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MASSACHUSETTS INSTITUTE OF TECHNOLOGY

5.61 Physical Chemistry
Fall, 2017

Professor Robert W. Field

FINAL EXAMINATION |ANSWERS

Monday, December 18

I. Effect of a d-Function at Q =0 (30 points + 5)
on the Energy Levels of a Harmonic Oscillator
~ond 1

H=-— —kQ* - ad(Q); 0
2]4dQ2+2Q ad(Q);, a>

V(Q)= %sz —ad(Q) looks like this:

L ad©)

0 Q

A. (6 points)  Without doing any calculation, which energy levels are unaffected
by the —d(Q) term?

The odd-v levels (odd symmetry) have a node at Q = 0. They are not affected by the &(Q)
delta-function.
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B. (6 points)  Without doing any calculation, are the energy levels that are affected
by the —od(Q) term shifted up or down?

The d-function acts as an extra well, resulting in a stabilization of all of the odd-v/odd-
symmetry levels. Another way of answering is that the E\"” = H'" term is negative for all
odd-v levels, therefore all of these states are lowered in energy. Another answer is that
all non-zero matrix elements of H{) |,
2
Ei(z) — E (HU)
E

(0) ) °
i i Ej

appear with a negative energy denominator in

C. (6 points)  Without doing any calculation, among the levels that are affected by
the —ad(Q) term, is the magnitude of the energy shift larger or
smaller for a low-v vs. a high-v level?

The energy shift is larger for a low-v level than for a high-v level. This is a general rule
for tunneling. Then there is another way of answering. The diagonal and off-diagonal

v, (0, (0)°
E(O) _ E(P)

value of ¢, ,(0)y, .., (0) and the HO wavefunction have a decreasing with-v amplitude

2
a

elements of ad(Q) are . Since the perturbation term depends on the

at Q = 0 because the kinetic energy and classical [momentum| is largest at Q = 0. The
v,(0) values decrease with v, so the level shift decreases with v.

D. (12 points) It is possible to show that —od(Q) causes a discontinuity of Ccl;pv
atQ=0
d d 2
Q2K o (0)
do|, do|, h
This looks like

v ]

Vo)

Y

j
or lv
SN
| 0

Based on the v-dependent magnitude of y,(Q) at Q = 0 for the even-
v states, justify your answer to part C. There are two ways to justify
your answer to part C: (1) using perturbation theory, or (2) by

adjusting the phase of the energy-shifted y,(Q) at the turning points
[Q., where E, = V(Q,)] so that y(x =) = 0.
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Your justification of your answer to part C should be based on how

dy

the magnitude of the discontinuity in @ at Q = 0 affects the size of

the energy level shift relative to the energy of the v'" harmonic
oscillator level, ®,(v + 1/2).

The answers involving perturbation theory have been stated in Part C. The answer that
deals explicitly with the discontinuity of the derivative of y at Q = 0 is based on the
requirement that ,(+e0) = 0. This is achieved when y,(Q,) and 8y, |60 o0-0. [Q. are the

turning points, where E, = V(Q,)] have the unique correct value so that y,(Q,) can satisfy
the Q = oo boundary condition. The —ad(Q) form creates a cusp in ,(odd-v) that has
the form of too much accumulation of phase at E'” that is corrected by lowering the

energy, thereby removing the extra accumulated phase. If we had a +0.d(Q) perturbation,
the opposite behavior of too little accumulated phase would result and the energy must be
increased to compensate.

E. (5 points extra credit)

Derive the equation in part D for the discontinuity of % by

integrating the Schrédinger equation

lim [ (Hy-Ey)dQ=0.

e—>0 v -¢€

dy 1,
Hy=-—— —kQ* - ad
Y 2de2+2 QY -ad(Qyy
(Hy-Ey)=0

[ (Hy-Ep)i0 =0
N T
QPIEIIEOEkQ lp =0

Jim_ ad(@(Q) = ay(0)

+e _h_zdzw_ : _
S 2 dgr VO Ewm)]dQ 0
l l

0 0

v is continuous  E is finite

+€

ay
dQ

2 2 2
re _h_dl/;dQ=_h_
= 2pdQ 2u

—&

revised 12/19/17 3:15 PM




5.61 Final Examination ANSWERS| Fall, 2017 Page 4

II. Derivation of One Part of the Angular (25 points)
Momentum Commutation Rule

A.  (5points)  Show that [AB,C]=A[B,C]+[A.C]B.

Show [AB,C] = A[B,C] + [A,C]B
A[B,C]=ABC-ACB
[A,C]B=ACB -CAB
A[B,C] +[AC]B=ABC-CAB
[AB,C] = ABC - CAB

Q.ED.

B. (20 points)

i Jj k
L=txp=| x y <z |=i(p.-2,)-J(xp.-w,)+k(xp,-yp,) (D
P, Py P
[X’px]=ih (2)
[L,.L,]=+L, 3)

Use equations (1) and (2) to derive equation (3).

[L,.L,|=+ihL,

L.=yp,-zp,

L, =-xp +2p,

L, =xp,-yp,

. —w,=xp. +2p. | ==[yp..xp. )+ [op. . )+ [, 0. |- [, 2.
0+[yp..zp, | +[zp,.2p.]+0

y[p..z]p. +p,[z.p.]x =~ihyp, +ihp x
=ih(px-yp,)

Thus [L,, L,] = iAL..
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III. Some Perturbation Theory (25 points)
All electronic properties of a molecule are parametrically dependent on the displacement
coordinate, Q. This is part of the Born-Oppenheimer Approximation. We are interested

in how the Q-dependence of the generic “A” property is encoded in the E,, energy levels.

Molecular Constants:

E,/hc=w,v+1/2)+[B, -0, (v+1/2)]J(J +1) (1)
+[A —0,(v+1/2)=A,J(J +1)+ Ay (J+1)’]
Q Dependence: H/hc=w,(v+1/2)+ B(Q)J(J +1)+ A(Q) (2)
1/2
= h l (a+aT) (a)e is in cm™! units) 3)
4rcuw,
B(Q)=B,[1-2Q/R, +...] (B, isin cm™ units) (4)
AQ)=A, + %Q (A, isin cm™ units) (5)
H/he=w,(v+1/2)+BJ(J +1)+ A, (6)
H"/hc = Q[—Z(Be /R,)J(J + 1)+% (7

Compute the H'" | and H'"_, matrix elements and use them to derive the term in E?

that has the J(J + 1) dependence on the J quantum numbers. This is the A, term in
Equation (1).

We need to apply NDPT to H"”

H" o< O and the selection rule for Q is Av = 1, so there is no H!") = E{" contribution.
©) H,|

E,=E,+0+ E i

w'
0) (0)
Ev_lJ

Vvi=vzl v

(Hiir))z =(0, )2 [—2(Be/Re)J(J +1)+ %

Put it all together
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Answer to Problem III (continued)

Page 6

2
EO | (BJR)IU +1+ A | 2L, Y
00 ) |-hcw, hcw,

=[ h l(—z(Be/Re)J(J+l)+%)2(— ! )

4rcuwm, hew,

The only term that depends on J(J + 1) is the cross term in the middle factor

sgany4[PAY _g[B)24
+4(B,/R,)J*(J +1) +(8Q) 4(R )aQJ(JH)

e

Cross term

T WU

_AJ=
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IV. IR Spectroscopy Under a Deadline (50 points)

You have a contract with the Army Research Office (ARO) to determine the equilibrium
bond length (r,), vibrational frequency (w,), and electric dipole moment () of the electronic
ground state of TAt (tritium astatide). Your contract terminates tomorrow and you must write
a final report today. Last night, on your desperate final attempt to record the vibration-
rotation spectrum of TAt in an electric field of 100,000 Volts/cm, you obtained a
spectrum unlike any you had observed previously. You suspect that this spectrum is that
of the TAt v =1 «— v =0 transition, but you have no additional scheduled experimental
time on the hyper-IPECAC facility, which is the only Astatine source (*'°At,s has a half
life of 8.3 hours) in the world that is capable of generating the At flux needed for your
experiment. Therefore you must write your final report to ARO without doing any further
experiments to verify whether your spectrum is that of TAt or some other molecule. The
likely other molecules include At,, T,, HAt, DAt, HT, and DT (you may ignore all other
possibilities here). Your continued funding by ARO depends on the timely submittal of
your report, but your career depends on its correctness.

One of your research assistants has provided you with the following possibly useful
information:

Atomic Weight H 1.00782 Ionization Potentials H 109,677.581 cm™
D 201410 F 140,553.5 cm™
T 3.01605 Cl 104,991 cm™
At 2100 Br 95,550 cm™
I 84,340 cm™
At unknown
“Covalent Radius” H  0.32A “Ionic Radius” H  2.08A
F 0724 F 136A
Cl  0.99A Cr 181A
Br 1.14A Br  1.95A
I 1.33A I 2.16A
At 145A At unknown

Ground State

o, R, Z¥
HF 'S 4138.32 cm™ 09168 A 1.8262 Debye
HCl 'Y 2990.95 cm™ 12746 A 1.1085 Debye
HBr 'Y 2648.98 cm™ 14144 A 0.8265 Debye
HI 'S 2309.01 cm™ 1.6092 A 0.4477 Debye
HAt unknown - e e
F, 'S, 916.64 cm™ 14119 A
Cl, 'S, 559.72 cm™ 19879 A
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Br, >, 325.321 cm™ 22811 A8 e
I, 'y, 214.50 cm™ 26663 A cooeee
At, unknown  —ee—eem e e
H, >, 440121 cm™ 07414 A —oooee

Some useful conversion formulas (B, is in cm™, W is in atomic mass units, and R, is in A,
and 1 cm = 10°A):

Reduced Mass w(XY)= M(amu) w, = 1k (cm™)
My +My 2mc\ p

1.6858x107"
HR;

e

B

, (cm™)

In the absence of an electric field, the vibrational rotational energy is given by:

E, /hc=w,(v+1/2)-w,x,(v+1/2)* +[B, —a,(v+1/2)]J(J +1). (em™)
Before analyzing your spectrum and writing your report to ARO, it would be a good idea to
make some predictions about the spectroscopic properties of TAt.

PLEASE NOTE: Many parts of this question can be answered even if you are unable to
answer an earlier part.

A. (4 points)  Use the properties of related atoms and molecules to estimate R, and
o, for TAt. Specify the basis for the relationships that you are
exploiting.

There are two ways to estimate R, and m, for TAt. One is to use some form of linear
extrapolation. The other is to use isotope-substitution relationships of TAt to HAt.

There are no molecular constants for HAt, so you need to get clever. Use linear
extrapolation to get from HI to HAt and then use isotope relationships to get from HAt to
TALt.

For m, and R, o,(HCl) - o (HBr) R, (HCI) — R,(HBr)
342 cm™ —0.140A
o,(HBr) — o, (HI)  R,(HBr) - R,(HI)
339 cm™ -0.195
estimate o,(HAt) = R,(HAY)
2309 —336=1973  1.609 + 0.250 = 1.859A
(210)(1)
I oform: P[] 2| 21 |_oss1. andforr: Koo
sotope ratio for ,: wf_ 7 = m =0. , andftor K, Rj_
214

®,(TAt) = (0.581)1973 cm™ = 1146 cm™
R,(TAt) = 1.859A = 1.859 x 10 cm
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B. (6 points) Compute B, from your estimated r,. Let o, =0 and w_,x, = 0 and
calculate the frequencies (in cm™) of the 3 lowest-J transitions in the
P branch and in the R branch of the v = 1 < v = 0 rotation-vibration
band. The P(J) line is the J — 1 < J transition and the R(J) line is the
J + 1 < J transition. The lowest possible J-value in a 'Y state is

J=0.
_ 1.6858x107"°  1.6858x107"
© (u)(1.859x107°)*  (2.94)(3.45x107'%)
_3Q10) _, 4,
213
B,=1.862

P(J)=w,+B'(J-1)(J)-B"(J)(J+1)
=(BI_BH)J2 _B!J_B/IJ
~0J°-2BJ

R(J)=w,+B'(J+1)(J +2)-B"(J)(J +1)
=(B'-B")J*+3BJ+2B' -B'"J
~0J°+2BJ+2B

RO) o,+ 2B 113692

R(1) ®,+ 4B 1133.34
R2) ,+ 6B 1129.70

PO) o, 2B 1122.24
P() o, -4B  1118.42
P2) o, —-6B 111454

From these assignments, we get

2B,~1136.92 - 1133.34=3.58 cm™'

B,=179cm’

®,~ 113692 -3.58=1133.34cm™’

These are very close to the predicted values
®,=1146 cm™' B,=1.862cm™

Looks good for assignment as TAt.

revised 12/19/17 3:15 PM
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C. (4 points)  Estimate the electric dipole moment, L, for TAt, in Debye units. Do
you expect the T or the At atom to have a net positive charge? Why?

Your record of the infrared spectrum below for what (you hope) is TAt is:

b il e wm" i \/LWJ Il

L T VJJ A

0 M'\N@\m"nﬂm‘r\\'\)\ﬂm!w el \MM"A!JWNM R

1060 1080 1100 1120 1140 1160 1180/cm_1

You identify the following lines from the spectrum (all in cm™):
1058.66, 1063.32, 1067.92, 1072.46, 1076.93, 1081.35, 1085.71, 1090.01, 1094 .25,
1098.43,1102.55,1106.61,1110.60, 1114.54,1118.42,1122.24,1129.70, 1133.34,
1136.92,1140.44,1143.89,1147.29, 1150.63,1153.91, 1157.13,1160.29, 1163.39,
1166.43,1169.40,1172.32,1175.18, 1177.98

To estimate y(TAt) we expect it to be the same as for HAt which we can guestimate by
linear extrapolation from HCI, HBr, and HI.

u(HCI) — u(HBr1) 1.1085D — 0.8265D = 0.282 Debye
u(HBr) — u(HI) 0.8265D — 0.4477D = 0.379 Debye

u(HAt) = 04477 -0.379 - 0.097 = 0.

u for TAt is likely to be near zero. There is no way to predict whether T or At will have a
net positive charge.
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D. (10 points) Assign a few lines of the rotation-vibration spectrum. Two or three lines
each in the R and P branches will be sufficient. Assume a,=~ 0 and
w, X, = 0 and use your assigned lines to determine w,and B,. Could this
be TAt?

I have given the low-J assignments in the answer to Part C. The key feature to notice is
the “zero-gap” between the lines at 1122.24 and 1129.70 cm™'. This gap identifies the
lowest-J lines in the R and P branches. It also tells us that the transition is 'S - 'S, not
'TI - 'TI. The zero gap would be larger for a 'T] - '[] transition. There would also be a
moderately strong Q(1) line near the middle of the zero-gap.

Looking good for TAt.

E. (4 points)  Which of the molecules At,, T,, HAt, DAt, HT, and DT are expected
to have electric dipole allowed rotation-vibration spectra? If you are
undecided about HT and DT, state your reasons for and against.

HAt, DAt will definitely have a strong electric dipole allowed transition.

At, and T, definitely will not have any dipole allowed transition.

HT and DT will have a very weak dipole allowed transition, but it will have very large ®,
and B, constants.

The center of electron charge will not quite coincide with the center of mass. The
molecule rotates about the center of mass. There will be a small rotating electric dipole.

F. (4 points)  What is the the minimum necessary spectroscopic information that
could be useful in showing that your observed spectrum is not due to
any of the molecules from part E that have an allowed rotation-
vibration spectrum? Could your spectrum be due to any of the other
likely candidate molecules?

The rotational and vibrational constants for the observed transition are too small for the
molecule to be HAt or DAt. This is a huge effect.

The rotational and vibrational constants for HT and DT are vastly too large for a
plausible assignment of the observed spectrum to HT or DT. The Stark effect will also

be very, very small for HT and DT.

The dipole moment for the putative TAt spectrum will be small, much smaller due to that
for TI or DI.

The small y, will be an excellent confirmation of the TAt assignment.
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For Question IV.G: The v =1 «—v =0 spectrum consists of a series of absorption lines
following the selection rule AJ = +1 (R and P branches). In the absence of an external electric
field, all 2J + 1 M;components of each J-level are exactly degenerate and the spectrum
consists of simple R and P “lines”. When a 10° V/cm electric field is applied, a new term is
added to the Hamiltonian:

~ Stark
H =g N.

If this field lies along the laboratory Z-direction, the M;-degeneracy is lifted. The only
non-zero integrals involving the Stark-effect Hamiltonian are

- 12
f Sy B by dv=HI50 1y = paez | —5—
L 477 -1
T = ) = €
J.M, J+1,M, J.M;J+1,.M Heiz 27+D(27+3)

where f'is a constant, the value of which depends on the units used. If y, is in Debye (D), €,

is in Volts/cm, and H%}r;k],_,l, y is desired in cm™, the conversion factor is f=1.6794 x 107

[(V/cm)D]™.

At E = 10° V/cm, the lines at 1129.70 and 1122.24 cm™" each split into two components
separated by 9.0 x10~ cm™". The lines at 1133.34 and 1118.42 cm™' broaden slightly, but no

splitting is resolvable. The electric field has no perceptible effect on all of the remaining lines.
See next page for Question IV.G.
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G. (10 points) Calculate the Stark splitting for a generic diatomic molecule in J = 1
of a 'Y " electronic state. The M,;= 0 component is pushed down by
J=2,M,=0 and pushed up by J =0, M,;=0. The M,= +1 and
M, = -1 levels are both shifted downward by the same amount by
their interaction with J =2, M;= 1, and M, = -1, but there exist no
J =0, M,= =1 levels to push these J = 2, J,, = 1 levels up. Use
second-order perturbation theory to express the energy shifts in
terms of p,and B, (specifically, ptezl / B times some J-dependent
factors).

The 1129.70 line is R(0) and the 1122.24 line is P(1). One expects both of these lines to
split into 2 components because J = 1 splits and J = 0 only shifts. The 1133.34 line is
R(1) and the 1118.42 line is P(2). both of these lines will split into more than 2
components (draw a level diagram) and the Stark splittings of J = 2 will be much smaller

than in J = 1 because of the larger energy denominator for the second-order Stark shift in
J=2.

Stark effect for J = 1 of a 'S state: AM = O selection rule for F-field in z-direction.

J=2 6B Yoo o dpm=x) — b =2
J=1 2B M=+l
J=0 0 I

E-field in Z-direction
(m=0,0 =0[H*|m=0,J =1) = fue, B ?]
4-0 ]

m=0.J =1H*m=0,7=2 £ [
< > f]’tel 16 1

(m==1,0 =1IH**|m=21,7 =2) = fue, [146 11]

0 fuel[+(1/3)?/2B-(4/15)" [4B]
{ 2 .22 172

=1 r2,2:2(_(3/15)" / 4B]

) 0 Fue ,[1/317

el z —2B

f=(1.6794 x 10" ) [V/iecm - D] !
e=1x10°V/cm

=1,m=0 (1.6794 x 107)*(10°)*s*

J
J=1,m==+1

revised 12/19/17 3:15 PM




5.61 Final Examination ANSWERS|  Fall, 2017 Page 14

H. (5 points)  Interpret the observed Stark effect and use it to estimate L.

The results summarized in IV.G are consistent with a barely observable splitting of
9%x 107 cm™ inJ=1.

This splitting yields ., =

I. (3 points)  Does the observed Stark effect determine the sign of p,?

The Stark splitting is a second-order effect and samples only (u)*. It cannot yield the
sign of u,,.
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V. From ¥(x,) to p(?) (35 points)
W(x,t) = c, (DY, (x) + ¢, (DY, (x) + 5 (O (x) + ¢, (D, (x)

where {\y,} are eigenfunctions of a time-independent H”. E, is the eigen-energy
associated with the y, eigenfunction

(1)
¢, (1)
(1)
¢, (1)

)=e)-

A. (6 points)  Evaluate the following objects in terms of the {cn (t)} and {C;: (t)} .

(i) (2 points) {c|c)

{cle)= chcl. a real and positive number.

1

(i) (4 points) |c)(c|

C G GG 6 (G

* * * *

c, e e e G0 G G0y G0,

=] Ol e a )| TR R
G € GG GC G50y

4 C,C, €0, C,Ch CiC,

B. (3 points)  What is an object like |c><c| called?

|c> <c| is called the “density matrix”. It denoted as p or p..

C. (4 points)  If W(x,r) is normalized to 1, what combination of {cn (t)} and {C;: (t)}

must be equal to 1?

J¥H(e )P (x0)dr = 1 requires that [c,c; + ¢, +¢,¢; +¢,¢; | =1
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0
. i 0
D. (5 points)  Some notation: |n> =, (x),1.e. ‘3) = 1
0

(i) (3 points) Evaluate (3|¢){c|4) -

¢
C
@Bley=(0 0 1 0) 2 |=c,
C3
¢,
0
<C|4>=( ¢ G G C4) 0 =Cy
1

(3le)cld) = s,

(i) (2 points) What is the relationship of (3|¢){c|4) to
(4le){cl3)?

p is Hermitian, this means p" = p

(3le)(cl4) =[(4le)lel3)]

For questions E, F, and G, simplify to a 2-state system:
W(x,) = e e () + ce™™ My (x)

2)-(;

H1) = E,[1) H|2)=E,|2)
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E. (6 points) Att=0,¥(x,0)=]|1).

(i) (2 points) Write an expression for W(x.f).

1 0
‘P(x,t) =, (O)e—zElt/h + c, (1 )e—lEzt/h

(i) (2 points) Write an expression for p(z).

* * ((Ey=E))t/h
cl Cl Clczel( 2 1)/

t =
p) c e e Ebifh c.ct
162 265

(iii) (2 points) Is p time-dependent when the system is in a single
energy eigenstate?
Ifc,=1,¢c,=00rc,=0,c,=1 then p is time-independent because the off-diagonal
elements are zero and the only time-dependence resides in the off-diagonal elements of

p.

Suppose we apply a pulse that terminates at t = 0. This pulse results in

F. (3 points)
a flip angle of 7/2 at ®,,. Then ¥(x,0) =272 |1) + 27"%|2).

(i) (1 points) Give an expression for ¥(x.z).

W(X,t) = 2_1/2 I:’l/}le_iElt/h + lpze—iEzt/h]

or

:2—1/2 1 e—iE,t/h + 0 e—iEzf/h
0 1

(i) (2 points) Write an expression for p(z).

% %;@%W
pt)=
L viE-E)i/n 1
—_— e —_—
2 2
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G. (8 points)  When ¥(x,7) involves a superposition of energy eigenstates:

(i) (2 points) Are the population terms (diagonal elements) of p
time-dependent?

‘ The diagonal terms are independent of time.

(ii)) (3 points) Are the coherence terms (off-diagonal elements) of
p time-dependent?

‘ The off-diagonal (coherence) terms are time-dependent.

(iii) (3 points) If a p; term is time-dependent, at what frequency
does it oscillate?

If p, is time-dependent, it oscillates at w, = (E,. -E j) / h.

revised 12/19/17 3:15 PM
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VI. Semi-classical Calculation of (35 points)
Vibrational Overlap Integrals in the Diabatic
Representation

V; Vv,
V= 12\ \ /

\

~

v="7 2500 cm~!

2000 cm!

v="7 v=2 1500 cm!
1000 cm!

500 cm!

15,000 cm™1 0 cm-!

Diabatic potential energy curves can cross. Near-degenerate vibrational states of two

crossing diabatic curves, V,(R) and V,(R), interact with each other with an interaction
matrix element

(e,mi[H(R)e,v,) = (e, [H"(R.)

e2><"1“’2>

where

(e/H(R)

e2>EHleé (Rc)

and R_ is the internuclear distance at which V,(R) intersects V,(R). For this problem, V,
and V, are both harmonic and both have the same value of ®, = 200 cm™

V,(R)/hc =15,000 cm™ +%k(R—Rel)2

V,(R)/hc =16,000 cm™ +%k(R—R62)2

k=w’u (u is the reduced mass)

®, =200 cm’’
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R, is chosen so that v, = 7 is near degenerate with v, = 2 and v, = 12 is near degenerate
with v, = 7.

The stationary phase point, R, is the value of R at which the classical mechanical
momentum on V/, is the same as that on V,.

A. (5 points) ~ What is the relationship between R, nd R, for the v, =7, v, = 2 pair
of levels and for the v, = 12, v, = 7 pair of levels?

R,(v,=7,v,=2)=

R,(vi=12,v,=7) =

The stationary phase point for two near-degenerate levels is the curve-crossing point, R,.

R, =R, forboth (v, =7 and v, =2) and (v, = 12 and v, = 7).

B. (8 points)

(i) (5 points) What is the distance between nodes on either side
of R atv, =7 and at v, =2? Use the deBroglie
relationship between A(R) and the classical
mechanical momentum, p,(R). Express p (R) in

terms of (EV -V(R, )) and y, the reduced mass.

A(R) = h/ p(R)

1/2
p.(R) =[2p(E,-V(R))]
Distance between nodes is 1/2 M(R).

Lymol

2 2[2u(E,-V(R,))]

172

(i) (3 points) Is this node-spacing the same for v, = 12 and v, = 77

For near-degenerate vibrational levels, e.g. v, =7 and v, = 2, [E, — V(R,)] is the same, so
the node to node distance is the same.

C. (5 points)  For a harmonic oscillator with m, = 200 cm™, what is the vibrational
level-independent oscillation period? Express your answer in
symbols (w,, &, c, etc.).

If , =200 cm™
hcw,=E, -E,
h 1 1 1

T=——=— = - =1.67x107"s
AE co, (3x10"cm/s)(200 cm™) 6x10%s™
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D. (10 points)

(i) (3 points) What is the probability (expressed in terms of ®,, A,
and p (R)) of finding the classical oscillator with
momentum p > 0 between the R -centered pair of
nodes for v, =7 on V,? [HINT: use semi-classical
expressions for wavelength and velocity.]

. node-to-node time
We want the ratio:

1
. Velocity is p/u, so node-to-node time is A
T/2 plu
For v, =7: we want

E(v, =7)=V,(R.)=he| (15,000 cm™ +(7.5)200)(—15,000—%k(RC —Rel)z)] .

(i1)) (2 points) Is this probability different from that for v, = 2 on

The probabilities are identical because Ps, ., (R.) and )»Evzzz (R.) are the same as Pe, (R.)

and }\.Ev L(R).

A4

... 2 poi H ; Rer
(i) (2 points) Howis [,
in part D(i)?

1/)V(R)|2 dR related to the probability

,(R)| dR is the node-to-node probability in Part D(i).

fR(.+A/4
R-A/4

(iv) (3 points) Estimate the (v, =7|v, =2) overlap integral.

|<vl =7|v, = 2>|2 is the node-to-node probability in the R, region. This is true because the

(v, =7|v, =2) integral accumulates in the R = R, node-to-node region.

R.+AI4
=T, =2)= [

) 1/2
¥, (R) dR]
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E. (7 points)  Estimate the ratio

(v =12|v, =7)
<V1 = 7‘1}2 = 2>

Pin(R.) 1500 cm™

HINT: =
pfl=7 (RC) 500 cm™

We have two stationary phase regions centered at R, and with the same distance between
nodes. The harmonic oscillator period does not depend on v.

However, the velocity in the v, = 12, v, = 7 region is larger than that in the v, =7, v, =2
region.

Pon(R.) (2500-1000)" he

2p 2p
2 2
o7 (R.) _(2500-1000)" he
2p 2p
However,

Pir(R.) _ (1500-1000)° he

2u 2u
2 2
pi(R.) (1500-1000)" he
2u 2u

Pe(R.) (1500)°
pia(R)  (500)°
(v =12]v,=7) 1500,
{(vy=7|v,=2) 500

Thus

Have a WMW .%&dqy DBreakl!!
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USEFUL CONSTANTS and FORMULAS

ImW=10"W=10"Js" Inm = 10"m 1eV=1.602x10"1]
h=663x10*"7s h=105x10"7s c=30x10"ms™
hc=20x10%Jm m,=9.11x 107" kg e=1.602x10"C
Av=c €,=8.854x 10" Cs’kg'm™ | E=hv A =hip
(. =mrv =nh r,=n’a, a,=529%x10" m
o=2mcd=[k/n]" c=3x%10" cm/s x(t) = sin ¢
E.=hcd (v+1/2)
1/2

X = —| (a+a) p=[nncu@]"”i(a’ —a)

4rcum
Particle in a box

n’h’®  n’h'm’ 2\" nTX
E = = A0Zx<La)=|—| sin| —

" 8ma® 2ma’ Vil ) (a) ( a )

Harmonic Oscillator

k

En:(n+l)hv=(n+l)h(0 azﬂzﬂ

2 2 fi fi
Ra—— T <2 ot T 1
j e dx=,— j x e dyx=,]—
- o —oo o200
J'w xzne_mzdxz21'3'5'”;'1(2"}’1—1) E
—oo 2" a o

o 1/4
wm{;) e yi(x) =

1/4
Wz(ﬂ:%(%) (40cx2—2)e_°“2/2
1 o 1/4
WS(X):ﬁ(E) (80(3/2x3—120c”2x)e_°“ &

Raising and lowering operators

1 (o 1/4 .
ﬁ(;) (2()(1/2X)€_w/2
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(
(s Jaew) i M) -a)

atly,y=a'|n)=n+l1ly,, ) =vn+1|n+1)

i ly,) =) =y, ) = n-1)

a'=a’, a =a (notation)
Hydrogen atom

Three-dimensional operators in spherical coordinates

i1 ) 1 9 d 1 9
(qu)) 2,u[r ar( ar)—i_r smeae(snea_ej rsinzea(bz}_v(r’e’q))

2
i2 :_h2 Li(s] ei) 12 a_2 lA‘Z :—ihi
sin® 06 00 ) sin“ 0 do o0
_ 702 _ 72,2 _7? 4 2
U=_—2°_ = ¢ ~=——(atomic units) n=1,2,3,..., a= 7580271
4me,r 8me an 2n e

Radial integrals
JO xnex/adx: n!an+l

H atom spatial wavefunctions (where G = Zr/a,. In atomic units a,= 1 and 6 = Zr.)

S
Il
—
[
1l
o
3
Il
=

1 (7 32 B
Yioo =Wis = ﬁ a_ e
0

S
[
[\
[
[
o
3
[
=

) 7\
Yoo = Wos = M(G_j (2—6)6_6/2
0

| 72
=1 m=0 Va0 = Y2, = E(G—J ce " cos 0
0

[
[
—_
3
I
H
iR

3/2
1 YA
(—) e 7 sinfe™™

Yors = \/m

| 7\
n=3 |£=0 m=0 Wi = (—) (27—18(5+2(52)(3_(5/3 = s,
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Perturbation Theory

~(0) =M

A=A +n Vo=l ay B =EY+EY+E?

M

B =Ty 1 yan= (w2

)
v)
PMENE

() H ;0>>
M _ Z Jy"H v dt y® :Z < ’ M g
n Er(l(]) —E;O) J E’(10) _ E;O) J

j#n J#En
A a®
J ) JH

EI(IO) _E;O)

(1)

H

~ (1) ~ (@)

E](lz)zz Hnj Hjn :E£2):2 <I’L

Er(LO) —E;-O)

)

j#n J#En

Spin operators

§+=h(0 lj §_:h(0 0]

0 0 1 0
éizéxiléy

)= (+atl-2) )=l ti-g)

|+n)=cos(0/2)|+z)+€*sin(0/2)|-z)
|—n> = sin(G / 2)‘ +z> —e" cos(e / 2)|—z>

Turning points of V(x):

V(xi(v)) =E®W)

E(0)=hew(v+1/2)= %k[xi(v)]z
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