Electrostatics
(Free Space With Charges & Conductors)

Reading - Shen and Kong - Ch. 9

Outline

Maxwell” s Equations (In Free Space)
Gauss' Law & Faraday’s Law
Applications of Gauss’ Law
Electrostatic Boundary Conditions
Electrostatic Energy Storage
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Maxwell’ s Equations (in Free Space with Electric Charges present)

DIFFERENTIAL FORM INTEGRAL FORM
E-Gauss: V-, E=p #Eo -dS = /// pdV
= o - 5 A -
Faraday: VxE=——uH %E dC—/ _EMOH dsS
ot
C S
H-Gauss: V- pu,H =0 #MOH -dS =0
/ 0
Ampere: Vxﬁ:j’+geoE—* %H-dC’://(J—I—a,LLOH).dS
ot C S
Static arise when — = () , and Maxwell’ s Equations split into decoupled

electrostatic and magnetostatic eqns.
Electro-quasistatic and magneto-quasitatic systems arise when one (but not
both) time derivative becomes important.

Note that the Differential and Integral forms of Maxwell’ s Equations are related through

Stoke’sTheorem%A-dC—//V x A-dS and Gauss’ Theoren‘#A-dS— ///V-A dv
S S 1%
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Charges and Currents

Charge
conservation
= B O 0 and KCL for

Vxﬁ:f—l—geaﬁ V- J—I——— ideal nodes

t —E>-
0
V-e,F = ﬁj dS+/// —dV =0

There can be a nonzero charge density £ in the absence of a current density .J.

There can be a nonzero current density./ in the absence of a charge density L.

.
AJ:} ‘qr_nhgtj - T J = ,0_|_’17_|_ + ,0_’17_
P p=ps+p-



Gauss Law

Flux of €0l through closed surface S = net charge inside V

/S eoll - dA = /V pdV = Qenclosed

Az \ v
g P
> = ~ ot -
: 5 \: | /
// 7 Z .
/ = 7't =

€0E



Point Charge Example

Apply Gauss’ Law in integral form
making use of symmetry to find [/

AT
< Q¢ > # el -dS = ¢
E ”"“ g
v S’/ T:;Y\ 47T€0E7"T2 — {q
< : .’I ‘, >
« Assume that the image charge is E
uniformly distributedat 1 = o0 . It q
Why is this important ? Er - 1
e, r?
* Symmetry

= F = E.(r)7 5



Gauss’ Law Tells Us ...

... the electric charge can reside only on the surface of the conductor.

[If charge was present inside a conductor, we can draw a Gaussian surface around
that charge and the electric field in vicinity of that charge would be non-zero !
A non-zero field implies current flow through the conductor, which will transport the
charge to the surface.]

... there is no charge at all on the inner surface of a hollow conductor.

... that, if a charge carrying body has a sharp point, then the electric field at that
point is much stronger than the electric field over the smoother part of the body.

Lets show this by considering
two spheres of different size,
connected by a long, thin wire ...



SPHERE B

Because the two spheres are far apart, we can
SPHERE A assume that charges are uniformly distributed
across the surfaces of the two spheres,
with charge q, on the surface of sphere A

WIRE and q, on the surface of sphere B
Ja+ qp = ¢
db da
Vi, = Va =
b7 4reb "7 4nea
since V=V, then
b= b R

... and the E-field on the surface of the spheres is:

dp q da

q

By=-2_— = = _
57 4reb2 dme(a + b)b Area?  4me(a+ b)a

Note that E, >> E, if b>>a

from Shen and Kong



Image by http://www.flickr.com/photos/
zokuga/ 5817408342/ on flickr

Lightning Rod

When a conductive body
contains sharp points,
the electric field on
these points is much
stronger than that on the
smooth part of the
conducting body.

Lighting Rods are connected to the ground. When a cloud
carrying electric charges approaches, the rod attracts opposite
charges from the ground. The Electric field at the tip of the
rod is much stronger than anywhere else. When the E-field
exceeds the
air breakdown strength (of 33 kV/cm), charges start to travel
to ground.



http://www.flickr.com/photos/zokuga/5817408342/
http://www.flickr.com/photos/zokuga/5817408342/

Modern demo of Gordon’s bells [Andrew Gordon (1742)]

http://www.arcsandsparks.com/franklin.html

Courtesy of PV Scientific Instruments. Used with permission.
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http://www.arcsandsparks.com/franklin.html

Faraday s Law

— 6 —
Dynamic form: V X E = a,UJOH

Staticform: V X E =0 = E=—-Vo b
and(I)a—CI)b:/E-dC
A %E-d@z() (KVL)
Path Path .
I 11 :>/ dC—i—/E-dC’:O
Path | Path Il
B — / E-dC = / E-dC
Path | @ path I

A unique path-independent potential

may be defineqoif and only if 57 =0



Boundary Conditions

Area A

%ir% Gauss = (egFa | —egEp | )A = psA

n-(egEa — egER) = ps

Normal £ is discontinuous at a surface charge.

E_> C S gi_r)% Fara,day:>(EA|| —EBH)L:O
Al |,
/ \ nx (Ea—FEp)=0
E_’ < . . Tangential E is continuous at a surface.
By
A static field terminates il I -

11

perpendicularly on a conductor



Point Charges Near Perfect Conductors

Timet=0

Timet>>0




Point Charges Near Perfect Conductors

: - - - 4 444
+ + F + + + F F + + + +

Negative charge on top
Positive charge on .— surface of conductor
top and bottom

surface of " 0 N e
conductor < S — =




+

Unigueness and Equivalent Image Charges

Equivalent Image Charge
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Electrostatic Boundary Conditions

__ Ta o]

n - (eOE — el ) — 05
There is a jump in the normal electric field as
one passes through a surface charge

+ T Tt A+

ﬁX(Ea—E):O el =0

Tangential field is continuous n I i

15 Econd — O




= >
B A2tz

Energy Stored in By e R T
Electric Fields e T C vy
ge&gj\t_dv_oij’ I\ é'__i-lcc,h-osi P 'l
1. Begin with a neutral ‘ st -
reference conductor, the R
charge reservoir. Its  The work done by moving charge 5q to a location
potential is zero, by with potential ¢ is ¢ dq . More generally, the work
definition. done to make an incremental charge change to a
charge density is
2. Move charges from the _
reference conductor into ow = / / v ¢5'0 dv
free space, thereby creating .
an electric field and doing « Gauss' Law = 5p =V - 550E =
work in the process. The
work is stored as potential Sw = // OV - 560]@ dV
energy in the electric fields.
3. Account for all the work — /// ¢5€0 560E Vol dV
done, and thereby derive
the energy stored in the B = =
electric fields. — #9 b€, E - dS + ///V E-de, B dV
4. The argument directly ZJERO | WHY ? ENERGY DENSITY [J/m?]
extends to systems with =
multiple conductors oW - - 7% 1 5
(and dielectrics). W =F - ¢,0F = Volume — §€0E
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Energy Stored in Electric Fields

The energy stored in an electric field is ¥ €, E2.
The maximum achievable field strength is
typically limited by electric breakdown

Large air gaps: E < 10°V/m (approximately) — W =4.4J/m?3
Micron-sized air gaps: E < 108 V/m (approximately) — W =44 kJ/m?3
Biological gaps: E < 10° V/m (approximately) — W =4.4 MJ/m?3

Gasoline: 38 GJ/m?3

Note: Dielectric constant is

€, = 8.854 x 1072 F/m
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Modeling Atoms and Molecules

as Capacitors that Store Energy

b(r) = -

dme,r

Hydrogen Atom

Hydrogen ground state
energy is -13.6 eV

If the hydrogen radius was
twice as long, what would be
the ground state energy ?

1.54 A

> oj(bv 1.16 A
HH ©/ 0 A
H-C-C-H j H H 0=C=0
\ J
H H v
1.10 A These product molecules have shorter
\ v J bond lengths than the initial reactant

molecule, hence the charge in them
sits closer together. This can be
modeled as a higher capacitance.
Since voltage V = Q/C = E ¢ d is reduced,
stored energy W/Volume = % ¢ E?
is reduced in these molecules

Burn this molecule
by reacting it
with oxygen

ENERGY OF AN
A ELECTRON IN AN
ALKANE
MOLECULE IN
GASOLINE

l ENERGY OF AN

gy [eV]

ELECTRON IN
H,0 or CO,

©  Ener

ENERGY GIVEN
OFF AS HEAT IN
THE PROCESS

“ ! OF GASOLINE
4= 1 COMBUSTION

©

|

Remember this
18 unit of energy:
1eV=1.6x10"J




Leyden Jar

Metal rod Non-conductive

top

Glass jar

Internal
metal
coating

Chain or
wire

External
metal
coating
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Franklin’ s motor (1748)

Brass thimbles

Leyden jar
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KEY TAKEAWAYS

« Maxwell’ s Equations (in Free Space with Electric Charges present):

DIFFERENTIAL FORM INTEGRAL FORM
E-Gauss: V- e, E=p #eoﬁ-dS:///pdV
S 1%
s 0 E.ac= ([ -2 .0 a5
Faraday: VXE=——puH oo
ot
C S
H-Gauss: V- poH =0 #” H-d5=0
e H - J oH)-dS
Ampere: VxH=J+ —¢F 7{ //( +8M )
ot & g
 Boundary conditions for E-field: GOOD FACTS TO REMEMBER:
. Normal E-field - discontinuous
. Tangential E-Field - continuous AIR BREAKDOWN STRENGTH

is 33 kV/cm

NEW UNIT OF ENERGY:

» Energy stored in the W 1 leV =1.6x10""J

electric field per unit volume is: = —60E2
Volume 2

» Energy released when fuel molecules are oxidized since the charges in the products
are positioned closer together than in reactants (hence in a lower energy state)

- Dielectric constant in free space is €= 8.854 x 1072 F'/m
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