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We now proceed to the next step of our program of understanding the behavior of one part of a bipartite quantum
system. We have seen that a pure state of the bipartite system may behave like a mixed state when we observe
subsystem A alone. What if we want to know the dynamics of A only? Can we describe its evolution even if we don’t
have full knowledge of B? (the bath) We assume that the state of the bipartite system undergoes unitary evolution:
how do we describe the evolution of A alone?

8.1 Combined evolution of system and bath

We will first start introducing the evolution of an open quantum system by considering it as a part of a larger (closed)
system undergoing the usual unitary evolution. The total Hilbert space is thus H = Hg ® Hp and we assume the
initial state is represented by the separable density matrix p = ps ® |0)(0|p 22. The evolution of the total system is
then

plt) = Usn(ps @ |0)(0]5)Ulp
If we are only interested in the evolution of the system S we can at this point perform a partial trace on B

ps(t) =Tep {p(t)} = (k|Usp(ps @ 0)(0]5)ULg k) = > (k| Uspl0)ps(0)(0|UL 4 k)
k k

where {|k)} is an orthonormal basis for Hp. As the result of (k|Usp|0) = Trp {|0Xk|Usp} we obtain an operator
Mj, that acts only on the S Hilbert space. For example, in a matrix representation the elements of My are simply

M7 = (i| My, |5) (with i), ]5) defined on Hg); that is, we have M’ = Tr{|4,0) (i, k| Usg} = (i, k| Usg |, 0).
Now we can write the evolution of the system only density matrix as

ps(t) = M(ps(t)) = > Myps(0)M]
k

23 Here we only assume that the system B is in a pure state that we indicate as |0), we are not assuming that B is a TLS.
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Since the propagator Ugp is unitary, we have that

> MM =15
k

? Question: Prove the above.
Inserting the definition for Mj, we have S, MM, = 3, (0|UL 5 |k) (k| Usp|0) = (0|UL, (>4 |k) (K]) Ussl0) = 1s. a

The properties of the system density matrix are preserved by the map:

L. ps(t) is hermitian: pa ()T = (3, Mips(0)M)T = 32, Mips(0) M] = ps(t).

2. ps(t) has unit trace. (since Tr {Zk MkpsM,I} =Tr {ps >k MkM,I} = Tr{psl})

3. ps(t) is positive.

In the special case where there is only one term in the sum, we revert to the unitary evolution of the density matrix.
In that case, a pure state, for example, would remain pure. If that is not the case, that is, the evolution is not unitary,
it means that in the course of the evolution the system S and bath B became entangled, so that p4 is in a mixed

state after partial trace. Because of the loss of unitarity, superoperators are in general not invertible and thus there
is a specific arrow of time.

A. Ancillary Bath

In many cases it is not possible to fully calculate the evolution of the total system (S + B) as either it is too large or
we have imperfect knowledge of the bath. However, if we have a description of the system dynamics in terms of the
operator sum, it is possible to always augment the system and find a larger, composite system that evolves unitarily
and yields the operator sum upon partial trace. The ancillary system might however not have all the characteristic
of the (unknown) physical bath. What we are looking for is in fact a minimal description for the bath.

We choose as ancillary Hilbert space Hp a space of dimensions at least equal to the number of terms in the operator
sum. This space will have then a set of orthonormal vectors {|k)}, and we can define a normalized state |0) 5 on Hp.
Then the unitary evolution operator of the combined system is defined by imposing the relationship:

Usa([¥)s @ 0)) = > (M@ 1)([$)s @ k) 5,) V[v)s € Hs
k
This ensures that the evolution of the reduced system is given by the Kraus map. The total system evolution is:
Us(ps @ 10)(0]p)ULp = D (Mi © 1) [ihs, k) (s, bl (M @ 1)
k,h

and upon taking the partial trace:

ps(t) =Trp {p(t)} = Z {Jl Z(Mk ® 1) s, k) (s, h| (Mf @ 1) | |5)

j k.h

= D UIRYAL) (ML) (] M)

ps(t) = > MI¥) (v |M;

Although this relationship doesn’t fully define the operator on the full Hilbert space, we can extend the operator as
desired. In particular we want it to be unitary (and this imposes added constraints). As the operator Ugp as defined
above preserves the inner product on the full Hilbert space, a unitary extension of it to the full space does indeed
exists. Furthermore, we can check that upon taking a partial trace on B we retrieve the operator sum as desired,
for an initial pure state on S. But any density matrix can be expressed as an ensemble of pure states, hence this
property is true for any general state on S. O
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B. Non-uniqueness of the sum representation

The operator sum is of course not unique, since the choice of the set {|k)} was quite arbitrary and not unique. If we
had chosen another set {|h)} we would have arrived to a different sum

ps(t) = Nups(0)N}
h

? Question: What is the relationship between the operators M and N?
They are related by the simple unitary transformation that connects the two sets of orthonormal vectors N; = Up, M}, with

1h) =32 Uni [K).- 0

8.2 Superoperators

We want to describe the quantum evolution of systems in the most general case, when the system evolves non-
unitarily due to the presence of an environment®. As we have seen, the states need to be described by density
operators. Therefore, the evolution is to be represented by a map connecting the initial density matrix to the evolved
one p(t) = M[p(0)]. The most general characteristics of this map will be determined by the fact that the properties
of the density matrix should be in general maintained (such as unit trace). As the map M is an operator acting on
operators, it is called a superoperator.

Most generally, we can define a quantum operator describing the time evolution law for density matrices as a map
M : p — p' with the following properties

1. Linear

2. Trace preserving

3. Hermiticity preserving
4. Positive

4’ (Completely positive)

A. Linearity

Although a non-linear map could also always map a density matrix to another density matrix, if we impose linearity
we arrive at results that are more physical. Specifically, the linearity property retains the ensemble interpretation of
the density matrix. What we mean is the following. Suppose we can write a density operator as a linear superposition
of two densities, p = apy + (1 — a)p2. The meaning of this expression is that with probability a we have a system
described by p; and with probability 1 — a by pa. If the map describing the time evolution law is linear, this
probabilistic interpretation is valid also for the evolved state. Assume now that the map is not linear, for example it
depends on the trace of the density matrix: M(p) = et AT M} pe—iATr{pM} “where M is an operator in the Hilbert
space of p and A an Hermitian operator. We now consider a density operator p; such that Tr {p; M} = 0. We assume
that we do not know exactly how we prepared the system, but with 50% probability is in p;. Assume then the density
matrix p = 1(p1 + pL), such that Tr{p. M} = 0. Then, M(p) = p as the traces are zero. If we now instead consider
the initial density matrix p = %(pl + py) (that is, still a 50% probability of being in p), where Tr {Mp”} > 0 we
obtain an evolution for p;. That means, that in the two scenarios, the system behaves differently, even if we had
prepared it in the state p; (remember the probabilistic interpretation), so that the evolution of a potential state of
a system p; depends on another potential state (p1 or pj), even if this second state never occurred.

24 This presentation in this section and the following examples are taken from J. Preskill’'s notes at
http://www.theory.caltech.edu/people/preskill/ph229/
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B. The superoperator preserves trace and hermiticity

Since the density matrix trace has the property to describe the sum of the probabilities of all possible states in
the ensemble, it is important that the trace be preserved. An exception can be made for operators that describe
measurement (and not time evolution). In that case 0 < Tr{p} < 1. In this case, Tr{p} represent the probability
that the measurement outcome described by the map M has occurred and the normalized final state is p/Tr {p}. As
more than one outcome of the measurement is possible, the probability of obtaining p might be less than one.

The superoperator preserves the hermiticity of the density matrix: [M(p)]T = M(p) if pf = p

C. Positivity and complete positivity

The property of positivity means that the map is such that M(p) is non-negative if p is. Although this condition is
enough to obtain a valid density matrix, it leads to a contradiction when we consider composite systems. Let’s take
a valid map M on system 1. Then, if we consider a bipartite system and we apply the map M; ® 1 we would like
to still obtain a density matrix on the composite system. Unfortunately, if the map is simply positive, this is not
always the case. Thus, we require it to be completely positive. A map is completely positive if M; ® 15 is positive
for any extension Ho of the Hilbert space H;.
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8.3 The Kraus Representation Theorem

We have seen in the preceding sections two different ways of describing the evolution of an open system.

The first description started from the evolution of a composite system (including the system of interest and a bath)
and by tracing over arrived at a description of the open evolution via the operator sum.

The second description was instead quite abstract, and only defined the properties of the linear map describing the
evolution in order to arrive at an acceptable (physical) evolved state (that still possess the characteristics of a density
operator). The Kraus representation theorem reconciles these two description, by stating that they are equivalent.

B Theorem: Any operator p — S(p) in a space of dimensions Ng that obeys the properties 1-3,4’ (Linearity, Trace
preservation, Hermiticity preservation, complete positivity) can be written in the form:

K K

S(p) =Y MipM|,  with > M{M;=1
k=1 k=1

where K < N2 is the Kraus number (with Ng the dimension of the system). As seen above, the Kraus representation
is not unique22.
We consider three important examples of open quantum system evolution that can be described by the Kraus

operators. To simplify the description we consider just a TLS that is coupled to a bath.

8.3.1 Amplitude-damping

The amplitude-damping channel is a schematic model of the decay of an excited state of a (two-level) atom due
to spontaneous emission of a photon. By detecting the emitted photon (“observing the environment”) we can get
information about the initial preparation of the atom.

We denote the atomic ground state by |0)4 and the excited state of interest by |1)4. The “environment” is the
electromagnetic field, assumed initially to be in its vacuum state |0) g. After we wait a while, there is a probability p
that the excited state has decayed to the ground state and a photon has been emitted, so that the environment has
made a transition from the state |0)g (“no photon”) to the state |1)g (“one photon”). This evolution is described
by a unitary transformation that acts on atom and environment according to

10)s10) — 10)s]0) £
1D)sl0)r — /1 =p1)s|0)r + /p|0)s|1)k

(Of course, if the atom starts out in its ground state, and the environment is at zero temperature, then there is no
transition.)
By evaluating the partial trace over the environment, we find the Kraus operators

My = (0|Us|0) = < (1) \/1(’Tp ) My = (1|Usg|0) = < 8 ‘673 )

The operator M; induces a “quantum jump”, the decay from |1)4 to |0)4, and My describes how the state evolves
if no jump occurs. The density matrix evolves as

S(p) = MopM{ + MypM] =

_ Poo VI=ppor \  ( ppun 0
VI—=ppio (1 —-p)pn 0 0

_ < poo +pp11 /1 —ppor )
VI=ppio (1—p)pn

25 The proof can be found in Prof. Preskill online notes.

65


http://www.theory.caltech.edu/people/preskill/ph229/

If we apply the channel n times in succession, the p1; matrix element decays as p11 — p11(1 — p)™ so if the
probability of a transition in time interval 0t is I'0t, then the probability that the excited state persists for time ¢ is
(1 —I'6t)/% ~ e~ T* the expected exponential decay law. Also we have p1a — p1a(1 —p)™/? & proe T2 Ast — oo,
the decay probability approaches unity, so

+ 0
S(p): ( Pooopll 0)

The atom always winds up in its ground state. This example shows that it is sometimes possible for a superoperator
to take a mixed initial state to a pure state.

In the case of the decay of an excited atomic state via photon emission, it may not be impractical to monitor the
environment with a photon detector. The measurement of the environment prepares a pure state of the atom, and
so in effect prevents the atom from decohering. Returning to the unitary representation of the amplitude-damping
channel, we see that a coherent superposition of the atomic ground and excited states evolves as

(al0)s + b[1)5) 0} — (al0)s +by/T—p|1)s) 10} + vEI0)al1) s

If we detect the photon (and so project out the state |1) g of the environment), then we have prepared the state |0) 4
of the atom. In fact, we have prepared a state in which we know with certainty that the initial atomic state was the
excited state |1) 4 as the ground state could not have decayed. On the other hand, if we detect no photon, and our
photon detector has perfect efficiency, then we have projected out the state |0)g of the environment, and so have

prepared the atomic state
al0)s + by/1 —p|l)s

2
(or more precisely, if we normalize it: (a|0)s + by/T — p|1)s)/+/1 — pb? ). Then p(0) = |a]* — 11’;‘“7'2 > |al?.
The atomic state has evolved due to our failure to detect a photon, it has become more likely that the initial atomic
state was the ground state!

8.3.2 Phase-damping

Phase damping describes a process where the system interacts with a large environment composed of many small
subsystems. The interaction of the system with each of the environment subsystems is weak (compared to the system
energy, but strong compared to the subsystem energy). Therefore the system is unchanged, while the environment
subsystem is changed. Since there will be many of these interactions with the environment subsystem, their combined
action does have an effect on the system, however it will not be enough to change its energy.

An example is the interaction of a dust particle with photons. Collision of the particle with one photon is not going
to change the particle state. However, if the particle was in the ground or excited state, the photon will acquire more
or less energy in the collision, thus being excited to its first or second excited state. We now formalize this model.
When looking at the unitary evolution of this process, only the environment changes:

0)510) 5 — /1= p|0)s|0) & + v/Dl0)s[1) E = |0)s(v/1 = p|O)E + v/DI1)E)
1)s10)e = /T=p[1)s10) 5 + VBID)s 2)5 = [1)s (VT = PI0) & + VP [2) )

Thus a possible unitary is

vi=p JF 0 0 0 0
Vi Vi—p 0O 0 0 0
. 0 o 1 0 0 0
- 0 0 0 Vvi—p 0 p
0 o 0 o0 1 0
0 0 0 b 0 I—p

The Kraus operator are found by operating the partial trace of the operator above:
My =(0|U|0) = /1 —pL My = (1|U|0) = /p|0){0] Mz = (2|U|0) = /p|1)(1]

66



The state evolution is then

3
S(p) =Y MypM] = (1= p)p+p|0)(0]p|0)(0] + p|1)(1]p[1) (1|
k=1

In matrix form:

S(p) = ( ( P00 (1 =p)po )

1 —p)p1o P11

Considering the Bloch vector: [ng, ny,n.] — [(1 — p)ng, (1 — p)ny, n.] (that is, the transvers component are reduced.
For p = 1 the state becomes diagonal). Assume p = p(At) = I'At is the probability of one such scatter events
during the time At. Then if we have n such events in a time ¢ = nAt the off-diagonal terms become x (1 — p)"* =

(1= DADYA g e T,
—TIt
S(p,t) = _Poo € Po1
o=

Consider for example an initial pure state «|0) + 5|1). At long times, this state reduces to:

|a|2 e’”ozﬁ* |a|2 0

S(p,t) = ( efftoz*ﬂ |ﬂ|2 ) ti;j ( 0 |ﬂ|2 )

thus any phase coherence is lost and the state reduces to a classical, incoherent superposition of populations. Because
in this process phase coherence is lost (but the energy/population is conserved) the process is called dephasing and
the time constant 1/I" is usually denoted by T5. Then we have a representation of the superoperator, by expressing
p as a linear vector: S(p,t) = S(t)p, where S = diag([1,e~ 1t e~ 1" 1]).

8.3.3 Depolarizing process

The depolarizing channel is a model of a decohering qubit that has particularly nice symmetry properties. We can
describe it by saying that, with probability 1 - p the qubit remains intact, while with probability p an “error” occurs.
The error can be of any one of three types, where each type of error is equally likely. If {|0)|1)} is an orthonormal
basis for the qubit, the three types of errors can be characterized as:

1. Bit-flip error: [y = ox|v)  or  |0) = 1) & |1) — |0).
2. Phase-flip error:  |¢p) — o.|¢p)  or  |0) = [0) & [1) — —[1).
3. Both errors: [) = oylp)  or  |0) = ill) & [1) — —i]0).

If an error occurs, then [¢)) evolves to an ensemble of the three states o;[1), o,|¥), 04 |¥).
The depolarizing channel can be represented by a unitary operator acting on Hsg = Hgs ® Hp, where Hp has
dimension 4. The unitary operator Ugg acts as

Uselt)s @ |0)g — /1 —plY)s @ [0) g+

+\/§ (oalt)s ® [L)g + oy [)s ® 2) + 02l6)s  [3) 5]

The environment evolves to one of four mutually orthogonal states that “keep a record” of what transpired; if we
could only measure the environment in the basis {|u), u = 0, 1,2, 3}, we would know what kind of error had occurred
(and we would be able to intervene and reverse the error).
Kraus representation: To obtain an operator-sum representation of the channel, we evaluate the partial trace over
the environment in the {|u) 5} basis. Then

M, = (u|Usp|0)p

p p p
MO: 1_p]15 Ml—\/;o'x; MQ—\/;Uya MS—\/;UZ
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A general initial density matrix pg of the qubit evolves as
p
p—p =1-pp+ 30200 +oypoy +0:p0%)

It is also instructive to see how the depolarizing channel acts on the Bloch sphere. An arbitrary density matrix for a
single qubit can be written as p = & (1+17i-), where 7 is the Bloch vector (with P = || the polarization of the spin).

Suppose we rotate our axes so that 7 = z'and p = %(]l +P.0.). Thensince 0,0,0, = 0, and 0,0,0, = 0,00y = —0>,
we find ) ) ) A
1
= (1- 9)—11—13“ LU —Po)==: |1+ (1— -p)P.o.
f=(1-p+5) 50 Po)+ L5 (M=Po) =5 |1+ -p)Po

or P, = (1— 3p)P.. From the rotational symmetry, we see that P’ = (1 — 3p) irrespective of the direction in which P
points. Hence, the Bloch sphere contracts uniformly under the action of the channel; the spin polarization is reduced

by the factor (1 — %p) (which is why we call it the depolarizing process). This result was to be expected in view of
the observation above that the spin is totally “randomized” with probability %p.

Why do we say that the superoperator is not invertible? Evidently we can reverse a uniform contraction of the sphere
with a uniform inflation. But the trouble is that the inflation of the Bloch sphere is not a superoperator, because
it is not positive. Inflation will take values of P < 1 to values P > 1, and so will take a density operator to an
operator with a negative eigenvalue. Decoherence can shrink the ball, but no physical process can blow it up again!
A superoperator running backwards in time is not a superoperator.
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8.4 The Master Equation

8.4.1 Markov approximation

In the case of coherent evolution, we find it very convenient to characterize the dynamics of a quantum system with
a Hamiltonian, which describes the evolution over an infinitesimal time interval. The dynamics is then described
by a differential equation, the Schrodinger equation, and we may calculate the evolution over a finite time interval
by integrating the equation, that is, by piecing together the evolution over many infinitesimal intervals. It is often
possible to describe the (not necessarily coherent) evolution of a density matrix, at least to a good approximation,
by a differential equation. This equation, the master equation, will be our next topic. In fact, it is not at all obvious
that there need be a differential equation that describes decoherence. Such a description will be possible only if the
evolution of the quantum system is “Markovian,” or in other words, local in time. If the evolution of the density
operator p(t) is governed by a (first-order) differential equation in t, then that means that p(t + dt) is completely
determined by p(t).

In general the density operator pa(t + dt) can depend not only on pa(t), but also on p4 at earlier times, because
the environment (reservoir) retains a memory of this information for a while, and can transfer it back to system.
An open system (whether classical or quantum) is dissipative because information can flow from the system to the
reservoir. But that means that information can also flow back from reservoir to system, resulting in non-Markovian
fluctuations of the system.

Still, in many contexts, a Markovian description is a very good approximation. The key idea is that there may be a
clean separation between the typical correlation time of the fluctuations and the time scale of the evolution that we
want to follow. Crudely speaking, we may denote by dt g the time it takes for the reservoir to “forget” information that
it acquired from the system. After time dtp we can regard that information as forever lost, and neglect the possibility
that the information may feed back again to influence the subsequent evolution of the system. Our description of
the evolution of the system will incorporate “coarse-graining” in time; we perceive the dynamics through a filter
that screens out the high frequency components of the motion, with w > 1/8tcoarse. An approximately Markovian
description should be possible, then, if dtgp < 0teoarse; We can neglect the memory of the reservoir, because we are
unable to resolve its effects. This “Markovian approximation” will be useful if the time scale of the dynamics that
we want to observe is long compared to 0tcoarse, €.g., if the damping time scale 0tgamp satisfies

6tdamp > (%coarse > 6tE

8.4.2 Lindblad equation

Our goal is to generalize the Liouville equation p = —i[H, p] to the case of Markovian but non-unitary evolution, for
which we will have p = L[p]. The linear operator £, which generates a finite superoperator in the same sense that a
Hamiltonian H generates unitary time evolution, will be called the Lindbladian.

We can derive the Lindblad equation from an infinitesimal evolution described by the Kraus sum representation,
with the following steps:

1. From the Kraus sum we can write the evolution of p from t to t 4 0t as: p(t +dt) = >, Mk(dt)p(t)M,I (ot).

2. We now take the limit of infinitesimal time, 6¢ — 0. We only keep terms up to first order in 6¢, p(t+0t) = p(t)+0t dp.

This implies that the Kraus operator should be expanded as M} = M}go) + \/(%M,El) + 5tM,52) +....
Then there is one Kraus operator such that My = 1 + §t(—iH + K) + O(6t?) with K hermitian (so that p(t + dt)

is hermitian), while all others have the form: My, = v/dtLy + O(6t), so that we ensure p(t + 0t) = p(t) + Spdt:

p(t+ 8t) = Mop(t) M + Y MypM;
k>0

= [0+ 6t(—iH + K)]p[L + 6t(iH + K)] + 6t Y _ LgpL]
k

= p —i6t[H, p] + 6t(Kp+ pK) + 6t Y LipL],
k

69



3. K and the other operators L are related to each other, since they have to respect the Kraus sum normalization

condition,
1
— T
K= —3 E L) L.
k>0

4. Finally we substitute K in the equation above and take the limit 6 — 0: p(¢t + dt) = p(t) + dtp. We thus obtain
the Lindblad equation

M 1
5(t) = Llp] = Ny <Lkp DL~ L LLanlt) - §p<t>Lsz>
k=1

The first term in L[p] is the usual Schrodinger term that generates unitary evolution (thus we identify the hermitian
operator H with the usual Hamiltonian). The other terms describe the possible transitions that the system may
undergo due to interactions with the reservoir. The operators L are called Lindblad operators or quantum jump
operators. Each L;CpLL term induces one of the possible quantum jumps, while the ——LT wLkp — 2pLT Ly, terms are
needed to normalize properly the case in which no jumps occur.

If we recall the connection between the Kraus representation and the unitary representation of a superoperator, we
clarify the interpretation of the master equation. We may imagine that we are continuously monitoring the reservoir,
projecting it in each instant of time onto the |u) 5 basis. With probability 1 —O(0t), the reservoir remains in the state
|0) £, but with probability of order 6¢, the reservoir makes a quantum jump to one of the states |u1) ;. When we say
that the reservoir has “forgotten” the information it acquired from the system (so that the Markovian approximation
applies), we mean that these transitions occur with probabilities that increase linearly with time.

This is equation is also called the Kossakowski-Lindblad equation2¢.

The Lindblad equation above is expressed in the Schrodinger picture. It is possible to derive the Heisenberg picture
Lindblad equation, which has the form:

i[H, 2] +ZkaLk - LZka—i-:z:LLLk :

where z is the observable under study.
Another way to express the Lindblad equation is for a ”vectorized” density matrix: p = (H+ G)p, with the generator
g:
M 1
G= Lm®Ly—51@ (LhLm) -
m=0

and the Hamiltonian part will be given by H= —i{(H ® 1 — 1 ® #). In this form, the Lindblad equation becomes a
linear equation (a matrix multiplying a vector, if we are considering e.g. discrete systems). Thus it is “easy” to solve

the differential equation, finding;:
p(t) = exp [(H+G)t] p(0),

where we identify the superoperator S = exp [(H + G)t]. More details on how to convert from Kraus sum, to Lindblad
to superoperator description of the open quantum system dynamics can be found in T. F. Havel, Robust procedures
for converting among Lindblad, Kraus and matriz representations of quantum dynamical semigroups, J. Math. Phys.
44, 534 (2003).

1 _. _
5(Ljan) ®1

A. Example: spin-1/2 dephasing

Dephasing, or transverse relaxation, is the phenomenon associated with the decay of the coherence terms (off-
diagonals) in the density matrix. In NMR, since the signal is due to the ensemble of spins, a coherence term which
lasts forever would require all the same spins of the different molecules to precess about the magnetic field at exactly
the same rate. As previously mentioned, the frequency of a single spin depends on the local magnetic field, which
depends on the external field, and on the field created by the surrounding spins. Due to rapid tumbling, the average

26 Andrzej Kossakowski On quantum statistical mechanics of non-Hamiltonian systems, Rep. Math. Phys. 3 247 (1972)
Géran Lindblad On the generators of quantum dynamical semigroups, Commun. Math. Phys. 48 119 (1976)).
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field over time is the same, but does vary across the sample at a particular given time. This instantaneous variation
causes the identical spins of all the molecules to slowly desynchronize and therefore lose coherence across the sample.
Another example of dephasing was already presented when we described phase-damping for a dust particle interacting
with many photons.

The dephasing noise can be thought as arising from random z rotation across the sample, so that the state of the
system can be described by a statistical average over a distribution of rotation angles ¢(¥):

Salp) = / d9g(9)e=120+ p(0)et/20+

_ ([ Poo po1
p(o)_<010 011)

—i9 /20,

Consider an initial density operator

The evolution under a propagator Uy = e gives

—i9
poo  pore "
19 = .
Pt (Pme“9 P11 )

Taking the integral over the angle distribution we find

p(9) = ( P me)’

prol™  pu

where I' = (=) = [q(9)e~Vdd. If () = q(—9) (as given by an isotropic environment) we obtain (e ="’} = (cos ).
For a non-Markovian environment where memory effects are present, we can describe the distribution ¢(¢) as a

Gaussian stochastic process, so that I' = (cos ) ~ e=(9°)/2 — ¢~*/T}  For a Markovian process instead we have an
exponential decay I = e~ /2,
We can also explicitly evaluate Sg:

Sa(p) = /dﬁq(ﬂ)[cos(ﬁﬁ)ﬂ —isin(d¥/2)o,]p(0)[cos(9/2)1 + isin(V¥/2)o,] =

= /dﬁq(ﬁ)[cosz(ﬁ/Z)p(O) + sin?(9/2)0.p(0)o. — i cos(¥/2) sin(9/2)(c.p(0) — p(0)a.)]
By evaluating the integral, and assuming again a symmetric distribution, we have:
Sa(p) = (1 = p)p(0) + po=p(0)o-
1-I

where p = [ ddq(¥9)sin®(9/2). By comparison with the previous result we find p = 5
From the superoperator, we can find the corresponding Kraus sum decomposition:

My = 1—pﬂ, M, :\/I_?UZ

We want now to describe this same evolution under a dephasing environment by a Lindblad equation. Notice that

this is going to be possible only if we have a Markovian environment, I" = e~ */72,
Consider the action of the superoperator Sg(p) = %p(()) + %azp(())oz. If we consider a small time I' = ¢~ 9%/T2 &
1 — 0t/T» and we obtain:
ot ot
Sa(p,dt) =p — %p + %Uzpaz

where 4 = 1/T5. Then, taking the difference p(t) — p(0) in the limit §¢ — 0 we have

0 1
8_;) = g(aszz - P) = %(Uszz - §{Uz0'zup})

where we used the fact 02 = 1. Thus \/;az is the Lindblad operator for dephasing.

Assume now that we had considered a non-Markovian environment, for which I" = e~(*/ 72)*  Then if we tried to find
the infinitesimal time evolution, we cannot define a differential equation, since p(dt) — p(0) is not o d§t. For this type
of environment, the Lindblad equation cannot be defined.
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8.4.3 Redfield-Born theory of relaxation

Consider a system S coupled to an environment £ (the heat bath) such that
H=Ho+V =Hs+Hes+V,

and V describes the interaction between the system and the environment. Most generally it will take the form
V = >, Ak ® Bi(t), with A acting on the system and B on the environment (and we have even allowed for a
time-dependence of the random environment field). In the Schrédinger picture, the time evolution of the density

matrix is given by the Liouville equation, zh% = [H, p(t)].
Define the interaction picture density matrix

pr(t) = eF Gt p(g)e—h (et Het,
and similarly the interaction-picture system-environment interaction

Vi(t) = e (HstHe)ty =5 (Hs+He)t

Then the evolution in the interaction picture is given by

dpi(t)

ih
AT

= R ([H, (1) — [Ho, p(0)]) e #70° = e Hal [V, p(t)]e” Hot = [Vi(t), pr ()]

This has the formal solution .
1
pu(®) = p0)+ 5 [ dts Vi), pr 1)
0

(Note that this is the same equation as above, except in integral form).
Expanding once (by inserting the same equation at the place of ps(t)) we obtain,

) = pr(0)+ 55 [ A Vit r O+ g [ [ s Wi00). Vi), (1)

We could repeat this process to obtain an infinite series (the Dyson series we already saw).

Let us concentrate instead on the evolution of the (interaction picture) reduced density matrix ps = Tre {psr},
obtained by tracing over the environment. To obtain the average density operator, we also need to take an ensemble
average over the random fluctuating environment:

ps(t) = p5(0)+ 55 [ty (Tee (Vi) pr O + sz [ [ s (Tve (e, Wt pr 211

We want to find an explicit expression for the system evolution only (in the form of a differential equation). To do
this, we will make a number of approximations.
A. Simplification: Separability and energy shift
We first assume that at time ¢ = 0 the system and environment are in a separable state:
p(0) = ps(0) ® pe(0).

(this can always be obtained by choosing ¢t = 0 appropriately).
This condition helps simplifying the second term in the LHS of the expression above. We have

Tre {[Vi(t1), pr(0)]} = Y _[Ar(t1), ps(0)] Tre {Bi(t)pe}
k
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that is, we consider the expectation value of the operators Bj. In general we will also need to take an ensemble
average over the random fluctuating field (Bj(t)), as we look at expectation values for the density operator.

We can now make the assumption that (Bg)e = 0, which implies (V;(t))e ~ Tre {Vi(t)pg(0)} = 0. This is not
restrictive, since, if V' is of the form V = As ® Bg with (Bg)z # 0 we can replace V' with V' = As ® (Be — (Bg)¢),
and simultaneously add As (Bg), to Hs. With this condition, (V). = 0 and since pg(0) has the same form in both
Schrédinger and interaction pictures, the result holds in the interaction picture also. The same argument can be
made if V = Ea As,o ® Bg . Then the second term in the equation above vanishes and we have

pdt)zm(@ﬂﬁ / / Lty dts (Tre {[Vi(tr), [Vi(t2), pr(t2)]]})

B. Assumption 1: Born approximation

We can always write (in any picture) p(t) = ps(t) ® pe(t) + peorrelation(t), which may be taken as a definition of
Peorrelation- Let us assume (as done in the previous section) that the interaction is turned on at time ¢ = 0, and
that prior to that the system and environment are not correlated (peorrelation(0) = 0). This assumption is not very
restrictive, since we can always find a time prior to which the system and environment did not interact. Now however
we make a stronger assumption.

We will assume that the coupling between the system and the environment is weak, so that p(t) ~ ps(t) ® pe(t), for
timescales over which perturbation theory remains valid. Furthermore, we will assume that the correlation time 7¢
(and thus the relaxation time) of the environment is sufficiently small that pg(t) = pg(0) if t > 7¢.

Note that since we assume that the environment is in a thermal equilibrium, it has a thermal density matrix

_Eng
pe(0) = 7= >0, ¢ FB7 |ng) (nel,

which is a stationary state, i.e., [pg(0), He] = 0, so that pg(0) has the same form in both the interaction picture and
Schrodinger picture. Then

1 t t1
ps(t) = ps(0)+ T [ [ dtrdta (Tee (V100 i (t2) ps(h2) @ pe O]
o Jo
We can also go further and explicitly write the partial trace:

(Tre {[Vi(t1), [Vi(t2), ps(t2) @ pe(0)]]}) = > (Bi(t1)Bn(t2)) [Af(tr), [A] (t2), ps(t2)]]
kb

where (By(t1)Bn(t2)) = Gin(t1,t2) is the correlation function for the environment.
Differentiating, we get

Grs(0) = s [ ds (T (V0. Vi ). pss) @ pe O

k.h

This should properly be considered a difference equation, since we have assumed that t > 7¢.

C. Assumption 2: Markov approximation

We will also assume that we are working over timescales that are shorter than the gross timescale over which the
system evolves, so that ps(s) ~ ps(t). Thus we can replace ps(s) in the integral with ps(t). We finally get the
Redfield equation:

d

Grs(t) = iz [ s T V0. V(9. p5(0) © O]}
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or

Gostt) = sz [ ds S UBUOBA) (410 [410). ]
,h
We can change variables from s — s’ = ¢ — s (so that we change the integrals as: fot ds — fto dt —s') = — fto ds' =
fot ds’). Then
d 1 I I
st = oy [ s (BB - o) [AL0). (410~ ).05(0]).

k.h

The correlation time of the thermal bath £ is assumed to be very short, so that the correlation function (By(t1 — t2)Bx(0))¢
differs only significantly from zero when t; =~ t5. We can therefore extend the limit of integration to co (and call
t—s=r7):

G50 =i [ dr S (BB (AL [410). s )]

D. Spectral densities

The next step in the simplification program is to take the expectation values with respect to the eigenstates of the
system and then Fourier transform. We will write Ay () = Y- Aje™"r":

o= T3 0w 1 e ]

k,h Dp,q

Here we used the fact that G(t, 7) is stationary, and thus depend only on the difference t — 7, G(t,7) = G(t — 7). We
then changed variables from 7 — ¢t — 7. We can rewrite the equation as

d o0 .
—i(wptwq)t iwgT
7Ps) (DE > > AV (AL, ps(t)]] e /O dr Gpp(T)e™ 7.

k,h p,q

Thus we have the integral fooo e“TG (1) = J(w), where the Fourier transform of the correlation function G(7) is the
the spectral function J(w). With some simplifications (due to statistical properties of the bath operators and to the
fact that we only take terms resulting in an Hermitian operator), we finally arrive at the master equation:

ZZJk wp —k;’ ]q?pS(t)]]

We can also write the master equation as the Redfield equation (subscripts indicate matrix elements):

d
apa,a’ = Z Raa/,bb’pb,b’
b,b’ /b—b’=a—a’

8.5 Other description of open quantum system dynamics

8.5.1 Stochastic Liouville equation and cumulants

Stochastic Liouville theory is based on a semiclassical model of decoherence, in which the Hamiltonian at any instant
in time consists of a deterministic and a stochastic part, which represents the effects of a random noise. In the
simplest case of NMR T5 relaxation, this typically takes the form

Hiot(t) = Haet (t) + Hst(t) = Haee(t) + w(t)Hu,
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where H 4, is the static deterministic Hamiltonian, and we separated the stochastic time dependence described by the
coefficient w(t) from the noise generator Hy. w(t) is a random variable due to stochastic, time-dependent fluctuating
fields and Hp is an operator which describes how these classical fields are coupled to the quantum system.

We now introduce a superoperator £(t) defined on Liouville (operator) space via

ﬁ(t) = IHtt)t(t) RKI-1® Htot(t) = Ldet(t) + w(t)EN

where Ly = Hy ® 1 — 1 ® Hy. This superoperator is the generator of motion for density operator p, meaning

p(t) = Up(0) = Texp (—i/ot dt'ﬁ(t’)) p(0)

where T is the usual Dyson time ordering operator. Since what is actually observed in an experiment is the statistical
average over the microscopic trajectories of the system (p(¢)), we have to take the ensemble average superpropagator
to obtain (p(t)) = (U)p(0). The problem of calculating the average of the exponential of a stochastic operator has

been solved by KuboZL using the cumulant expansion.
First, expand the time-ordered average exponential S = (T exp(—i fot dt'H(t"))) via the Dyson series:

S = A—i [l (M) + ST [Ldty [ dbs (M) H(t2)) + -

+ CNT [Cdty - [y dta(H(t) - H(ta)) + -

n

The term (H(t1) - - - H(tn)) is called the n-th moment of the distribution. We want now to express this same propagator
in terms of the cumulant function K (t), defined by:

S = KO

The cumulant function itself can most generally be expressed as a power series in time:

R G (—it)?
K(t)_z:1 K = ity S Ky
Expanding now the exponential using the expression above we have:
1 2 _ (—it)? 5
S =1+ K1)+ 5 (K(0)" +- =1 —ithy + - (Ko + Kf) + -

By equating terms of the same order in the two expansions we obtain the cumulants K, in terms of the moments of
order at most n. For example:

K = %/O dt' (H(t'))

1 t t
K= o T/ dtl/ dts (H(t)H(t2)) — K7
0 0
The propagator can therefore be expressed in terms of the cumulant averages:

(H(t))., = (H({))
(H(t1)H(t2)), = T(H(t1)H(t2)) — (H(t2))(H(t2))

The propagator can therefore be written as:

Szexp(—i/ot dt’(?—[(t'))c—/otdtl /Otdtg <’H(t1)’H(t2)>c+---)

T R. Kubo, Generalized Cumulant Expansion Method, Journal of the Physical Society of Japan, 17, 1100-1120 (1962)
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Note that if H is a deterministic function of time, the ensemble averages can be dropped and <’H(t)>c = fg dt’ H(t")
becomes the time-average Hamiltonian, which is the first term in the Magnus expansion. The second term in the
cumulant expansion, on the other hand, becomes

T fodty [2* dts Ht ) H(t2) — (fot dt’H(t'))
= 2]3 dtq (;1 dts H(tl)H(tg) — f(; dtq f(; dto H(tl)H(tg)
= [y dtr [)" dia H(t)H(t2) — [y dty [} dta H(tr)H(t2)

= f(f dtq (fl dto [H(t1)7 H(t2)}7

where we have used the fact that the time-ordering operator 7 symmetrizes its argument with respect to permutation
of the time points. This is the second term in the Magnus expansion for the “average” (effective) Hamiltonian.
Proceeding in this fashion one can in principle derive average Hamiltonian theory?® from the Dyson and cumulant
expansions.

In terms of the so-called “cumulant averages” (---)., the superpropagator is given by:

Uy = exp (—z’ / LW AT / iy / ity <c<t1>c<t2>>c+---)

Provided || fot dt’L(t")]] <« 1 for all t > 0, we can safely neglect high order terms in the exponential’s argument.

8.5.2 Stochastic Wavefunctions

The Monte Carlo wavefunction was derived simultaneously in the 1990s by two groups interested in very differ-
ent questions. A group of scientists in France, Dalibard, Castin, and Mglmer, wanted to simulate laser cooling of
atoms quantum mechanically in three dimensions. Their numerical solution required discretizing space into a grid of
40x40x40 positions; to implement the master equation on such a space would have required a density matrix with
0(40%) ~ 10° entries such calculations are beyond the scope of even modern computers. However, simulating a
wavefunction with O(40%) entries is quite feasible. Consequently the group sought to convert the master equation to
something more like the Schrédinger equation2.

At the same time, Carmichael was interested in the effects that continuous monitoring would have on a system3Z.
For example, a two-level atom prepared in an equal superposition of states can decay by emitting a photon; if that
photon is detected, the experimenter knows with certainty that the atom is in its ground state. But what happens
50% of the time when a photon is not detected? Certainly, after a long time has passed, the atom must be in its
ground state, but how does that happen? To study these and similar questions, Carmichael wanted to incorporate
the effects of continuos monitoring, and understand how a measurement can cause the system state to suddenly jump
into a different state.

The description on which both groups converged begins with the most general form of the master equation,

o _

P = —ilH,p] + L(p),

with the Lindbladian -
Lip) ==Y ?(LLLkp + pLi Ly — 2LpL}).
k

28 See for example Haeberlen, High Resolution NMR in Solids: Selective Averaging, Academic Press Inc., New York (1976)
29 Jean Dalibard, Yvan Castin and Klaus Mlmer Wave-function approach to dissipative processes in quantum optics,
Phys. Rev. Lett. 68, 580583 (1992)

30 H. J. Carmichael Quantum trajectory theory for cascaded open systems Phys. Rev. Lett. 70, 22732276 (1993)
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Using this explicit expression and rearranging the terms we have

dp : 0 g
priia (’H—ZZEICLEL/@)P—P(H‘FZ%LLL/@) +Z%LWLL
k " "

=—i Hep—pHlg + Z v LipL},
k

where we have defined an effective Hamiltonian

Heg = H —iZ%LLLk
k

(notice that this is not a valid Hamiltonian in the usual sense, since it is not Hermitian, so its eigenvalues are not
the energy, since they could be imaginary numbers).

Expanding the density matrix in terms of an ensemble of pure states, p = > iDj [1;) (|, we can rewrite the master
equation in a suggestive form:

d
=D py | =iCHer [v) (W] = L) (5| M) + - L |8) (8] L
J k

Now we can interpret the first two terms of this equation as a Schrodinger evolution for each of the pure states in
the density matrix expansion:

d
7 [95) = —iHes [¢05)

while we interpret the last term as a quantum jump operator that changes |¢;) into |, k) = Lk |¢;) with some
probability.

We can then have a probabilistic picture of the pure state evolution. After an infinitesimal time, in the absence of
Jumps, the state will have evolved to

[9(t +6t)) = (1= iHer) [¢5) / /1 = 0pj,

where we have introduced a normalization factor, which is needed since the Hamiltonian is not hermitian:
opj = Z@j,k = 5tZ’7k (W;| L Ly |)
k k
If instead a jump has occurred, the state would have evolved to

| . >7 YOt
(p%k - 6]9

5.k

Ly, [¥)

Thus the evolution of the density matrix is given by

p(t +dt) = ij [(1 — 0p;) [ (t+ 68)) (05 (t+ ) + Y 6psin 05.) (058l

J k

This expression leads us to the following interpretation: the system undergoes a dynamics that yields two possible
outcomes:

1. with probability 1 — dp; the system evolves to the state [¢;(t + dt)), according to the operator Hex with an
appropriate normalization

2. with probability ép; the system jumps to another state. There are many possible states the system can jump to,
each one with a probability 6p; .

This probabilistic picture is of course a coarse graining of the continuous time evolution. However, by discretizing
time it becomes easier to devise a simulation procedure to reproduce the desired dynamics, with a wavefunction
Montecarlo procedure.
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