
 

  
  

 

  

 

  
      

  
  

  

   
     

 

   

 

    

   

  

 

  

 
 

  

 
 

 
   

 

5.72 Problem Set #5  (Spring 2012) Cao 

I.	 Density fluctuations 
1) Derive the equilibrium value of density fluctuations 

𝑆(𝑘) = 
𝑁 

1 
〈|𝛿𝜌𝑘|2〉 = 1 + 𝜌0ℎ෠(𝑘) 

2) 𝑆(𝑘 = 0) = 𝜌0𝑘𝐵𝑇𝜒𝑇, where
 

𝜌 

1 
൬
𝜕𝜌


𝜒𝑇 = 
𝜕𝑃൰ 𝑇 

is the isothermal compressibility. 
∞3)	 Show 2 Reൣ𝐹෠(𝑘, 𝑧 = 𝑖𝜔)൧ = 𝑆(𝑘, 𝜔) where 𝐹෠(𝑘, 𝑧) = ∫ 𝑒−𝑧𝑡𝐹(𝑘, 𝑡)𝑑𝑡 is the 0 

Laplace transform.
 
4) To first order in k, we obtain
 

1
𝐹(𝑘, 𝑡) = 𝑆(𝑘) ൤൬1 − 

1 
𝛾൰
𝑒− 𝑎𝑘2𝑡/𝛾 + 

𝛾 
cos(𝑘𝑐𝑠𝑡)𝑒−𝑘

2Γ𝑡൨ . 

Use the expression for 𝐹(𝑘, 𝑡) to derive 𝑆(𝑘, 𝜔). 
5) Make a plot of 𝑆(𝑘, 𝜔) for a typical value of 𝑘. (Ref: Reichl p 544-562) 

II. The transverse current is defined as 
𝑁 

= ෍ 𝑣𝑗𝑥(𝑡)𝑒−𝑖𝑘𝑧𝑗(𝑡)𝐽𝑘	 . 
𝑗 

𝑁𝑘𝐵𝑇1) Show 〈|𝐽𝑘|2〉 = 
𝑀

       (note 〈𝑣𝑖𝑥𝑣𝑗𝑥〉 = 𝛿𝑖𝑗〈𝑣𝑥2〉) 
𝜂2) Use the Navier-Stokes equation to show 𝐽𝑘(𝑡) = 𝐽𝑘(0)𝑒−𝜈𝑘2𝑡 where 𝜈 = 
𝜌0𝑚

. 

3) Prove 

෍ 〈𝑣𝑖𝑥(𝑡)𝑣𝑗𝑥(0)ൣ𝑧𝑖(𝑡) − 𝑧𝑗(0)൧2〉 = 〈|𝐴(𝑡) − 𝐴(0)|2〉 
1 
𝑚2 

𝑖𝑗
 

when 𝐴(𝑡) = 𝑚 ∑𝑖 𝑣𝑖𝑥(𝑡)𝑧𝑖(𝑡). 

4) *Derive
 

𝜂 =
1 

2
1 
𝑡 
〈|𝐴(𝑡) − 𝐴(0)|2〉.

𝑡→∞ 𝑉 𝑘𝐵𝑇 
lim

5)	 Derive 
∞ 

𝜂 =	 ,
𝑉 𝑘

1 
𝐵𝑇 
න 〈𝜎𝑥𝑧(𝑡)𝜎𝑥𝑧(0)〉𝑑𝑡 
0
 

where 𝜎𝑥𝑧 = 𝑑 𝐴.

𝑑𝑡
 

6) *Show 〈𝜎𝛼𝛽〉 = 𝑃𝑉𝛿𝛼𝛽  (Ref. 5.70 notes, McQuarrie p513-525)
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III. Using the mean-free path approximation [McQuarrie p. 523], derive expressions for 
𝐷 and 𝜂 in terms of the average collision time 𝑡𝑐. 

IV. Landau-Placzek ratio (ref. Reichl) 𝑓𝐿−𝑃 
2 

൬𝜕𝜌 〈Δ𝑆2〉〈Δ𝜌2〉thermal 𝜕𝑆൰𝑃𝑓𝐿−𝑃 = = 2 .〈Δ𝜌2〉mechanical ൬𝜕𝜌 〈Δ𝑃2〉𝜕𝑃൰ 𝑆 
1)	 Explain this expression. 

2)	 Using the thermal fluctuation relation 𝑃 ∝ exp ቄ− 
𝛽 [∆𝑆∆𝑇 − ∆𝑃∆𝑉]ቅ show 
2 

ቀ𝜕𝑆〈∆𝑆2〉 𝜕𝑇ቁ𝑃.〈∆𝑃2〉 
= − 

ቀ𝜕𝑃 
𝜕𝑉ቁ𝑆 

3)	 Derive 

= ൬
𝜕𝑉 

൬
𝜕𝑃 

.𝑓𝐿−𝑃 𝜕𝑇൰ 𝜕𝑆൰ 𝑃 𝜌
 

4) *Show 𝑓𝐿−𝑃 = 𝛾 − 1 = 𝐶𝑃−𝐶𝑉 when 𝛾 = 𝐶𝑃 .

𝐶𝑉 𝐶𝑉 

V.	 *Derivations 
1) To second order in 𝑘, derive 

𝐹(𝑘, 𝑡) = ൬1 − 
1 
𝛾൰ 
𝑒−𝑎𝑘2𝑡/𝛾 + 

𝛾 
1 
𝑒−Γ𝑘2𝑡[cos(𝑐𝑠𝑘𝑡) + 𝑑(𝑘) sin(𝑐𝑠𝑘𝑡)], 

Γ+ቀ1−𝛾
1ቁ𝑎 

where 𝑑(𝑘) = 
𝑐𝑠 

𝑘.
 

2) Prove
 
4𝑚𝛽 

ቀ
𝜔

𝑏 = 
2 

lim lim 𝑆(𝑘, 𝜔)
𝜔→0 𝑘→0 𝑘

ቁ
1when 𝑏 = ቀ𝜂𝐵 + 4 𝜂ቁ.
𝑚𝜌0 3 

VI. *Derive the explicit expression for the intensity of scattered light from classical 
electromagnetic theory. (Ref. Reichl) 
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