creep on Bowing 

The major deficiency of the analysis just pmnted is 
the exelusion of creep, which a& to relieve the S ~ S S E S  

established by the combined effects of the transverse 
temperature and swelling distributions and the mechanical 
interaction between assemblies. Because of the rdatively 
low temperature d the duct walls (<650°C), therlllal creep 
is not as Important as irradiation creep. Itradiation creep is 
especially eff&ve in the high-flux core xegion. To illus-
t& the effect of irradiation c m p  on bowing, we take the 
simple huiiation-creep eltpresion (the shdy.state creep 
mmpenent in Eq,19.176) 

Relief of the bending stresses in the duct by irradiation 
creep is a form of s k m  relaxation. This phenomenon may 
be mmt c l d y  explained by considering a of solid 
loaded in hnsion in which creep takes place at a agiven 
by Eq.21.73. S u p p  the bu is subject to an initial tensile 
~trerssuo that causes an initial elastic s l d n  equal h~uolE. 
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We now a m m e  that the laitid strain is held comht. The 
stre= is reduced with time by creep of ttte makM in a 
manner such that the total M a  oo/E dues not change. 
Tkas the stressat any time during the test is givenby 

w3ww @ is the creep strain. Difhentlatlng thls equaEiok~ 
with respect to time yid& 

In-tion gives the atmwrelamtion formula for this 
simple case as 

u -a, exp (+Mi) (21.78) 

The stress at constant a- is seen h decrease exwnen-
w y  with time, 

To introduce creep into the beam-deflection problem 
wherein applied forces, nonuniform thermal expandon,and 
nonunifom swelling are we e x p maho p ~ ~ t ,  the 
constitutiveequation by 

which may be recognized as the constitukive equation for 
the metal (Eq. 21.9 for uniaxial tension or compression). 
Tbe term o/E oh the right-hand side of Eq. 21.77 arises 
from the applied lateral load on the member. Multiplyillg 
Eq, 21.77 by bxdx and integrating f b m  x - -h to r-h 
yields 

where Eqs. 21.58 and 21.65 have been used Assuming that 
tbe applied load creates a b a n g  moment given by-Eq. 
21.67 and that the bmperatuxe and &wellin#gradientsare 
constant (Eqs. 21.63 and 21.64), we f l ~ dthe ahre  
equation 'be-

According to Eq.21.73,khe creepstrain P 

tC-c@Itodt' 

and the integral in a.21,78can be written as 

The second equality was obtained by interchanging the 
order of integ&ia~Equationa.58 showsthat the quantity 
ftx parentheses Is equal to the moment M,whit& is givenby 
Eq.21.67.Making the appropriate substitutions$el& 

and the deflection equation, Eq.21.78,becomes 

h w of ereep, F is a function of time. 
To illushake the nature of the solution of Eq.21.79, we 

the simple caw in which the boundary muditions are 
given by Eq. 21.68 and AT and QfS are independent of z. 
Note that AT is independent of time but t4at AP contains 
the time dependence of the wid+welling law used. The 
quantity In the brackeb d Eq.21.79 is independent ofz; 
so the diffekntid equation can be integrated mIflcd1y. 
The mlution that satisfie8 Eq.21.68 is 

F(t) + ME fi~ ( t ' }dt']
d 


2EI ( L - )  (31.80) 


The nature of the mechanid loading of the aembly must 
be specified before the force F(t) mn be WmnIned. We 
suppaise that the fate  F is that required to pin the top of 
the assemblyin it8 original mitionso that 

Therefore the right-hand side of Eq. 21,80 is set equal to 
zero at z = L,and the foIlowlllg integral equation for F(t) 
results: 

where the second term on the lefbbrlad side represenh the 
effects of creep At at = 0, this term and the void-melling 
contribution in the secondterm on the right-hand d e  bth 
vanish, and the rq&d msbining forceIs 

To solve the integral equation for F(k), we take the 
derivative of Eq.21.82 with mpct to time, noting that 
aAT is mwtant in time 

where A? is the difference in the swelling rates w either 
side of the wrapper tube. Solution of this flmt-order 
differentialequation for F(t) leads to 

Or, using Eq. 21-83 tor F(0)and integrating the last term 
by pplrts* 



The expnmW mWplylqg a AT in the 5& term on b 
dght r a p m t s  creep rehxatioa d the thewal stresw, 
Tbg entire second on the t@ht results horn creep 
relaxation of the s-s Wvwd hy nonuaiftmn sell ing 
a c mthe duct. 

The restmining force explic5tly dtrkmhd by 
Eq,2k85 a n  be substitatsd inlo ZEq. 21.80 to d&dm 
bhe eomplete time and pasttidependent B&ctiorl of 
B e  asserraw,When the c o ~U i n t  ismoved arrd *e 
poweris&ut vff, the term F(t) and a&T iyr the defkcbion 
mation v-, and.theunrmbined ddbcti~aia 

which includes the pmmnent set due to sswellfng me fitst 
ttwm on the right) and m e p  relaxation of the  thermaland 
s l l t n g  strains (second term on the right), Note &at a e s p  
seduces the =tent of deflmtton ia tbe umstrained, 6oW 
core* 

Fipre N,25 r h m  the -Its of &fle&on calcula-
t h s  udng bbe W S l B  mde? * Tbe membly deflection is 
foxced to Be zettl at twa upper a t Iodom that 
represent, the a c t h  of core clampa at ~ c hof Ehea 
elevations. I n t W o n  betwen adjpmatmmbIie8 (except 
at the s p a  pads) k not considered. -re Z.#fa) (Wp) 
shorn tbs thermal bowing of the reskained bore. At 
shutdm all thermal bowing b removed. DeflecUon due bo 
swelling Q s k Q m  in Fig. 21.25(b). A permanent bow 
remaim at shutdown and unJwmping. The w n  ~f the 
defle&ow in [a) and (b) yiem &we shoprn in 
Fig. 21.2&(4. The tog cum in (c) regmnh ddiWi of 
the Etee Mwhg curve of FQ.21.24 a d  the d~fleetioasdue 
to meeJlrtnIcal loading & eIe#tLona shdwn by tharrows. 

THERMAL. 

Fig. Z.25 %wing of he1 mmblies  d t h  core Clemps 
£Wq the wmp- at the smmgad ehwtbw. I&r 
Ref, 18.) 

W padkuhr note istlla sharp curvature of?be"clampledat 
pow# duct in {a),whta produce4 ben&ng shese~in 
the dud wall. These blghrtrew pints are effaskively 
relaxed by Miation mep, ari shown in Fi.!Zl.26(d). The 
&amtltic esI& of e p on bowing is shown in the 
''uncl~tmpd,gowa off'*&Oectioa$ ragmvnted In to) and 
{&I. When a e e p  b neglected, the duct is pmd$eted60 bow 
outward, wherfw Inclusion of imdhtion m p  in 
wdcal&on pmdnces a wld umstr&'~d inward bow. A 
similar revewd of bowing ditectron in the fueled r&on ooP 
the aore appeatg when lmdiation creep is fnclubd in h e  
anal* Ahpower bowit@ia the aoW Is equivalent to core 
expadm {outwwd deflection) or mmpmtion [ h w d  
deflection] and therefore L important In eskirndbg the 
nwtranic tenctivlty of the reactor. The magnitude of the 
deflectloha of ~~is h@lp d t i v e  to Che irmdia-
lion c m plawused in the bowing aaalydk 

21.7 	 SOLWXW TOTHE SWELLING 
PRQRLJZM 

It is cl-r h m  Lhe analyses m a t e d  in this chapter 
that the eff'ed af raidswelling fathe Plld a m b l i e sof m 
L W B R  are tfkely ka to more dimcult ku cope with than 
the desigrm of asturdyfuel element. Rqaottec et daIl''ham 
revlewd a numb- of methods d aUedatlng the metal-
swdling problem. Wherever pwible, they haw estimated 
the ihcreased a t  of eleotricity meqted by IWBlb 
attributable to the pmpwd m d l b t i a n .  These wtimak 
should be cooapard with the present -16 milIa/kWh Mst 
xlP nudearp w r .  

Two methada of acmmmodating sweWg which forma 
gaxt of the mechmicd design of the core were d i s ~ s e din 
the preding seddt~oa-

The in&Waerhblg gap mwt be Wge enough toQQW 
for duet swellin# Without gross mdhl expaasiwbof be cote, 
The reduced breeding ratio and specific ppowet bat Bre 
umyoidable m s e g w c e s  of the lower: fuel-to-metal ratio 
in the core wUI probably resuIt in increased electric power 
wtsa laqe as Q.1mlll/kWh. The larger wador she will 
t r c m e  capital miof UfBBRs, hut the fnmmenbI mt 
has not been estimated. 

Care *t L d d  b greveflb tlrcbndve and 
possibly damaging mwhanical leteractton b e h e n  
~ b l Atkl ~ t  coshck, locate%d tbetwo in--
@--pad devatbns &OWR in KE.21.116, will be uwd. 
Amrate analyhl  pmli&on of the bowin# of the fuel 
awmblies in a W a d - c m e  design is imperative,f0, as in 
the b p  drawing d Fig, 21.25tc1, the ddectSons in the 
fueled mne ate inwad, the &iviby addition whi& khis 
moment  engenders mud be accurately ktlbwn i%f safety 
&won& The pmmin#t e i k t  d irradiation -9 on the 
magnitude and even the direction ofin-are bowing imp@& 
that tbis form of c m p  M s to be thoroughly n d m b g d .  

Inmmuch as swelUag incfeases with flueace, mobvious 
method d reducingthe welling is 'tvlower the rnlutlmum 



d 

bmup of #hefuel. Therbumpf i  md fluen* 9 t  are related 
By Eq;10.5: 


where qo is the i n l U l  m&hrnent, of the Puel in plutohium 
and uf 1s the M o n  mow sectioa. Metal swelling va& a~ 
{@t)nwhere n>l ;  so appreciable xadu&vn in -vdd 
formation a n  be achieved by discbarging fuel 3 reduced 
burnup, Plsweveq if the bumup is d a r n &  h r p l  a e  
tatget value of 1Q% to 5%, the Pud-cycle cat fs estimabd 
to Imrease by &auk 0.3 min/k%h Muck of thh .-
increase is iecimed by the more frequent fuel raplaameat 
a#en&t on lawm burpup, wM& increases the fmqaeacy 
ofWriatmg fuel elements. 

Instead 99 mducing bursup, Ule flaence m y  be 
decreased by inaea&g the he1 enrichment qp. The 
obvious $i&vmtqe a£ thin mluthm b the highther mt for 
9uQ rich inplutonium, 

Reductinn 69 the &&urn cmls'nt kemperatute lowers 
the l~tappelttwpemtum wresp6ndiqglg and heael: re* 
duces swelling. lh~wever,the thermodynamtc efficiency of 
the r@&o~plant js mduwd hacause ofthe lower s d m ~  
outlet tempemtare. Lowering af tb sndhm outlet kern 
perature from 6 W C  to hereases $he cost af 
elatxicig by aboat 0.3 milllkwh, lrutthis EOS&isQMby 
biher plant avdlabiuty when khtha *&em is agerated at r 
lower tempexatu~erevel. 

Periodic rotatian of assemblim By 180' iS a method af 
smoothing out nonunifam weIIbg that leads to bowing. 
Alternatively, assemblies may ba removed froin the corn 
owstonaUy and slmightened by annealing at tempmtirxe!~ 
Mgb* enough to eliminate PaiL from thb mkl [about 
800 0).The former method reduces plant availability,and 
the lakber requires a higher fuel tnvmtory on&te, 40th of 
which with them undeetrsble e c o n d c  magequeaces. 

Maximtlm staInlm&eel swelling accw within the 
design Cmprature xange of the soddurn doolant ia the wre. 
Us of a refracktry metal with a m?lingtemperahrerange 
a b m  that of tbe sodium in the LhlFBR would deviate 'the 
m U n g  problem kephmmnt of stainless sbel in the 
entire mre (or at l e a k t  P U C ~~~mgments8s atke -per 
tubes h the high flux zones) by molybdmm, Par example, 
wmldpemi# ebimtion of abnofmallyIa@3irrtmmeabiy 
&~p dampa Eknwiih %eseaad obviate the nesd formm 
=vim the ~enfgycast horn LMPBBEwith dl-malyb-
dermm cores w~ddk -0.1 mW/kWh B1gher tban the mf 
af power from c o n v e n # d  designs, Motybdenum i~ tlnore 
Wcult to fabride and has a higher &orp#on cram 
mition for fast neuhm aban d m s ~ w i ssteel, 

me most delrabte mehtlurgical solution to tbe wPrrl-
U q  probIem appea to be the m o ~ ~ t i o nof eameldal 
alloy& We have seen that each of the 0 ~ 0 ~ sa l l w  hm 
indiddual properties Ehaa are uniquely suited to f a t  reactor 
s e w ;  Nimenic PEI6 lsquite mistank tosweUjngbcause 

its micmkructure contains finely aivided -pitate parti-
c b  that act as recornbinafiott centers for vacaacfes md 
iaterstjtials; titanium additions reduce tke m ~ ~ t pof 
conventional stainless ateels to helium embritSttIemeBt; typear 
32i and 347 shirrless steek do not de-urtm in sodium 
kv the m e  efftfttit as do t g p  316 and 304. Ifr by suwle  
metallurgical modifleation, a mod&@& alloy d d be 
developed whlch would be mom rdstant to swelling than 
the present LMFBR core tnatdtial (30% cold-worked hypa
316 &inks a)yet &in the cbmvrrcterMc high-
tetllperature shengtb and generally wqtable oorros[on 
dstmce to fuel and sodium qf this alloy, the economic 
penalty of mdal swelling would b $&stantial$r mduoed, 

Themhgs that wuld be w a l i d  by reducing melltng 
[f.e., (AV/Vboi,,] from 15% to 5% is e&mkd to be 
between 1 a ~ d5 billion dullarsfor all LMFBRs ~ ~ e 
up to the  yea 2020. The incentive for d n g  miutiabs to 
the wid swelling problem f m. 

b - beam thickness fa the y - d i d o n  
C-constant in irradiation-cre~pformula 

Ci ,Ca =constanka of Integration of dispiacement diffmn-
tial equation 

d =grain sire 
E -Young's modulus 

Ed,& = activation energies forcreep 
F - d a J  fdction forceat fuel-ddding inkerfwe; force 

on b&m 

h-beam Ihlclmw$ia tbe x-direction 

I =moment of inertia of a beam 

k-Boltzmmn's mmtmt 

E=metage thermal conductivityd fuel 

L -height of axial zone in fuel; length of beam 

M -bending moment aPbeam 


Mc& =nt lrnk  of radii  zones In cladding and &el, 
respectively 

N - number of axial zones; numbec of cracks in + 
wsm 

p, =wolant p w r e  
pic =fuel-4dding takrfwcid p m m  
pp - plenum pressure 
.9- linear power 
Po= pornfly ofas-fabricatad fael 

r =radial position in fuel element 
rai = inner r4id beundar)llaf mne i 

= outer radfa18boundat.grof aoae i 
PO= tadius of central void 
R -fuel radius 

% -radius of uneracked portion of fm1 
E = time 
b= dadding thickness 

b, -gap thickness 
ti,, -sap thicknw hias-Wcated fud element 
T -hemperatum 
T, -Cempg~~Outeat root of aack in fu& dadding 

'temperature 
To-Rtel maker-linetempsratum 
Ts - fuel &ce -perahre 



- - - - 

u - radial displacement -
v - deflection ofbeam -

v* =unrestmined deflection I 

AVJY- swelling A 


x =direction along beam axis in the plane of h n d i g  
y = direction along bwm axis perpendicular to the 

plane of bending 
s-distance along the long axis of beam 

- . - I  -
Greek Letters 

a - linear coefficient of thermal expandon 

ei - strain component in principal direction i 


E X  =equivalent s h i n  

Z= creep rate 

I 


% =angle 

kf=coetfieientof static friction .. 


=coeffllee~tof 41- friction 

v =Poimn's ratio h: 

p =radius of curvature ofa bent beam 

ui -stresscomponent in principal directioni 


o* =equivalent stress 

oa = initial stress 

9= fast neutron Flux 


Subscripb and Supernip$ 
c -creep/plastrcdefomatioh;cladding 
f = fud 
h = hydrostatic 
i- radial position of zone in fuel pin 
j - arrial position of m e  in fuel pin 
r -r a m  
s =swe1llag 
z -axial -
8 = tangential ' -
' - values of fuel mechanlcd properties 

-
changed by 

cracking m - - - -
S -
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. I -21.10 PROBLEMS 

n.1 . 	 - + - -
(a) Starting with Eqs. 21-23to 21-26 and 2127, de& 

the thermaldlh diskibuffon fa a solid fuel element of 
radius R. Neglect swelling, creep, and mcw.A m m e  the 
fuel shck Is unreabined axially. Expeas the tangenw 
s h ,  a#,by Eq.  21.49. 

(b) Derive the analog ofBq, 21.49 for fully mtructured 
fuel with the I h a r  gower. Assume tbat the Wial 
density of the fuel was 86% and that the density af te~  
redmcturingis 97% kbraughout the fuel. 

(c) Apply the tanstltial-stra d ibut ions  determined 
in (a) and @) to a he1 pin with a linear power of 
600 Wlcrn. Plot the distributions and Indicate the radial 
pdtioas where the t h c h r e  s- is ?ached antl where the 
brittle+ue#le bnsitlonoccurs. - - --
21.2 

(a) Using the same metho& as k problem 2l.1, show 
that the maximum tangential strefa in a thin-walled 
dadding is given by 
0 d 

uE AT.(08 )I=X -
:-I 
where AT, Is the bmperature dmp auhas the cladding. 



0 WmWe the barmwerPat wbkb (agIm,la 
equal to the y M d  streasof sbaIess steel. Use the folloni~ 
prbpeMep applicable to type a16 Wnhsshe1at 100DvK: 

E -1,4 x 18' Wid 
v -0.32 
or =1.2x 1@ 'KJ 

w -2.1 x 105 w1m2 
k-0.24 ~ W c m "  
R -0.32 ern 

O C 1  

t,a 0.038 cm 
(c) What Is tbe equivalent p l ~ m mpwssare b i t  w a l d  

give tbe same m&mm tangdal streasES dcula t~din (15) 
if the.claddhgwsre imthermal? (See problem 18.6.) 

Id) For a l b a ~power onehalf that dekmlned in (b), 
calculate the expect4 lifetime of tlte fuel cfaddlw,Use an 
appropriate plot af rupture time P#un Chap. 18 In the 
caleuMoll. 

[e) If the cladding b s i m u l ~ ~ yaubje& to linear 
power @ end e plenum pressure b,what i s  *he opthtym~ 
clddi thicbm based un tbemaeIa8Wgtborgl 

21.3 f3ndder a Isag thin.wdleB cylinder af inside radius 
R and d l  thicbea &, The tube is dosed at both mdsand 
cshtains rr gas at presgure &. The syshm is hlbermrt 
h u m e  that the tube deformwith ot m e p  law 

Using the &13p componenh approphte @ the thin-
walI4tube aiWa&im, detextnine the hmgmW creep rake-
Cernpare the diamehal s h i n  due to sfeepwith that dueb 
elrtgue dehtmation o4y. 

21.4 At room tempera- r fuel demnt hns a fuel radius 
sfRO and a Puekhdding @p of ti,, whfch h much 
srdllller than Ro. The coefficients of thermaI expansiofland 
w m ~ i b i l l t yof the fuel mataria1 are &* and &, respew 
tiveIy, (Note that tha csunpter$nbility b the reclpml of 
the bulk Wulurr,) The thermal-expwdan mfficidat of 
the daddlng i~ %. Assume cot> a,. Ths thermal w&on 
meffieients am here b fued  sn a volume (notlinear) b&. 
me fuel element is hen heated extend& eo tkt  h 
krnpw* rise ewrymhwe uniform [oa tempemtur@ 
gdi*nas). 

(hj At *hat temperature T*doh the tbeh1Mding gap 
aloe? At the same time that the SueI-dadding gapclosas, 
the top snd botbm of the fuel mbCt B e  en& of the 
d d d i ~ ,thus, at T - F  the fuel completely fdb the 
lddiw, &the tempera- is hmrd above W, the fuel 
and dadding intend. The uladding m y  he wumed to be 
pexfedly rigid and ap&le ot thermal deformation d y .  
Tlw fuel h 100% &me but is cornple* p l d c  (f.e., E =0 
a J d v= $ 1 . ~  

(b)Pmm tbermrodpmic conrrider~tiom~what p m u =  
generated in the fueldement at T3T*? 

21.6 A long solid dylindrical fuel element ia hated 
urltformiy [no tempetaturngmitents) md contacts a totally 

?Even though E = O ahd u = Y,, the bulk moduh, 
which isequal t~ E/a (1- 2u),bnat w o .  

dgrd dad- at  a t e m p e W  P- FOFT > P  t b  
mpandhg fuel Is mhjected to inti!&& pmmte &, fmm 
the cladding. The cladding is got permitted b expand 
either e l a d d $  or therntally; rro the dbplawnmt sf tb 
outer mdiw of the fuel ir %eM, w t e  the 
hterfmhl p-re for T T V ,  mmfing W the ad 
=sporrde t h ~ m n e 4 s O t ~ ~and in p b e  shin .  NgW 
mep.  Consider W limiting ma: 

1. Campltcte d resfmint:of tb fuel Is, -0). Cam-
pare this d f with that obtaihM in p m b h  21.4(b). 

2. Na axial~ W n t  the fud, h u m  that the fuelbon 
Wee to dip M y rebtfve to the rigid cladding. 

n.6 A Bphere of fuel (denoted by "1") of radius Ek is 
embeddkl in an inbite medium ( & n W  by "2"). Ttre 
two materfb arein contact with no stre- at tempmture 
zeM. h a neutron flux t ? ~he1geaerates heat at a uniform 
volumetric rate H, and the fuel Wusis R. 

(a) What is the temperat- dWibutIon jn each mate-
rial? {Apsume khs fuQ4adding-gap mhhnoe is negligible 
whether the gap Is open or elasad.)

@Iberipe the BhsrmoeQ#eSty quation for tbe radid 
stress distribukion a i d  d u e  thrr d i f k n t i i  qwkions in 
both re#=. Using appmme Bmmdaq cmdttians, solve 
far tthe cumplea radial &w dl;&ibution. What E the 
critetion Par the @p to b~?oped If $he gap i g  dwed, 
expmsa the wlu~onin twm gf the inter&ial prmue kc. 

(c) For the dasdgap cash, debrsaihe the inkffaaid 
P=e PIE. 

al-? 
(a) Galtiulate the average axial tempemhire distribution 

in the adding in a cwbwembly for the iolIowing mndf-
Uvm: 

Mim inlet temperature, 470°C 

Bdium outlet temperdue, 650% 

Sdhrm B a t - t t d r  mfhcIent, 18w]c~"''C' 

CLadding t h n d  mduc~vi ty ,0.29 WtmC1 "c' 

Cladding t h i e h e ~ ~ , 
0.058 cm 

Linear power, 650 ros (ml2L),Wjcm 

(b) [lalcuiate the axial a t  €lux profile assuming that 

the he3 containn l5% plutmium and has an avmage fiwion 
aws section of2barns. 

(01 Eahulate the void swelling prafUes isl the dadding 
using the e m p M  epuatitron givm in Chap. 19 fot 80% 
w l d - m k ~ dt y p  316 stainlewriteel, 

21.8 Chnrdda two adfacenf flel subassembiyd u d  with a 
oleararree of 6 b e h e n  them The duets have &mperatm 
gtadtbts a m m  &ern ofV TIand VT2,mgectiveb, whm 
VTI >V?',, Thty are supp~rtedat the grid phk in 
mtIlbver Wshion [IB,,v(O) -d(0-OJ.The length d thb 
dn&s sg fi,and their moment d inertia is 1. 

(a) What vdues d the d&mence vTJ- VT2) caue 
the two da& to just make -tiact at #m b p  when me 
tempmturegradhatsareapplied? 

@)If t b  cmdikbn in (a) 3s 1 8 d e d .  whrrt lare the 
d ~ m VI s(x) atld v2{x)? What 4 t h  W t u d a  of the 
inWaction fomP b e h n  the hwembher, at tihe tup? 
N q k t  swellingarid creep. 
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21.9 A beam cantilevered at the bottom is restrained by a 
spring at height L.The restoringforce exerted by the spring 
on the beam is  proportional to the deflection at z= L.The 
spring constant is k. (See sketch.) HOT SIDE 

(a) Determine the deflection v(2,t) when the beam is 
subject to an axially uniform temperature difference AT -COLD SIDE 

hetween opposite sides. Neglect swelling but include irradia-
tion creep ( E  - Carp). 

@) What is the permanent deflection of the beam when 
the temperature difference, the neutron flux,and the spring 
loading are removed? 



*PP endix-Elasticity Theory 

A.1 EQUILIBRIUM CONnlTIONS 

Figure A.1 shows an interior region of a solid bounded 
by the closed surface S. IT the region contained in S isnot 
acceIerating, Newton's law of motion requires that the 
component. of the f o m ~on the region In each of the 
coordinate directions must be zero. 1 body force such as 
gravity are neglwbd, the anly forcea acting on the region 
are hose exerted on the surface S by the material 
outsideS. 

BOUNDING 
SURFWE S 

Fig. A.1 Region in a solid, 

The forces on the surface 6 an be represented by a 
stress vetor o; which has componentsox,ny,and a, in lhe 
three directions of a Cartedan coordinate system. The 
magnitude and dimtion of the stre= vector vary with 
pwition on the w r f a ~$.Pigre A.1 shows a small element 
of a m  dS of the surface S,The outward nonnal to L e  
surface at that point is denoted by a. The stress vector at 
the location ofdS will in geheral have a wmponent don$ 
the norm& which rspreents a normal streq and com-
ponents tarigent to the d a c e  element, which am shear 
~~~s 

The x-componmt of the force on the element of 
surface dS is ox dS.The xwmponeat of the net x forceoa 
the en- region enel& by the surface S is the wrface 
integral of ox dS. At equilibrium this integral and ih 
munterpatb in h e  y- and %dimtiorismust be zwo, or 

To express ox, o, ,and a, in a more comerdentmanner, 
we consider the surface element dS in Fig. A1 to be the 
oblique face of u very small tetrrlhedmn, w shown in 
Fig. A.2. The thm mutually perpendicular planes of the 
tetrahedron are each perpendicular to one of the codinate 
axe& The components of ocan be e x p d  h terms d the 
unit normal a and the three vectors acting on the 
coordiih f w The stress vectors on each e m m a t e  
plane are resolved into a normal stress component (e-g., 
ox,) and two shear romponen$ (e.g., ax, and ux,) that act, 
tangentidly ta the wordbate plane. 

The components of the st- vectom on the coordinate 
planes are written as mu, where i refem to the coordinate 
plane in which the stress acts (e.g., ox,, ox,, and ox, dl act 
on the plane perpendicular to the x axis) and j refexs t~ the 
direction in which the stress componentacb. 

The area of each of the coordinateplanes In Fig. A.2 is 
a projected area d the oblique face dS. The a m  overwhich 
uxx,uxr, and ux, act is a i dS = n, dS,where i, j, and k 
are the unit vecton in the x, y, and E dhiions, 
mpectipely. The direction cashes ofthe surface normalare 
n , = n - I , n , = o - j , a n d n , - n * k .  

The tetrahedron of Fig. A.2 is in mechanical equilib 
hum owing to the forces on its fbur faces, or the net force 

Fig. A.2 Diagram for relating sukface forces to nine com-
ponents of$tress tmor. 
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ln each coordinate d h t i o n  is aero. Accordlag to the sign 
cbnventiuq* force compoae~bon the coordinatefaces are 
positive if pdntbg toward bbe-negative coordinate agis 
undea ~WaatioaThex 4 i t i o n  force balancei s  

If dS Is eanceied and tLe b t  &me temrs arewFI#en as the 
d a r  pmduct o# n and the v e c b  whose components are 
ox,, q*,and a,,, the p W i *  fomuhh o m e s  

Equatian A.2 relates the wmgonenb d 'thes W  vettor s 
to the unit n o d  dawlblng orieatBPoa afthe atface 
and thm e  eompnmh d the -a&ag an the m e e  
coordimb plan* u W y  denatad wllmtivelp sthe etmsa 
tensot: 

Or, of tZle nine componmboftbasmss tenax of Eq.Ad, 
ady six are independent; the kensot issymmetric. 

sigtta of&e stre& component ad are determined 
hy the fdowing mnuenhn: a d d e r  a volume element 
bounded by planes pergetidi~ularb thewordinate axes. If 
the OUM m e  of these plane mrFacw is  inthenormal of 
direction of .s paitiva coodimate axis, the q aye positiw if 
the: SWwk in tha positive j direction, Thus a m m d  
ahss ,  mch ~t ax=, i~ fWlsitive if in tenslop. b u m s  that 
act i n 4  in a v ~ l u melement (cmnpfiea$io41 are c a -
aidersd a$ negaqpe sere=* Convemly, if the rwbffard 
normal of the plane is ja the: k t i g n  ai a riegative 
oaodh&ke wb, khe Q am pusitive when the SWSSact$ In 
the negative j ctirettiok Again, the a m d  components are 
positlve U -they: glace the volume elemeat in bmion. The 
three madinate p k a  of Fig. A S  tire *piWw r f a ~ ~  
nqativi? norm& und tloe ffaare p&~e rn on 'the 
figure. b s r o w  balam on t % ~dement at Fig. A 2, 
themf~m,the doakriiution kr #e taMferm in tbe paaitiye 
x-tion due tb the cowdin* plane pmendiculur to 
the x =in is -o,, tfmwthe area ofthe phlae. 

SubstitutionofEq,A,2 ink Eq.  A.1 yields equilibrium 
relations In krms of the stress tensor uif. For the 
x-direction, the rmlt Is 

Applying the &nergenee .theorem* to the surface 
hbpl in this equntjoa yields the find form of the 
qdibt ium dabion: 

Similarly, for the y- and &directions, the isqtliiibriwn 
condftions a= 

A bddy mbjected to s m wl1 bedotde d i s W  KR 
sbtned as a d t mestab of shin is d w i bJ by Jre 
di sp l~mentvectm, which connects a point jm,y,z) In the 
usstrained body with the location td *hi& WSpols  has 
mwed (x + u, y + v, z+w )  in the strained eandiCton, The 
hgthsu, r, and w &e the compouentsof the displacement 
Pecbq in general, a e y  are functions of position h &e 
solid. 

The sUes applied to 'the body is mt related tu h e  
abmlute value$ of the displacement eomponenk, The Saet 
Cht a body is made ta undergo handation ort mhfion 
because of an applied force, for aatnple, ha9 notk iq  to do 
with Wle mama1properki~sof the spiid. The prop* that 
is uniquely d e h m i n d  by the applied stre= is *e relative 
dlsplmmt ofpoinb in at Thesolid-linerenhgle 
In Fig. &S repre&nh a plane mchngu1ar dement of 
dimemioms 8x aJSg in anu * m  body (for hplicity, 
only two d ~ ~ o l l sw considered}. After Ares  has been 
applied, the mhqIe isdhbrted lahthe d&dhfll:&d 
Pigum The a m w s  mmecthg the comesof the u d n e d  
and stmind PIgmsare the displmfimt mtm La k h e  
four p a t s .  The di%placementv-r of the poht @,y) in 
khe lower left-hand comer has sompnenh u and v. Sitice 
the relative motion of d j m t  points is mall, +.lie 
dIsp1wemmt mmpnents at OW1-tiom mu be ap-
ptohated by 'hylrn d e s  e%pmdansabout h e  values at 
the point  (x,y). Thus, the displacement components p& the 

*Fura w%mF defined ovm a mginn ofvdume Y and 
adace  S,the divergencetheorem i~ 

where, for Weeiao msPdinaDes, 
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Thus the tensor wfjof Eq. A.11 represents pure rotation of 
the body. 

Only the deformation tensor E ~ Iis determined by the 
stress tensor and material properties. Hooke's law is an 
=ample of such a relation for e3astic deformations. 

A.3 COMPATIBILITY RELATIONS 

Additional relationships between the deformation com-
ponents fii  reflect the requirement that the medium be a 
continuum, or that the solid has not been cracked and that 
here are n o  discontinuities in the displacements. Mathe-
matically, these compatibility condilians require that 
certain rather obvious relations among the components of 
the deformation tensor exist. For example, if E,, is 
differentiated twice with respect to y, the result is 
(3' u)l(axay2). Similarly, if E i s  differentiated twice 
with respect to x, we obtain (a3Yv)/(ay ax2). Now if E,, is 
differentiated with respect to x and y, the result is 
(i12)[(a3u)/raxay2)  + ra%)l(axz which is one-half 
the sum of aZ~,, /ay2 In all, there areand a ' ~ , , l ~ x ~ .  
six compatibility equations relating the various cornponen ts 
of eil.In Cartesian coordinates lhey are 

A.4 STRESS--STRAIN RELATTONS 

In the absence of plastic deformation, creep, or 
temperature changes, the stresrstrain relation is given by 
the generalized form of  Hooke's Paw. For the elastic solid, 
the six components or the stress tensor are related to the 
six components of the deformation tensor by the linear 
equations: 


The cii values are the elastic moduli of the medium. Not all 
36 of the coefficients in Eq. A.13 are independent, Because 
the tensors aij and Eii are symmetric, cij= cli, which 
reduces the number of elastic constants to 21. This number 
is reduced still further according to the symmetry of the 
crystal structure of the solid; the greater the symmetry, the 
fewer the constants. For cwstals of the cubic system, there 
are only three elastjc constants. Finally, for materials that 
are  macroscopical ty isotropic (either because the subshnce 
is noncrystalline or  because the material is in polyclystal-
line form), only two constants remain. These two elastic 
constants are called Lomk coefficients h and p.  They 
determine the stres'sstrain relation by 

Here f i  is  the volume dilatation, or the fractional change in 
volume: 

5 = E , ,  + f y y+ E,, (A.16) 

The elastic constants ate usually expressed in terms of 
Young's modulus E, the shear rnodulusG, and Poisson's 
ratb  v,  instead oE the Lame coefficients. The relations 
between the conventional elastic moduli and the Came 
coefficients are 

(A.19) 

The values E,G, and P are not independenl but are related 
by 


Using Eqs. A.17 to A.19 i n  Eqs.A.14 and A.15and solving 
for the strains yields 



EY.Y'
1 

IUYP - ~ f f f ~ x+ @zJI Iazl) 
1
c*-g,iuZz-V I Q ~ ,  + a y v l ~  

Itl ddition to the elongaitions mused by applied 
sheses, P chahge in temperature pmtkces nomal dmbs 
tbu$not shear shin 4@venBy 

where a is #e cdficielrt EIL LiReaP ERmdexpansion and 
AT is the tetnpwttBwe flC wi31 Wpwt ta irdwoi, 
tempeWM, Tbe ~~etndwraponeat given by Eq.4.23 b 
added to each 6f the nomd strainsgiven by Eq.A.21 to 
pmduce tbe taw strain. 

E m i s  6Wfa tban applied s b m  or tempera- chaw 
can donmute to the &rain. lfi analysesof the pwhrmrmce 
of reactor fuel dements, example, Be daagatll~t~of 

Eq.A.21 ate mpp1emmM by co&lbutiom due @ creep 
and Mon-product s w d k g .  Like the tbermd e~njporrelht 
ut tbs M n ,  thee sff- are a c c o ~ e dinto the 
Stremkahrelafimby dding appmptiae kms km the 
rlgi lbhd ai& d Eq.A.21; Rehtiw~'g~chasEq&A.21 
pad A.22 Co wM& ather mmsof dtspkcemenent kavehen 
apgenw we known asc ~ i u f f ~ e&tioca 

A5 ELASTIC STRAIN EmRGY 

The stmin of a solid as a result of appIied dresses 
means that wprk has been done on the matmid. This work 
ia latored as intmal energy, m &tic s h h  ensrgy, in the 
medium. 

The strain energy can best be illustratedby canddeling 
the one-dimendonal malag of the solid, namely,the elastic 
&ring. If suffiient force is applii to a s+Angtoextandit$ 
length from x, toQ, the work done in the pmces is 

Hem k is the Haoke's law constant d the stttxlng. The force 
on the string in the final date is 

The work done can &a hew r i h  asr 

The elastic energy stored h a unit lenm ofstringis 
Wlq,The strain e of tbe string is (xf-xo)/xo. Dividing 
the preceding fonnula by the initial l e e  yields 

In a tbtee-dfmendonal elstir, medium, the aiqb 
tom F is reglueed by tbe component&of the stre@hmr,  
and the 9tr& is repremked by (he d@matlQn Wuot. 
The str& ekiergpper urnit voluNeiS 

The qiasttcawgy degsSty uan also W w @ h  in t e rn  of 
the stwmdone by s u b a t i n g  Eq.A.23 inba.8-15: 

For khe caw of a m e bydmtatic Gtxeaq systeb 
I ~ x x - a y y - ~ Z  Uxr a ~ x z n ~ y l y 8 t O ) r  Eq*6-26- G [ ~ d  
du6es to, 

is the bulk modulus, which is the reciprocal of the 
coefficientof compressibility (see probiem 1.5, Chap. I). 

A.6 CYLINDRICAL CQORDINATFS 

The behavior of a solid under applied strese6 is 
determined by simultaneous application of the equilibrium 
conditions (See. A.11, the compatibility mnditions 
(Sec. A.8), and a sixemtrain reIatioa (Sec. k4).Strains 
and displacements are related by the wmponents of the 
deformationtensor (Sec. k2). 

The analysis up to this point has h e n  conducted in 
terms of Cartesian coordinates. However, many important 
problems (eg. ,  the strelrses wound a dislocation or in a 
reachr fuel element) are more conveniently treated in 
aylindrical coordinates. For this purpose the four rebtims 
listed in the precedingparagraph must be transformed from 
rectangularto  cylindrical coordinates. 

Tramformation of the d r e s s - s t  rainlation requires 
only the replacement of x, y, and z in Eqs. A.21 and A22 
by the mdial, azimuthal, and axial coordinates r, 8 ,  and z. 

Sinw the number of relevant stmin cornponenh is 
considerably mduced when simple shapes are treated, the 
compatibility relations for cylindricid coordhtks are best 
determined from the set of strain components peculiar to 
the probIem at hand. 'rhe me€hod of generating cam-
patibility relations for cyliidrical coordinates is analogous 
to that used in Sec. A.3 for xectanguIar coordinates. 
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Traasformation of the equilibrium relations and the 
components of the deformation tensor is straightforward 
but tedious. The results are 

Equilibrium conditions: 

I a ao 
+- 1auto -1+ , u s e + z n O  (A.291 

Components of the deformation tensor: 

St- components and disphcements in cylindrical 
mrdinates are shown in Fig. d4. The 8diiction is 
orthogonal to the radfal and axial directions. 

A7 NOMENCLATURE 
4 

qj= coefficients of generaked Hooke's law (elastic 
moduli) 

E -youngismodulm 
Eel - elastic strain e n e w  per unit volume 

F= fa-

G -shear modulus 


ij,k- unit vectors 

K - bulk modulus 

n - outward n o d  to surPam 


r,d,z - cylindrical coordinates 

'ltor 

Fig,A.4 Stress components and dispIacements in the 
cylindrical coordinat;esystem 

Sti - stain tensor 

T- temperature 


u,v,w = componentsof diq)lacemnt vector 

W -work 


x,y,z = Cartesian coordinates 


Greek Letters 
a = coefficient of hear thermal expansion 
S - volume dilation 

e3 = symtnetcic deformationtenwr (straincomponenkJ 
X,p = Lamd constantsfbr an Isohpic solid 

v = Poisson's ratio 
ofi - stress tensor ($tmscomponents) 

04= skew~ymnetricrotation tensor 
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