Recitation: 8
10/23/03

Questions about solutions forExam 1
Statistical Mechanics: Introduction

Classical Thermodynamics

e MacroscopicTheory

Providessimple connections between differenacroscopic properties of systems.

It is independent of the atomistic interpretation of reality.

In order to be useful, Thermodynamics requires experimampai.
e TD doesn’toffer mechanistic interpretation of the system.
Statistical Mechanics

e Providesa microscopic description of systems.

e StatisticalMechanicsconstitutesa link betweenthe QuantumMechanicaldescriptionof a
systemand its Thermodynamic Properties.

e Generatesa more intuitiveinterpretation of system.
¢ Enablesafirst principlespredictionof thermodynamic properties.

Degeneracy
Considerthe energystatesof a particlein a three-dimensionainfinite well of dimensions
a X aXa.

From quantum mechanics, the eneafysuch a system is defined as (¢33 of McQuatrrie):
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wheren,, n,, n, are integergrom 1 to infinity.
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The degeneracys given by the numberof waysthatthe integerM = frac8ma?h* canbe
written asthe sumof the square®f threepositiveintegers.If you considera3 — D spacespanned

. 1/
by n,, n,, n., EQ. 1 represents a sphere with radRis= (8”}1‘;25) .
To calculatethe degeneracyf this systemwe needto calculatethe numberof stateswith en-
ergye, correspondindo theradiusR of the sphere Forlargenumbersijt is possibleto treat R as
a continuousvariableandthendefinethe degeneracyf the systemasthe numberof stateswithin



theinterval e.e + Ae, where2= << 1

3/2
w (e, Ne) = % (87;32@2) e2Ne 4+ 0 ((Aa)Z) (2)

With e = 3kT/2, T = 300 K, m = 10 x=** g, a = 10 cm andAe = 0.01¢, we obtain:

w (g, Ae) = O (10%) 3)

This is just for one particle!!!
For N particles~ 10%,

0B, AE) =0 (10) (4)

The conceptof degeneracy) (E) is very importantin statisticalmechanics.As we will see
lateron, thepartition functionfor a Canonical Ensembl&)(N,V, T)) is givenby:

E(N,V)

Q(N,V,T) =) Q(N,V,E)e &
E

Ideas behind Stat. Mech.The observatiortime of macroscopigropertiesof systemis much
longerthan the time-scale at which the atomic components of the system change their state.

MacroscopicThermodynamiqoropertiesof systemsare time averagesf the instantaneous
stateof the system, considered from the microscopic point of view:

The integralsabovestatethat thermodynamicallydefinedproperties suchasthe internalen-
ergyof a systent/, aretime averages ahe instantaneous microscopic properties of the system.

In practice,however,the calculationof thesetime integralsis not possible(N = O(10%%)).
Thisis where Statistical Mechanics becomes useful.

POSTULATE I: Within At, all possible states that a system can talesampled.



In thiscasethetime averagef thermodynami@ropertiess equivalento theweightedaverage
overall possible states that the system can be in:
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whereP (7, p) is the probability distribution.

POSTULATE IlI: Everypossiblestatefor anisolatedsystems equallyprobableandit should
be givenequal weight.

Themainproblemof StatisticalMechanicss to find P, for thegiventhermodynami®doundary
conditionsimposed on the systems under study.

Mechanical/Non-mechanical Properties

Mechanicalpropertiedn statisticalmechanicsaredefinedasthe propertieghatcanbereadily
foundfrom thesolutionof theSchr dingeequationy) = E+, suchaskFE, p, etc. Fortheseproper-
ties,thethermodynamicmacroscopiwariablescanbeestablishedhroughthetime or phase-space
integrationof the microscopic, instantaneoproperties:
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Non-mechanicagpropertiesarethosethatrequirethe introductionof temperaturdor their def-
inition, suchasS. In orderto obtainthe statisticalmechaniadefinitionsof thesepropertiesit is
necessaryo establish the relationship between Tebd S. M.

Ensembles

Collection of macroscopicallyidentical systems. All the systemshavethe samethermody-
namicboundary conditions, howeveheycan reside in differenhicrostates.

If youassumehatthe ensembleonsistf A systemsit is possibleto definea; asthenumber
of systemsn theensembldhatarein statei atanygiventime. Sincethetotal numberof systems
is constant, the conditiol , a; = A mustbe satisfied.

Sterling’s Approximation

N
In N! = Zlnm
m=1

Forlarge N, it is possible to replace the sum by a integral:



N
In NI = /lnxdmlenx—xﬁv =NInN-N
z=1

This approximation is quite good, as can be seen in Fig. 1
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Figure 1:Error betweerin (n!) and ninp) — n, in %

In StatisticalMechanicswe alwaysdealwith largenumbergsystemsmicrostatesmolecules,
etc.) andthe Sterling’sApproximationis very usefulfor all the derivationsthatwe will seein the
nextweek.



