Problem set # 3 for 5.72 (spring 2012) Cao

I. A Gaussian variable with (x) = 0 and (x2) = g is described by the probability
function

p(x) =

)
?‘
Q

1) Calculate I(2) = J__ * p(x)ezxdx.
2) Show that (x2") = &n)!

2Mn!

II. A Brownian particle in the potential of a constant force F follows
mv+{v=F+f,
where f is white noise with (f) = 0 and (f (t)f(0)) = gd&(t).
1) Given the initial velocity v,, show that

F
(v(t)) = voe 7" + ?(1 —e™),
where y = %

2) From the stationary condition (v2) — (v)? = k"%, prove g = 2kpTC<.

2
3) Show that C(t) = (v(t)v(0)) = (?) + k’%e—yt )
4) Calculate the mean square displacement (|x(t) — x(0)|?).

III. *Chandraskhar’s theorem (see McQuarrie). White noise f is a Gaussian variable with

(fY=0and (f(t)f(ty)) =gb(t; — t;). IfA = fot a(t)f (r)dt, the probability
distribution of 4 is

_ 1 A? (1)
P) = JZna@ T [ Za(t)l’

where a(t) = g fot a?(r)dr.

1) Prove the theorem, i.e., Eq. (1)

2) For a Brownian particle, given the initial velocity v, find the probability
distribution of v at time t, p(vy, v, t).

3) Show that the probability distribution of the displacement at time ¢, subject to the
initial condition x(0) = x, and v(0) = vy, is

[x —xg — =2 "’t)] ‘
exp | —

with a(t) = §(2yt — 3 —e 2t 4 4oVt



IV. Zwanzig (J. Stat. Phys. 9, p 215, 1973) proposed the system-bath Hamiltonian

p? 1

2
1 C;
H=—rt V(g) + szixl-z + Emiwiz (xl- - mi;)iz q)
l

where {m;, w;, x;} define a set of bath harmonic modes.
1) Show that the reduced equation of motion for q is

Mi+ [ 3= Da@dr + (@) = 1O,
0

2) Write the explicit form for f(t) as a function of x;(0) and x;(0).

3) Use the equilibrium conditions for x;(0) and x;(0) to prove
2

G
$(5) = BUFOFO) = ) — cos(w;t).
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