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The Master Method

The Master Method for solving divide-and-conquer
recurrences applies to recurrences of the form*

T(n) = aT(n/b) + f(n),

wherea > 1, b > 1, and f is asymptotically positive.

*The unstated base case is T(n) = O(1) for sufficiently small n.
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Recursion Tree: T(n) = aT(n/b) + f(n)

A f(n) ---=--emmmemm o -, f(n)
) ><E
f(n/b) f(n/b) --- f(n/b) ----- af(n/b)
h = logyn /L%_>\a
f(n/b2) f(n/b2) --- f(n/b%)----------- a2f(n/b?)
/
/

L alog,n T(1)
— @(nlogba)

[ IDEA: Compare n'ogv2 with f(n) . ]
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- alosn T(1)
= O(n'°9s3)

T(n) = O(n'os?) |
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? - f(n)
9% ~ __ af(n/b)
h = logyn
f(n/b? -a2f(n/b?)
/
/.
vT(1) aloge" T(1)
— @(nlogba)

{ T(n) — @(nlogba|gk+1 n) J
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constante > 0.7

T(n) = O(f(n) |

*and f(n) satisfies the reqgularity condition that
af(n/b) < cf(n) for some constant c < 1.
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Master-Method Cheat Sheet

Solve

T(n) = aT(n/b) + f(n) ,

wherea > 1 and b>1.
CASE 1: f(n) = O(n'°9va-€) constant € > 0
= T(n) = O(n'o9wa) .

CASE 2: f(n) = O(n'o9e2 [gkn), constant k > 0
= T(n) = O(nloga [gk+Tn) .

CASE 3: f(n) = Q(n'ogva + €) constant € > 0O

(and regularity condition)
= T(n) = O(f(n)) .

© 2008-2018 by the MIT 6.172 Lecturers
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Master Method Quiz

eT(N) =4T(n/2) + n
n'°%2 = n2 > n = CASE 1: T(n) = O(n?).

eT(n) = 4T(n/2) + n?
n'logd = n2 = n2|g°n = CASE 2: T(n) = O(n2lgn).

eT(n) =4T(n/2) + n3
n'og9%2 = n2 <« n3 = CASE 3: T(n) = O(n3).

e T(n) =4T(n/2) + n?/Ign
Master method does not apply!

Answer is T(n) = O(n4lglgn). (Prove by
substitution.)

More general (but more complicated)
solution: Akra-Bazzi method.
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CILK LOOPS
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Example:
In-place
matrix
transpose

The iterations of a

cilk for loop
execute in parallel.

Loop Parallelism in Cilk

anl an2
.

A

_
a.'l'l a]z ens
as) Ayy ...

N e
djp dy) dp;
don - diz d2p -
ann a]n a2n ann
J \\§
AT

// indices run from 0, not 1
cilk for (int i=1; i<n; ++1i) {
for (int j=0; j<i; ++j) {

double temp = A[i][]];

}
¥

A[1][]]
ALJI[1]

A[JI[115
temp;
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Implementation of Parallel Loops

FoR#(int==05" s s+£y)vy{

// indices run from 0, not 1
cITk®For (int*1=1 i<n;A++1) §

double =5 A[nl Y
AR)Ey] = =aTJRERS
A[J][i] = temp;

}

}

Divide-and-conguer
implementation

The Tapir/LLVM compiler
implements cilk for loops
this way at optimization
level -01 or higher.

void recur(int 55 L hilE ) //half open

{

if (hi > lo + 1) {

cilk sync;
return;

}

int = IO

for (int j=0; j<i; ++j) {
double = Ali]dls
A[i][3] = A[J]1[1];
A[j][1] = temp;

}
b

int = o (hT % [1o ) /2
cilk _spawn recur(lo, mid);
recur(mid, hi);

recur(l, n); ZC;;;;?

© 2008-2018 by the MIT 6.172 Lecturers
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Implementation of Parallel Loops

// indices run from 0, not 1 cilk for
cilk for (int i=1; i<n; ++i) { 100 cc_)ntrol
for (int j=0; j<i; ++3) { P
double - A[i]1[F]1; | /

A[i1[3]1 = A[F1[i]; void recur(int 3 in;/,,%——ffﬁgif open
b d : i
} AN = e if (hi > 1o + 1) {
int = lo + (hi - lo)/2;
} cilk _spawn recur(lo, mid);
recur(mid, hi);
cilk sync;
return;
.. }
Divide-and-conguer int i = lo;
implementation e (e HE gy ) o
double = A[1][31;
A[1][J] = A[J][1i];
/ A[31[1] = temp;
}
loop body f
reetReL , SnYS
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Execution of Parallel Loops

void recur(int lo, int hi) //half open Divide-and-conquer
L CI S T ) ¢ implementation
int = lo + (hi - lo)/2;
cilk_spawn recur(lo, mid);
recur(mid, hi);
ci11:k_sync; cilk for
return;
} loop control
int =2 1'0%
for (int j=0; j<i; ++j) { oY
double = A[i][3]; | < .
AL1[3] = AL31[11; . Computaglon
A[FII1] = S ag
} Q@ Q0

\-[#w

L3
o) &
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Analysis of Parallel Loops

// indices run from 0, not 1
cITk®For (int*1=W i<n;A++1T) §
foR#0int =0, s s+£y)vy{
double =5 A[nl Y

A[i1[3] = A[J1[1]5

ALII[E] = temp; L @Q@-
} . e

€ 0_;!_ 7

}

Span of loop control
= O(lgn) .

Max span of body
= O(n) .

.L'..

UU

Work: T;(n) = O(n?)
Span.: Tyn) = O(n + Ign) = O(n)
Parallelism: T,(n)/Ty(n) = O(n)
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Analysis of Nested Parallel Loops

// indices run from 0, not 1
cilk for (int i=1; i<n; ++1i) {
cilk for (int 7=0; j<i; ++j) {
double = A[i][7];
A[i][3] = A[J][1];
A[j][1] = temp;
}

: 7

Work: T,(n) = O(n?)
Span. T,(n) = O(gn)

Span of outer loop
control = O(lgn).

Max span of inner loop
control = O(lgn).

Span of body = O(1).

Parallelism: T,(n)/Ty(n) = ©(n?/lgn)

© 2008-2018 by the MIT 6.172 Lecturers
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A Closer Look at Parallel Loops

cilk for (int 1=0; i<n; ++1i) {
Vector A[i] += B[i];
addition |} 7
‘._“.J L.‘J [ﬂl]
.' ‘, Includes
1 u u substantial
overhead!

Work.: T, = O(n) —
Span. T, = O(lgn)
Parallelism:T,/T, = O(n/lgn)
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Coarsening Parallel Loops

#pragma cilk grainsize G
cilk for (int

A[i] += B[i];
}

=0; i<n; ++i) {

If a grainsize
pragma is not
specified, the
Cilk runtime
system makes
its best guess
to minimize
overhead.

© 2008-2018 by the MIT 6.172 Lecturers

Implementation
4 with coarsening
void recur(int lo, int ) { //half open

if (hi > lo + G) {
int = lo + (hi - lo)/2;
cilk_spawn recur(lo, mid);
recur(mid, hi);
cilk sync;
return;

}
for (int i=lo; i<hi; ++i) {
A[i] += B[i];

}

J

recur(9, n);

y
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Loop Grain Size

#pragma cilk grainsize G
Vector cilk_for (int i=8; icn; ++i) {
addition A[i] += B[i];

.

T\

o)

Let I be the time for one iteration of the loop body.

Let S be the time to perform a spawn and return.

© 2008-2018 by the MIT 6.172 Lecturers
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Loop Grain Size

#pragma cilk grainsize G
Vector Pras 8

o cilk_for (int i=@; i<n; ++1i) {
addition A[i] += B[i];

Work: T, =
Span. T,

n-I+(n/G-1)-S Want G >S/I
G-I + Ig(n/G)-s

and G small.

© 2008-2018 by the MIT 6.172 Lecturers
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Another Implementation

void vadd (double *A, double *B, int n){
for (int 1=0; i<n; i++) A[i] += B[i];

)

for (int 7=0; j<n; j+=G) {
cilk_spawn vadd(A+j, B+j, MIN(G,n-3j));
}
cilk sync; 4

—> G-I |e—

Work: T, = O(n)
Assume that G = 1. Span. T, = O(n)
Parallelism.:T,/T, = O(1)
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Another Implementation

void vadd (double *A, double *B, int n){
for (int 1=0; i<n; i++) A[i] += B[i];

J

for (int j=0; j<n; j+=G) {
cilk _spawn vadd(A+j, B+j, MIN(G,n-3j));

}
cilk sync; ;7
/Choos_e
G=+n to
| minimize.
—
Analyze in Work: T, = O(n) B
terms of G: Span: T, = O@G + n/G) = O(/n)

Parallelism:T,/T,, = O(/n)
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Quiz on Parallel Loops

Question: Let P <« n be the number of workers on the
system. How does the parallelism of Code A compare to
the parallelism of Code B? (Differences highlighted.)

Code A

#pragma cilk grainsize 1
cilk for (int 1=0; i<n; i+=32) {
for (int
A[j] += B[J];

}

=i; F<MIN(i+32, n); ++j)

4

Code B

#pragma cilk grainsize 1
cilk for (int 1=0; i<n; i+=n/P) {
for (int j=i; J<MIN(i+
A[j] += B[]J];

}

» N); ++3)

4

© 2008-2018 by the MIT 6.172 Lecturers

Work: T, = O(n)
Span. T, = O(g(n/32)+ 32)
= O(lg n)
Parallelism:
T,/Tw = O(n/lgn)

Work: T, = O(n)

Span. T, = O(IgP + n/P)
= O(n/P)

Parallelism:T,/T, = O(P)
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Quiz on Parallel Loops

Question: Let P <« n be the number of workers on the
system. How does the parallelism of Code A compare to
the parallelism of Code B? (Differences highlighted.)

Code A Work: T, = O(n)
#pragma cilk grainsize 1 5,0&/7.' Too = G)(Ig(n/32)+32)
cilk for (int 1=0; i<n; i+=32) { — @(|g n)
for (int j=i; j<min(i+32, n); ++3j)

AL3] += BL31; ParalleHsm:———

} 7 T, / RELATIVE ELV
PUNY!

Code B Want T,/T., > P.

Work:
Span. T,

#pragma cilk grainsize 1
cilk_for (int 1=0; i<n; i+=n/P) {
for (int j=i; j<min(i+n/P, n); ++j)

. . = O(n/P)
} A[3] += B[] 7 Parallelism:T,/T, = O(P)
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Three Performance Tips

1. Minimize the span to maximize parallelism. Try
to generate 10 times more parallelism than
processors for near-perfect linear speedup.

2. If you have plenty of parallelism, try to trade
some of it off to reduce work overhead.

3. Use divide-and-conquer recursion or parallel
loops rather than spawning one small thing
after another.

Do this: cilk_for (int i=@; i<n; ++1i) {
foo(i);

} 4

Not this: | for (int i=0; i<n; ++i) {
cilk spawn foo(i);

cilk sync; V4
© 2008-2018 by the MIT 6.172 Lecturers 29




And Three More

4. Ensure that work/#spawns is sufficiently large.

« Coarsen by using function calls and inlining near the leaves
of recursion, rather than spawning.
5. Parallelize outer loops, as opposed to inner loops,
if you’re forced to make a choice.

6. Watch out for scheduling overheads.

Do this: cilk for (int i=@; i<2; ++1) {
for (int j=0; j<n; ++3j)

f(1,3);
} 7

Not this: for (int j=8; j<n; ++3j) {
cilk for (int 1=0; i<2; ++1)

f(i,3);
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MATRIX MULTIPLICATION
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r B r B r B
Ci1 G2 Gy dyy dyjp 0 dyp by by - by,
Co1 Cp » Con| | d271 42 + dpp _ by; by - by,
CCh1 Gz o G Ldn1 dp2 0 dpp \bnl bn2 bnn/
C A B
4 n N\
cij — Z di bkj
k =1
\ J

Assume for simplicity that n = 2k,
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Parallelizing Matrix Multiply

cilk for (int 1=0; i<n; ++1) {
cilk for (int j=0; j<n; ++j) {
for (int k=0; k<n; ++k)
} C[i][3] += A[i][k] * B[k]I[]];

) 7

Work: T,(n) = O(n3)

Span.: T,(n) = O(n)

Parallelism.: T,(n)/Ty(n) =0©(n?)
For T000 x 1000 matrices, parallelism =
(103)2 = 106.
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Recursive Matrix Multiplication

Divide and conquer — uses cache more efficiently, as
we’ll see later in the term.

-
COO

Cio

\

~
Con

CH

~

- B
AOO AO]

A]O AH

. 7

[ AOOBOO AOOBO] )

L AlOBOO AlOBOl y

" Ao1Bio

AHB]O

.

8 multiplications of n/2 X n/2 matrices.
1 addition of n X n matrices.

© 2008-2018 by the MIT 6.172 Lecturers
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Representation of Submatrices

Row-major layout M

If Ais an nxXn submatrix
of an underlying matrix M ]
with row size n,, then the A T
(i,j) element of A is
A[nyz*1 + J].

Note: The dimension n ¥
does not enter into the «— n —
calculation, although it
does matter for bounds

checking of i and 7. < Ny
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€« ... Ny e —>
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Divide-and-Conquer Matrices

«— n/2 > € n/2 —
I Aoo Ao
n/2
X
A1 A1y
n/2
«— ... Ny

© 2008-2018 by the MIT 6.172 Lecturers

AOO — A

Agr = A+ (n/2)

Ao = A+ ny*(n/2)

A = A+ (ny+1)*(n/2)
In general, forr, c €

{0,1}, we have
A.. = A+ (r*ny+c)*(n/2)
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int
double *restrict A, int
double *restrict B, int
int n)
{// C+=A *B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
mm_base(C, n_C, A, n_A, B, n_B, n);
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n_ D n
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))
cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n_B, n/2);
cilk_spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n_B, n/2);
cilk_spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n_B, n/2);
cilk_spawn mm_dac(X(C,1,1), n_C, X(A,1,0), n_A, X(B,0,1), n_B, n/2);
cilk_spawn mm_dac(X(D,0,0), n_D, X(A,0,1), n_A, X(B,1,0), n_B, n/2);
cilk _spawn mm_dac(X(D,0,1), n D, X(A,0,1), n_A, X(B,1,1), n B, n/2);
cilk_spawn mm_dac(X(D,1,0), n_D, X(A,1,1), n_A, X(B,1,0), n_B, n/2);
mm_dac(X(D,1,1), n_ D, X(A,1,1), n_ A, X(B,1,1), n_ B, n/2);

5 35 35

G
A,
B,

cilk sync;
m_add(C, n_C, D, n_D, n);
free(D);
}
}
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int ,
double *restrict A, int ,
double *restrict B, int , //'
{// C+=A iné : The Compiler can
assert((n & (-n)) == n); assume that the

if (n <= THRESHOLD) { . .
mn base(C, n.C. A, n A, B, n B, m); input matrices are

} else { not aliased.
double *D = malloc(n * n * sizeof(*D)); <,/
assert(D != NULL);
#define n_ D n

#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))

cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n B, n/2);
cilk_spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n_B, n/2);
cilk_spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n B, n/2);
cilk_spawn mm_dac(X(C,1,1), n_C, X(A,1,0), n_A, X(B,0,1), n_B, n/2);
cilk_spawn mm_dac(X(D,9,0), n D, X(A,0,1), n_A, X(B,1,0), n B, n/2);
cilk_spawn mm_dac(X(D,0,1), n_D, X(A,0,1), n_A, X(B,1,1), n_B, n/2);
cilk_spawn mm_dac(X(D,1,0), n D, X(A,1,1), n_A, X(B,1,0), n B, n/2);

mm_dac(X(D,1,1), n_D, X(A,1,1), n_ A, X(B,1,1), n_ B, n/2);

cilk _sync;
m_add(C, n_C, D, n D, n);
free(D);

: V
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int i
double *restrict A, int |
double *restrict B, int

int n)

{// C+=A* B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {

} else {

The row sizes of the
mm_base(C, n_C, A, n_A, 8, n_B, n); | underlying matrices.

double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);

#define n_ D n

#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))

}
}

cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n_B, n/2);
cilk_spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n_B, n/2);
cilk_spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n_B, n/2);
cilk_spawn mm_dac(X(C,1,1), n_C, X(A,1,0), n_A, X(B,0,1), n_B, n/2);
cilk_spawn mm_dac(X(D,0,0), n_D, X(A,0,1), n_A, X(B,1,0), n_B, n/2);
cilk_spawn mm_dac(X(D,0,1), n_D, X(A,0,1), n_A, X(B,1,1), n_B, n/2);
cilk_spawn mm_dac(X(D,1,0), n_D, X(A,1,1), n_A, X(B,1,0), n_B, n/2);
mm_dac(X(D,1,1), n_D, X(A,1,1), n_A, X(B,1,1), n_B, n/2);
cilk_sync;
m_add(C, n_C, D, n_D, n);
free(D);

4
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int ,
double *restrict A, int ,
double *restrict B, int ,
int n) s .
(/] C+=n*B The three input
assert((n & (-n)) == n); .
ase(C nC, A, nA, B, nB, n);
} else {
double *D = malloc(n * n * sizeof(*D));

assert(D != NULL);
#define n_ D n
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))

cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n_B, n/2);
cilk_spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n_B, n/2);
cilk_spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n_B, n/2);
cilk_spawn mm_dac(X(C,1,1), n_C, X(A,1,0), n_A, X(B,0,1), n_B, n/2);
cilk_spawn mm_dac(X(D,0,0), n_D, X(A,0,1), n_A, X(B,1,0), n_B, n/2);
cilk_spawn mm_dac(X(D,0,1), n_D, X(A,0,1), n_A, X(B,1,1), n_B, n/2);
cilk_spawn mm_dac(X(D,1,0), n_D, X(A,1,1), n_A, X(B,1,0), n_B, n/2);
mm_dac(X(D,1,1), n_ D, X(A,1,1), n_ A, X(B,1,1), n B, n/2);
cilk_sync;
m_add(C, n_C, D, n_D, n);
free(D);

}
}
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int 4
double *restrict A, int 3
double *restrict B, int ;
int n)

{// C+= A * B
assert((n & (-n)) == n),;
if (n <= THRESHOLD) {

The function adds
the matrix product

A * B to matrix C.

~

W

mm=base(C,  NEETRAN= N, ARRSB F BT RE)
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n_ D n
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))
cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A,
cilk_spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A,
cilk_spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A,
cilk_spawn mm_dac(X(C,1,1), n_C, X(A,1,0), n_A,
cilk_spawn mm_dac(X(D,0,0), n_D, X(A,0,1), n_A,
cilk_spawn mm_dac(X(D,0,1), n_D, X(A,0,1), n_A,
cilk_spawn mm_dac(X(D,1,0), n_D, X(A,1,1), n_A,
mm_dac(X(D3l;3), n D, Xi(A, 1,40, nLA,
cilk sync;
m_add@C,an- ‘@5 D,5n: D)
free(D);
}

}

X(BJe)e))
X(B,0,1),
X(B)e)@))
X(B,0,1),
X(B)l)@))
X(BJl)l))
X(BJl)@))
X(B)l)l))

2o 2 ™ o g e

0 0 W W W W W ©

-

-

-

-

-

-

-

-

n/2);
n/2);
n/2);
n/2);
n/2);
/28
Y2 ;
n/2);
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int 4
double *restrict A, int ;
double *restrict B, int k :
EL Assert that n is

{// C+=A*B
assert((n & (-n)) == n);

_a power of 2.

if (n <= THRESHOLD) {
mm_base(C, n. C, A, n.A, B, n_B, n);
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n_ D n
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))

cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n_B, n/2);
cilk_spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n_B, n/2);
cilk_spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n_B, n/2);
c k™ spawn immEdac (BE(C, T34 Y L ns=@, XA, 1700 T EnNARCXER,, 0,195 ¥ na/Bn /20, ;
cilk_spawn mm_dac(X(D,0,0), n_D, X(A,0,1), n_A, X(B,1,0), n_B, n/2);
¢ilk® spawn® mm_ .dac( X ,;0, L), n.D e X(AS6051)" n_ Ay X(BYL5) »'n.B; sn/29%
cidk- spawn smm.dac (X (D, 0 ) 5 " h.D5 ¥ X(A; I58l) 5 v it A XGEB,-1,895 s n "B, *n7i2) ;

M daaODRLEI) - b IDZRXEA L ilell, TNk AL SX (B I8 180E 1B 5 J0i/ 28k

cilk sync;
m_add(C, n_C, D, n_D, n);
free(D);
}
ji
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int P ™
double *restrict A, int 3
double *restrict B, int A Coarsen the leaves Of
L) the recursion to lower
iy — *
assert((n & (-n)) == n); the overhead.
if (n <= THRESHOLD) { )
mm_base(C, n.C, A, n.A, B, n_B, n);
} else {
double *D = malloc(n * n * sizeof(*D));

assert(D != NULL);
#define n_ D n
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))

cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n_B, n/2);
cilk_spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n_B, n/2);
cilk_spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n_B, n/2);
c k™ spawn immEdac (BE(C, T34 Y L ns=@, XA, 1700 T EnNARCXER,, 0,195 ¥ na/Bn /20, ;
cilk_spawn mm_dac(X(D,0,0), n_D, X(A,0,1), n_A, X(B,1,0), n_B, n/2);
¢ilk® spawn® mm_ .dac( X ,;0, L), n.D e X(AS6051)" n_ Ay X(BYL5) »'n.B; sn/29%
cidk- spawn smm.dac (X (D, 0 ) 5 " h.D5 ¥ X(A; I58l) 5 v it A XGEB,-1,895 s n "B, *n7i2) ;

M daaODRLEI) - b IDZRXEA L ilell, TNk AL SX (B I8 180E 1B 5 J0i/ 28k

cilk sync;
m_add(C, n_C, D, n_D, n);
free(D);

% y
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D&C Matrix Multiplication

void mm_dac(dou
dou

dou

int

{ /C.+=i Am*" B
assert((n & (

ble *restrict

, int 5
ble *restrict A, int -
e wrestrace o+, e .| Coarsen the leaves of
) the recursion to lower

e the overhead.

n;

if (n <= THRESHOLD) {

} else {
double *D =

~

),

mm_base(C, n.C, A, n.A, B, n_B, n);

malloc(n * n * sizeof(*D));

assert(D != NULL);
#define n_ D n
#define X(M,r,c) (M + (1
cilk_spawn mm_dac(X
cilk_spawn mm_dac(X
cilk_spawn mm_dac(X
cilk_spawn mm_dac(X
cilk_spawn mm_dac(X
cilk _spawn mm_dac(X
cilk_spawn mm_dac(X
mm_dac (X
cilk_sync;
m_add(C, n_C, D, n_I
free(D);
}

}

void mm_base(double *restrict C, int k
double *restrict A, int y
double *restrict B, int %
int n)

{ B/ /a5€ _+=- Aot B

for (int 1 = 0; i < n; ++i) {
for (int j = 0; j < n; ++j) {
for (int k = 0; k < n; ++k) {
Cli*mRC +j % +="A[ #¥n A"+ k] * Bfk*n B +%jd;
}
}
}

¥

4
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int 4
double *restrict A, int §
double *restrict B, int 3 )
int n) Allocate a
{ [LAC.t=.Aw*" B
assert((n & (-n)) == n); temporary
if (n <= THRESHOLD) {
mm_base(C, n.C, A, n_A, B, n_B, n); nxn array DJ
} else {
double *D = malloc(n * n * sizeof(*D));

assert(D != NULL);
#define n_ D n
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))

cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n_B, n/2);
cilk_spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n_B, n/2);
cilk_spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n_B, n/2);
c k™ spawn immEdac (BE(C, T34 Y L ns=@, XA, 1700 T EnNARCXER,, 0,195 ¥ na/Bn /20, ;
cilk_spawn mm_dac(X(D,0,0), n_D, X(A,0,1), n_A, X(B,1,0), n_B, n/2);
¢ilk® spawn® mm_ .dac( X ,;0, L), n.D e X(AS6051)" n_ Ay X(BYL5) »'n.B; sn/29%
cidk- spawn smm.dac (X (D, 0 ) 5 " h.D5 ¥ X(A; I58l) 5 v it A XGEB,-1,895 s n "B, *n7i2) ;

M daaODRLEI) - b IDZRXEA L ilell, TNk AL SX (B I8 180E 1B 5 J0i/ 28k

cilk sync;
m_add(C, n_C, D, n_D, n);
free(D);
}
ji
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int 3
double *restrict A, int F
double *restrict B, int 3

int n)
1 /NG sr=s ApitSE
assert((n & (-n))

n);

if (n <= THRESHOLD) { array D has
mm_base(C, n_C, A, n_A, B, n_B, n); .

} else { underlying
double *D = malloc(n * n *

assert(D != NULL): “\rOW size n.

The temporary

W,

#define n_D n

#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))

cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n_B,
cilk_spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n_B,
cilk_spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n_B,
c k™ spawn immEdac (AE(.C, T390 Y L nEE XA, 1% 00y A n AR X(B,, 0 198 Y ne'B5;
cilk_spawn mm_dac(X(D,0,0), n_D, X(A,0,1), n_A, X(B,1,0), n_B,
cilk_spawn mm_dac(X(D,0,1), n_D, X(A,0,1), n_A, X(B,1,1), n_B,
cilk_spawn mm_dac(X(D,1,0), n_D, X(A,1,1), n_A, X(B,1,0), n_B,

i idaEOEDRISIN ;™ o IDSNXEA Al TN AL BX(BlalR 18 N 1B}

cilk sync;
m_add@C,an- ‘@5 D,5'n: D)
free(D);

}

}

n/2);
n/2);
n/2);
n/2);
n/2);
/28
Y2 ;
n/2);
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D&C Matrix Multiplication

} else {

void mm_dac(double *restrict C, int 3
double *restrict A, int 3
double *restrict B, int A A Clever Macro
int
N to compute
assert((n & (-n)) == n); |nd|ces Of
if (n <= THRESHOLD) { ]
mm_base(C, n_C, A, n_A, B, n_B, n): Smeatnces.

S

double *D = malloc(n *
assert(D != NULL):
#define n_ D n

#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))
cilk _spawn mm_dac(X(C,0,0), G XEA, G008 nSAse X (B oNsos
cilk_spawn mm_dac(X(C,0,1), n_ A,0,0), n_A,
cilk_spawn mm_dac(X(C,1,0), n_C,
cilk_spawn mm_dac(X(C,1,1), n_C,
cilk_spawn mm_dac(X(D,0,0), n_D,
cilk_spawn mm_dac(X(D,0,1),

D));

X(A,

B
B
B, n/2);
RIBT /25 ;
B, n/2);

Np/2);

i/ 2505
n/2);

2y
1/2);

[ B
cilk_spawn mm_dac(X(D,1,0), n:D, X(A, The C
mm_dac(X(D,1,1), n_D, X(A, y
m_add@Csan '@ D, 5N D) . ;
. token-pasting
} operaltor.
} N W,
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int
double *restrict A, int
double *restrict B, int

int n)
1 /A C.er=abpit "B
assert((n & (-n)) ==
if (n <= THRESHOLD) {

n);

} else {
double *D =
assert(D != NULL);

#define n_ D n

#define X(M,r,c) (M + (r*(n_ ## M) +
cilk_spawn mm_dac(X(C,0,0), n_C,
cilk _spawn mm_dac(X(C,0,1), n_C,
cilk_spawn mm_dac(X(C,1,0), n_C,
cilk_spawn mm_dac(X(C,1,1), n_C,
cilk_spawn mm_dac(X(D,0,0), n_D,

cilk_spawn mm_dac(X(D,0,1), n_D,
cilk_spawn mm_dac(X(D,1,0), n_D,
mm_dac(X(D,1,1), n_D,

cilk sync;
m_add@C,an- '@ D,5'n: D)
free(D);

}

}

mm_base(C, n.C, A, n_A, B, n_B, n);

malloc(n * n * sizeof(*D));

C) Za72))
X(AJ@)G) J
X(A)@)@) J
X(A) 1)6) J
X(A)lJ@)J
X(A,0,1),
X(A,0,1),
X(AJ 1)1) J

n

_A,
_A,
_A,
_A,
_A,
_A,
_A,

X(A)l)l)) n_A)

Perform the 8
multiplications of
(n/2)X(n/2) submatrices
recursively in parallel.

X(B,@,@),
X(B,0,1),
X(B)e)e))
X(B,0,1),
X(B)l)@))
X(B)l)l))
X(B)lJ@))
X(B)l)l))

=] =] =2 =] > B > >

0 00 W W W W W ©

-

-

-

-

-

-

-

-

n/2);
n/2);
n/2);
n/2);
n/2);
n/2);
n/2);
n/2);
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int 4
double *restrict A, int §
double *restrict B, int 3
int n) y N
1 /G = o Wait for all spawned
assert((n & (-n)) == n); ]
if (n <= THRESHOLD) { subcomputatlons {o
mm_base(C, n_C, A, n_A, B, n_B, n);
S complete. Y
double *D = malloc(n * n * sizeof(*D));

assert(D != NULL);
#define n_ D n
#define X(M,r,c) (M + (r*(n_ ## M) +

cilk _spawn mm_dac(X(C,0,0), n_C, 5 NSASEX (B JOMOUNS n- (B 28
cilk_spawn mm_dac(X(C,0,1), n $0,0), n_A, X(B,0,1), n_B, n/2);
cilk_spawn mm_dac(X(C,1,0) (A L. T AR ((BRON OGN N By 208
cilk spawn Ean-GENT, 19780 Y ENMNASXB, 10 ) , niBRIN/A28)
cilk spawn S DUX (#A510 1. ) S She A, WX(BY 10, SIEaB, _il2 I8
cilk spawn D, X(A,0,1), n_A, X(B,1,1), n_B, n/2);
cilk spawn = DEOGEEAS ToRD R ol A" X((BY,-1 @], LT B., "2l
D AR (A el IR A, DKOBRIS 18 N 1B S 28
cilk_sync;
m_add(C, n_C, D, n_D, n);
free(D);

¥

}
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int 4
double *restrict A, int §
double *restrict B, int 3
int" ny - ™\
1 /A C.er=abpit "B
e T Add fche temporary
if (n <= THRESHOLD) { matrix D into the
mn=basé(C,- NEE A= ne AREE ~ ABTRONS; .
double *D = malloc(n * n * sizeof(*D));

assert(D != NULL);
#define n_ D n
#define X(M,r,c) (M + (r*(n_ ## M) + C)*

cilk _spawn mm_dac(X(C,0,0), n_C, NSASEX (B JOROUES N B/ 250
cilk _spawn mm_dac(X(C,0,1), n_C, DA XEB , OVHL )y, NBl,astif2) |
cilk_spawn mm_dac(X(C,1,0), n o M AR (BROSCHNEN " BEENY 25
cilk _spawn mm_dac(X(C,1,1) 7L, 170N Y BnAREX (B0 VL) , nuBEERG/28)
cilk _spawn mm_dac(X(D,®o, X (A8 1), S0 A, wX(BE ), IESB', hiL2 )
cilk _spawn mm_dac(X(D XIGAR G 1t N A (IBWINST) , nLBsai/ 28
cilk _spawn mm_dac( XA TS F I AT XEB -1 aR T B, N2l

mm_da X (A, del “NRALIXOBISIE108 1" 1B 5 /28

cilk sync;
m_add(C, n_C, D, n_D, n);
free(D);

}

}
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int 5
double *restrict A, int 5
double *restrict B, int 4
#hit™ ny) a ™\
{ [/ 3C.+= Aw*"B
e A Add fche temporary
if (n <= THRESHOLD) { matrix D into the
mm_base(C, n. C, A, n_A, B, n_B, n); .
double *D = malloc(n * n * sizeof(*D));

assert(D != NULL);
#define n_ D n
#define X(M,r,c) (M + (r*(n_ ## M) + C)*

cilk_spawn mm_dac(X(C,0,0) —=—— e Y T

cilk_spawn mm_dac(X(C,0,1)| void m_add (double *restrict C, int

cilk _spawn mm_dac(X(C,1,0) A ; .

cilk_spawn mm_dac(X(C,1,1) C,IOUble restrict D, int

cilk_spawn mm_dac(X(D,®, int n)

cilk_spawn mm_dac(X(D Oy

cilk_spawn mm—jac( :i’; cilk for (int i = @; i < n; ++i) {
mm_da p ) . . T . ;

e i c1lkaor‘ (1n‘? = @,.j < n; -I:+J) {

m_add(C, n_C, D, n_D, n); Gl rensGuer .| St==D 12D -] 153

free(D); }

}
} } )
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int 3
double *restrict A, int F
double *restrict B, int 3
int n)

1 /AC.sr=s ABETE
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
mn=baseifC ,~ [ E A= he ABN B ;- AFBSRONS;
} else {

Clean up, and
then return.

double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);

#define n_D n

#define X(M,r,c) (M + (r¥*(n_ ## M) +

cilk _spawn mm_dac(X(C,0,0), n_C, NSASE X (B OROTRS N BlSai/ 250
cilk_spawn mm_dac(X(C,0,1), n_C DA XEB , O5HL )y, NutBy, a2 |
cilk_spawn mm_dac(X(C,1,0), (A,1,0), n_A, X(B,0,9), n_ B, n/2);
cilk_spawn mm_dac(X(C,1,1 b N, 15 e Y Bn AR X (B0 L)) , nWBIMN /28
cilk _spawn mm_dac(X(D, s DX (W10 51, 530k A, WG BE s 0., TNESBY, 2 ks
cilk _spawn mm_dac(X n D, X(A,0,1), n_A, X(B,1,1), n_B, n/2);
cilk spawn mm_dac O N L DETXEEA ToRB It AT XEE -1 S ERT B, Y2l

XGDR18) 5 DM (A L del e AL BNCOBY IR I8N N 1B 5 Jil/ 29

cilk sync;
m_add(C, # DS DTy
free(D);

}

}
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void m_add (double *restrict C, int n C,
double *restrict D, int n_D,
int n)
{ e 2D
gl ikafops (TRLPL = 105l " < Lpish =Pt ) Al
cilk for (int j =0; j < n; ++j) {
C[i*n_C + j] += D[i*n D + j];
}
}

) 4

Work: A,(n) = O(n?)
Span. A,(n) = O(gn)
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Work of Matrix Multiplication

dou
dou
int

L

cilk_spawn
cilk_spawn
cilk_spawn
cilk_spawn
cilk_spawn
cilk_spawn
cilk_spawn

cilk_sync;
m_add(C, n_
free(D);

void mm_dac(double *restrict C,

ble *restrict A,
ble *restrict B,

n)

mm_dac(X(C,0,0),
mm_dac(X(C,0,1),
mm_dac(X(C,1,90),
mm_dac(X(C,1,1),
mm_dac(X(D,0,0),
mm_dac(X(D,0,1),
mm_dac(X(D,1,0),
mm_dac(X(D,1,1),

CJ D) n_D) n);

LntT e Oy

LG N A ;

1Ty (B

NG XA , 0% OGNS an AR &R, 0.0 Mae. BYni/A2)), ;
NS @ XEANG, 008  n AN X(Bsal 198 n «B,;*n/ 29
ECR( A, 350" ; JTATEX(B 080, -nRBE™hi2)
RlCe ™ X (Al 00 nafyw X

n_D, x(A,0,1), n_A, X{ CASE ]

h_Ds, 0 (AN Sl ST A R

n D, X(A,1,1), nA, x{ Nl°9pa = nlog8 = n3
NEDL XA 4B 0 AeX

f(n) = O(n?%)

Work.: M;(n) = 8M;(n
= 8M,(n/2) + ©(n?)
= O(n?)
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Span of Matrix Multiplication

L
(~ cilk_spawn
cilk_spawn
cilk_spawn
cilk_spawn
‘< cilk spawn
cilk_spawn
cilk_spawn

max/imum

void mm_dac(double *restrict C,
double *restrict A,
double *restrict B,
int n)

mm_dac(X(C,0,0),
mm_dac(X(C,0,1),
mm_dac(X(C,1,0),
mm_dac(X(C,1,1),
mm_dac(X(D,0,0),
mm_dac(X(D,0,1),
mm_dac(X(D,1,0),
mm_dac(X(D,1,1),

int
int
int

pRE,
ARE S
EEs
AEEY

n_bD,
W aBi
n" 03

X(A)e)e))
X(AJ@)@) J
X(A) 1)@) J
X(A,1,0),
X(A)eJ 1))
X(A)e) 1)J
X(A,1,1),
X(A,41,188

!
%9

XU(B,, 0., 0N . B - hl/2),
X (BGOSR n sB.5n / 2055
X(B)@)@)) n_B) n/2);

[ #
R od

A~

CASE 2

-

Joo L
1= 12

I
-

333|:s:53:s:s
>
-

nlogpa = nlog,1 = ]
f(n) = ©(nlogp2 Ig‘n)j

N

\_ n_D,
cilk_sync;
maddi(E.» NG Deiii=D , S »;
free(D);
}
}
Span. My (n) = M_(n/2)

- 0(Ig2n)
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Work: M;(n) = O(n3)
Span: M, (n) = O(g?n)

M, (n)

= O(n3/lg?n)
M..(n)

Parallelism:

For 1000 x 1000 matrices,
parallelism ~ (103)3/102 = 10”.
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Temporaries

void mm_dac(double *restrict
double *restrict
double *restrict
int n)
1 /A C.er=abpit "B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {

mm_base(C, n_C, A, n_A,
} else {
double *D = malloc(n * n

assert(D != NULL);
#define n_D n

cilk_spawn mm_dac(X(C,0,
cilk_spawn mm_dac(X(C,0,
cilk_spawn mm_dac(X(C,1,

SNt F
o LG F
sinT .
B, n_B, n);

* sizeof(*D));

#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))

@)) n_C) X(A)QJ@)) n_AJ X(B)@)e)) n_BJ n/2);
1)) n_c) X(AJ@)@)) n_A) X(B)@Jl)J n_B) n/2);
@)) n_c) X(AJl)@)) n_AJ X(B)@’@)) n_B) n/z);

ci}"

cil

| IDEA for|

Fﬁé\¥

ci Sinc
i @ yield higher performance, trade
off some of the ample parallelism

e minimizing storage tends to\

ess storage.
J J

}
}
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How to Avoid the Temporary?

void mm_dac(double *restrict C, int 4
double *restrict A, int 4
double *restrict B, int :
int n)

1 /AC.r=adpi B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
mm_base(C, n. C, A, n.A, B, n_B, n);
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n_ D n
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))

cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n_B, n/2);
cilk_spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n_B, n/2);
cilk_spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n_B, n/2);
c k™ spawn immEdac (BE(C, T34 Y L ns=@, XA, 1700 T EnNARCXER,, 0,195 ¥ na/Bn /20, ;
cilk_spawn mm_dac(X(D,0,0), n_D, X(A,0,1), n_A, X(B,1,0), n_B, n/2);
¢ilk® spawn® mm_ .dac( X ,;0, L), n.D e X(AS6051)" n_ Ay X(BYL5) »'n.B; sn/29%
cidk- spawn smm.dac (X (D, 0 ) 5 " h.D5 ¥ X(A; I58l) 5 v it A XGEB,-1,895 s n "B, *n7i2) ;
M daaODRLEI) - b IDZRXEA L ilell, TNk AL SX (B I8 180E 1B 5 J0i/ 28k
cilk_sync;
m_ade@C,an- G D,5N. D)
free(D);

}
i
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No-Temp Matrix Multiplication

} else {

void mm_dac(double *restrict

#define X(M,r,c) (M + (r*(n_ #i#
cilk _spawn mm_dac(X(C,0
cilk _spawn mm_dac(X
cilk spawn

, int
double *restrict A, int
double *restrict B, int

int n)

{1 /NG .a=s Aw* B
assert((n & (-n)) ==
if (n <= THRESHOLD) {

mm_base(C, n_C, A, n_A, B, n_B, n);

n);

cilk_sync;
cilk spawn
cilk spawn
cilk spawn

mm_dac(X(C,0,0),
mm_dac(X(C,0,1),
mm_dac(X(C,1,0),
mm_dac(X(C,1,1),

cilk sync;

~
Do 4 subproblems,
sync, and then do 4
more subproblems. y
X(A,0,0), n_A, X(B,9,0), n_B, n/2);
X(A,0,0), n_A, X(B,0,1), n_B, n/2);
X(A,1,0), n_A, X(B,0,0), n_B, n/2);
X(A,1,0), n_A, X(B,9,1), n_B, n/2);
XI(CARO ANk N2 e oX (BRI ERE N " Basny 2" )8
XEGAT, 0519 1 EntARROCBL, T IO Y e BRtn/~28) ¢
X (A5l ; 1 ).," hiA, WX (Beils; @) ,. NiaB,  Ril2 )%
XEAY T L oA RX(BS1SA ilin (B ¢ 020
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No-Temp Matrix Multiplication

void mm_dac(double *restrict C, int g
double *restrict A, int 4
dolibl.e™ *reSiEri Gt BEEiITT 4 Reuse C
W= ) .
{ /4% = As*"B without
assert((n & (-n)) == n); .
if (n <= THRESHOLD) { racing. Yy

mm=base(C, nfC VA~ n. ANB ;- MiE BRI

} else {
#define X(M,r,c) (M + (r*(n_ ## M) +
cilk_spawn mm_dac(X(C,0,0), n_C ,0,0),

_A, X(B,90,0), 2 Yo

cilk_spawn mm_dac(X(C,0,1), n X(A,0,0), X(B,90,1), n/2);

cilk_spawn mm_dac(X(C,1,0), C, X(A,1,0), X(B,0,0), n/2);
mm_dac(X(C,1, n_C, X(A,1,0), X(B,0,1), n/2);

cilk sync;

cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,1), X(B,1,0), n/2);

cilk_spawn mm_dac(X(C,0,1), n_C, X(A,0,1), XB1 19 /28 ;

cilk_spawn mm_dac(X(C,1,0), n_C, X(A,1,1), X(B,1,0), n/2);
mm_dac(X(C,1,1), n_C, X(A,1,1), X BYL 5 ) /289

cilk sync;

4

Saves space, but at what expense?
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Work of No-Temp Multiply

int n)
{1 /G 4=uAs*™B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {

} else {

cilk sync;

cilk_sync;

void mm_dac(double *restrict C, int
double *restrict A, int
double *restrict B, int

#define X(M,r,c) (M + (r*(n_ ## M) +
cilk _spawn mm_dac(X(C,0,0), n_C,
cilk_spawn mm_dac(X(C,0,1), n_C,
cilk_spawn mm_dac(X(C,1,0), n_C,

mpd T (X CE MEHN) , - hiGE

cilk _spawn mm_dac(X(C,0,0), n_C,
cilk_spawn mm_dac(X(C,0,1), n_C,
cilk_spawn mm_dac(X(C,1,0), n_C,

mm_dac(X(C,1,1), n_C,

mm_base(C, n.C, A, n.A, B, n_B, n);

c)*(n/2))
X(A)@)@))
X(A)eJe)’
X(AJl)@))
X(A)l)@))

X(A,0,1 ,
X(A,0,1),
X (kL1 !
X8 I 1

I, A B4 BRBRO- 0 "0t B geriVe2 1o
neASG(B,, © S naB% SiNe2 )
n A X(B 9, @), n B, n/2),

PN o a

(CasE 1
nlogpa = nlog,8 = n3

f(n) = ©(1)

~

)

Work: M;(n)
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mdax

mdax

Span of No-Temp Multiply

void mm_dac(double *restrict

SSint
double *restrict A, int
double *restrict B, int

int
{ ALNC k=0 Aw*" B

)

assert((n & (-n)) == n);
if (n <= THRESHOLD) {

mm_base(C, n.C, A, n_A, B, n_B, n);

} else {
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))
(r cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n_B, n/2);
cilk_spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n_B, n/2);
R cilk_spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n_B, n/2);
" mm_dac(X(C,1,1), n_C, X(A,1,0),/ N\
cilk sync; CASE 1
r cilk _spawn mm_dac(X(C,0,0), n_C, X(A,0,1),
< cilk _spawn mm_dac(X(C,09,1), n C, X(A,0,1), I"Ilogba = n|0922 = N
cilk_spawn mm_dac(X(C,1,0), n_C, X(A,1,1),
& mmsdag (AEE W, 197, NG e XIGAY T 15 f(r]) — ()(‘I )
c k- Symc); /
}
}
Span. Mg(n) = 2M_(n/2) + O(1)
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Work: M,(n) = O(n3)
Span: M, (n) = O(n)

M, (n)
M..(n)

Parallelism: = O(n?)

For 1000 x 1000 matrices,
parallelism =~ (103)2 = 10°.

Faster in practice!
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MERGE SORT
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Merging Two Sorted Arrays

void merge(int *C, int *A, int na, int *B, int nb) {
while (na>@ && nb>0) {
ifs (XA <="FB)
*C++ = *A++; na--;
} else {
*C++ = *B++; nb--;

}
hil (na>@) { |
while (na>@ :

T e Time to merge n
} elements = O(n).

while (nb>0) {
*C++ = *B++; nb--;

}
}

HIEEED
R
66
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void merge sort(int *B, int *A, int n) {

TR A T
B[@] = A[@];

} else {
80T € iRl %
cilk_spawn merge_sort(C, A, n/2);

merge_sort(C+n/2, A+n/2, n-n/2);

cilk_sync;
merge(B, C, n/2, C+n/2, n-n/2);
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void merge sort(int *B, int *A, int n) {

TR A T
B[@] = A[@];

} else {
80T € iRl %
cilk_spawn merge_sort(C, A, n/2);

merge_sort(C+n/2, A+n/2, n-n/2);

cilk_sync;
merge(B, C, n/2, C+n/2, n-n/2);
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void merge sort(int *B, int *A, int n) {

TR A T
B[@] = A[@];

} else {
80T € iRl %
cilk_spawn merge_sort(C, A, n/2);

merge_sort(C+n/2, A+n/2, n-n/2);

cilk_sync;
merge(B, C, n/2, C+n/2, n-n/2);
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Merge Sort

void merge_sort(int *B, int *A, int
T e 4
B[e] = A[@];
} else {
o el W]
cilk _spawn merge _sort(C, A, n/2);

cilk sync;
merge(B, C, n/2, C+n/2, n-n/2);

ol

merge_sort(C+n/2, A+n/2, n-n/2);

19/|3(|12(]46| 33

21

14
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Merge Sort

void merge sort(int *B, int *A, int n) {
T e 4
B[@] = A[O];
} else {
o el W]
cilk _spawn merge _sort(C, A, n/2);

cilk sync;
merge(B, C, n/2, C+n/2, n-n/2);

merge_sort(C+n/2, A+n/2, n-n/2);

3 19|12 46/|4 33

14 21

merge

19/13(|12|]46||33|| 4

21

14
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Merge Sort

void merge sort(int *B, int *A, int n) {

T e 4
B[@] = A[O];

} else {
o el W]
cilk _spawn merge _sort(C, A, n/2);

merge _sort(C+n/2, A+n/2, n-n/2);

cilk sync;
merge(B, C, n/2, C+n/2, n-n/2);

: 4

3 12 19 46/|4 14 21 33

merge

3 19|12 46|14 33|(14 2]

19/|3(|12/]46||33||4 ||21||14
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merge

Merge Sort

void merge sort(int *B, int *A, int n) {
T e 4
B[@] = A[O];
} else {
o el W]
cilk _spawn merge _sort(C, A, n/2);

merge_sort(C+n/2, A+n/2, n-n/2);

cilk sync;
merge(B, C, n/2, C+n/2, n-n/2);
}
)}

4

3 4 12 14 19 21 33 46

3 12 19 46//4 14 21

33

3 19|12 46(|4 33|14 21

19/ 3](12||46||33||4 |21

14
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void merge sort(int *B, int *A, int n) {

TR A T
B[@] = A[@];

} else {
a1 gl W 11
cilk_spawn merge_sort(C, A, n/2);

merge_sort(C+n/2, A+n/2, n-n/2);

cilk_sync;
merge(B, C, n/2, C+n/2, n-n/2);

Work: T,(n) = 2T,(n/2) + ©(n)

= O(nlgn) \ CasE 2
nlogba — nlogZZ = n

— logpal O
f(n) = O(n'o9rd|g n)/

74

\
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void merge_sort(int *B, int *A, int n) {
TR A T
B[@] = A[0Q];
} else {
80T € iRl %
cilk_spawn merge_sort(C, A, n/2);
merge_sort(C+n/2, A+n/2, n-n/2);

cilk sync;
merge(B, C, n/2, C+n/2, n-n/2);
}
}
Span: Tyn) = T,(n/2) + O(n)

= O(n) CASE 3 A

nlogpa = nlog,1 = ]

f(n) = O(n)

© 2008-2018 by the MIT 6.172 Lecturers / 75




Work: T,(n) = O(nlgn)
Span. T,n)= O(n)

PUNY! |

T1(n)
To(n)

Parallelism: = O(lgn)

We need to parallelize the merge!
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Parallel Merge

0 ma = na/2 na
A < A[ma] > A[ma]
Recursive Binary Search Recursive
p_merge / p_merge
B| =<A[ma] > A[ma] na > nb
0 mb-1 mb nb

Key IDEA: If the total number of elements to

be merged in the two arrays is n = na + nb,
the total number of elements in the larger of
the two recursive merges is at most (3/4)n .
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Parallel Merge

void p_merge(int *C, int *A, int i N1
{
TS i@k mh ) ]
p_merge(C, B, nb, A, na);
} else if (na==0) {

return;
} else {
int = na/2;
int = binary search(A[ma], B, ¥

C[ma+mb] = A[ma];
cilk _spawn p_merge(C, A, ma, B, mb);

cilk sync;

p_merge(C+ma+mb+1, A+ma+l, na-ma-1, B+mb, nb-mb);

4

Coarsen base cases for efficiency.
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Span of Parallel Merge

void p_merge(int *C, int *A, int VM N S 1 )
{
S Chiahy et mb)) ]
p_merge(C, B, nb, A, na);
} else if (na==0) {

return;
} else {
int = na/2;
int = binary search(A[ma], ’/CASE ?

C[ma+mb] = A[ma]; I | :
cilk_spawn p_merge(C, A, ma, B, | N'99%% = N'94/3" = ]

cilk sync;

p_merge(C+ma+mb+1, A+ma+l, na-ma f(n) = O(n'°9%2 [g'n)
J

~

. AT

Span. Ty(n) < T,(3n/4) + O(lg n)
= O(lgen)
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Work of Parallel Merge

void p_merge(int *C, int *A, int na, int *B, int nb)
{
if (na < nb) {
p_merge(C, B, nb, A, na);
} else if (na==0) {

return;
} else {
int ma na/2;

int mb = binary search(A[ma], B, nb); HARYi
C[ma+mb] = A[ma]; l

cilk _spawn p_merge(C, A, ma, B, mb);
p_merge(C+ma+mb+1l, A+ma+l, na-ma-1, B+m -mb) ;
cilk sync;

}

) )

Work: T,(n) = T,(xn) + T,((T-00)n) + O(lg n),
where 1/4 < @x < 3/4.

Claim.: T;(n) = O(n).
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Analysis of Work Recurrence

T1(n) = Ty(axn) + T1((1-0)n) + O(lg n),
where 1/4 < @x < 3/4.

Substitution method: Inductive hypothesis is T;(k) <
¢,k - ¢,lgk, where ¢;,c, > 0. Prove that the relation
holds, and solve for ¢, and c,.

T,(n) < ¢;(an) - c,lglan) + ¢;(T-a)n - c,Ig((T-a)n) + O(lgn)
c,n - Glglan) - ¢,lg((1-a)n) + O(gn)

c;n -6 (lgla(l-a)) + 21gn) + ©(gn)

i - ¢ lgn-(cy(lg n + Ig(a(1-a))) - ©(Ign))

c;h - G lgn,

by choosing ¢, large enough. Choose ¢, large enough to
handle the base case.

IANIA A A
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Work: T,(n) = O(n)
Span: T.(n) = O(g?%n)

T:(n)

= O(n/lg?
0 (n/lg4n)

Parallelism.
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void p_merge_sort(int *B, int *A, int n) {
if (n==1) {
B[e] = A[@];
} else {
int C[n];
cilk _spawn p_merge sort(C, A, n/2);

p_merge_sort(C+n/2, A+n/2, [ I
cilk sync; CASE 2
p_merge(B, C, n/2, C+n/2, | nlogpa = nl0g,2 = n
} — log,a |0
) f(n) = O(n'o%2 |g n)/
_ 4
Work: Ti(n) = 2T,(n/2) + O(n)

= O(nlgn)
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void p_merge_sort(int *B, int *A, int n) {
if (n==1) {
B[e] = A[@];
} else {
int C[n];
cilk _spawn p_merge_sort(C, A, n/2);

p_merge sort(C+n/2, A+n/2, / ™\
cilk sync; CASE 2
p_merge(B, C, n/2, C+n/2, | nlogpa = nlog,1 = ]
} f(n) = ©(n'°s:2 Ig2n)
: - 1% /

Span: T,(n) =T,(n/2) + O(g2n)
= O(lg3n)
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Work:  T,(n) = O(nlgn)
Span: T.(n) = O(g3n)

T:(n)

= O(n/lg?
0 (n/lg®n)

Parallelism.
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TABLEAU CONSTRUCTION
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Problem. Fill in an n X n tableau A, where

Jl, Ali-T1[-11).

AL T = fCALIL j-11, Ali-1]

00

Ol

02

03

04

05

06

07

10

11

12

13

14

15

16

17

20

21

22

23

24

25

26

27

30

31

32

33

34

35

36

37

40

41

42

43

44

45

46

47

50

51

52

53

54

55

56

57

60

61

62

63

64

65

66

67

70

/1

/2

/3

/4

/5

/6

/7
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e Longest common
subsequence

e Edit distance

e Time warping

Work: ©(n2).
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< N >

Parallel code

c1!!_spawn I11;

IIT;
cilk sync;
1V;

III | IV
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Recursive Construction

< N

Parallel code

1 11

I;

cilk spawn II;
III;

cilk sync;

1V;

111 | IV

f(n) = ©(1)

e

Work.: T,(n) = 4T,(n/2) + O(1)

= O(n?)
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Recursive Construction

<€ N >
A Parallel code

I;
cilk spawn II;

1 1T III;

cilk sync;
N IV;

CASE 1 h
I I I IV /(nogba — nl99;3 = nl93
f(n) = O(1
\/ /\(n) ( ) /

Span. T,n)=3T,(n/2) + ©(1)
= O(n'93)
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Work:  Ty(n) = O(n)
Span: T.(n) = O(n'93) = O(n'-59)

T:(n)
To(N)

= @(n2—|g 3)
— Q(n0.4])

Parallelism:
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A More-Parallel Construction

< N
A
I 11 IV
N
I1T1 V VII
V1 VIII IX

Work.: T,(n) = 9T,(n/3) + O(1)

= O(n?)
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I;

cilk spawn II;
III;

cilk sync;
cilk spawn IV;
cilk spawn V;

VI;

cilk sync;

cilk spawn VII;

VIII,;

cilk sync;

IX;

~

CASE 1
nlogpa = nlogs9 = n2
f(n) = ©(1)
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A More-Parallel Construction

< N
A
I 11 IV
N
I1T1 V VII
V1 VIII IX

Span. T,(n) = 5T.(n/3) + (1)

— @(nlog35)
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I;

cilk spawn II;
III;

cilk sync;
cilk spawn IV;
cilk spawn V;

VI;
cilk sync;
cilk spawn VII;
VIII,;
cilk sync;
IX;
~
CASE 1
nlogpa = nlogss
f(n) = ©(1)
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Analysis of Revised Method

Work:  Ty(n) = O(n)
Span: T.,(n) = O(n'°93%) = O(n'47)

T:(n)
To(N)

— @(nZ—Iog35)

— Q(n0-53)

Parallelism:

Nine-way divide-and-conquer has about
O(n%12) more parallelism than four-way divide-
and-conquer, but it exhibits less cache locality.
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Puzzle

- . .
What is the largest parallelism that

can be obtained for the tableau-

construction problem using pure Cilk?j

e You may only use basic fork-join control constructs
(cilk_spawn, cilk sync, cilk for) for synchronization.

e No using locks, atomic instructions, synchronizing
through memory, etc.
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