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6.641, Electromagnetic Fields, Forces, and Motion 
Prof. Markus Zahn 

Lecture 8: Magnetization 

I. Magnetic Dipoles 
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_ _ _ _ 

Diamagnetism 

_ 

π 
_ − ω  2 _e eω  − ω  2 e R

I = =  ,  − π  2 z 
e 

m =  I  R i =  
π 

R i =  z i z
2π 2π 2 2

ω 

Angular Momentum L = m R i  r × v = m  R  (ωR ) ⎛ ir × i φ
⎞ = m  ωR2 i ze e ⎜ ⎟ e

⎝ ⎠ 
2m 

× e m 

   linear momentum 

(r p) = −
e 

L is quantized in units of 
h 

,  h = 6.62x10  −34 joule  − sec  
2π

       (Planck’s  constant)

e L  e h  eh  
m =

2m 
=

2 π ( )2 m 
=

4 π m 
≈ 9.3x10  −24 amp − m2 

e e e 

   Bohr magneton mB

 (smallest unit of  
magnetic moment) 

Imagine all Bohr magnetons in sphere of radius R aligned. Net magnetic moment is 

A Avogadro’s number = 6.023 x 1026 molecules per kilogram−mole3 0 
B 

0 

4 
m m  R  

3 M 
⎛ ⎞ = π ρ⎜ ⎟
⎝ ⎠

 Total mass  molecular weight
 of sphere 

For iron: ρ =7.86 x 103 kg/m3, M0=56 

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission. 
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_ _ 

_ _ 

For a current loop 


2 4 3 A0 4 A0
πR B π ρ  ⇒ i = Bm = i  = m  R  m R  ρ 
3 M0 3 M0 

× 26 

-24 ⎛ ⎞4 3 (6.023 10 )
For R = 10 cm ⇒ × ⎜ ⎟ ( )  ×10  i =  9.3  10  .1  7.86  

3  56  

= 1.05 x 105 Amperes 

Thus, an ordinary piece of iron can have the same magnetic moment as a 
current loop of radius 10 cm of 105 Amperes current. 

⎝ ⎠  

B. Magnetic Dipole Field 

µ0 m ⎡ ⎤H =
4 r3 ⎢2 cos  θ +i r sin  θ i θ ⎥⎦

 (multiply top & bottom by µ0 )
π µ0 ⎣ 

Electric Dipole Field 

4 π ε0 r
3 ⎢⎣ 

2 cos  θ + sin  θ i θ ⎥⎦ 
E = 

p ⎡ i r 
⎤


Analogy 


p → µ0 m


P =  Np  ⇒ M  =  Nm  , N = # of magnetic dipoles / volume 


Polarization Magnetization 

II. Maxwell’s Equations with Magnetization 

EQS MQS 

( )∇  ρ  −  εi i0 uE =  ∇ P ( ) ( )∇  −∇  µi µ i0 0H =  M  

ρ  −∇ ip = P (Polarization or paired 

charge density) 
( )ρ  −∇ i µm = 0 M

density) 

 (magnetic charge 

(⎡ 
⎢⎣
εi 

α 

0n E )⎤ ⎡− −⎥ ⎢⎣⎦ 
i 

b a
E = n P ⎤− +⎥⎦ 

b 

sσP u ( α 

0n H⎡ 
⎢⎣
µi ) (b a 

0H = n M⎤ ⎡− − µ⎥ ⎢⎦ ⎣ 
i )b

M ⎤− ⎥⎦ 
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= n  ⎢P − P ⎥ σ = n  i ⎢µ (M )⎥σsp − i ⎡ 
a b ⎤ 

sm − ⎡ 
0

a 
− M

b ⎤ 
⎣ ⎦ ⎣ ⎦ 

∇ ×H = J 

∇ ×E = −
∂
µ0 (H + M)∂t 

MQS Equations


B = µ (H + M)  Magnetic flux density B has units of Teslas (1 Tesla = 10,000 Gauss) 
0 

∇ i B = 0 

a a 
n i ⎡B − B ⎤ = 0  ⎢⎣ ⎥⎦


∂ B

∇ ×E = − 

∂ t


∇ ×H = J


v =
dλ 

, λ = ∫ B i da   (total flux) 
dt S 

III. Magnetic Field Intensity along Axis of a Uniformly Magnetized Cylinder 
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σ = n i µ (M − M ) ⇒  σ  = sm − 0

a b 

sm (z d
2 ) = µ0 M0 

σsm (z =  −d
2) = −µ0 M0 

∇ x H = J = 0 ⇒ H = −∇ Ψ  

2(	 H = ) 0 = ρ = µ M)∇ µ  −µ ∇ Ψ  −∇  i (0	 m 0 

ρ	 (r '  dV '  )m
2 −ρm 
µ0 

⇒  Ψ  ( )r =
V' 
∫

4 π µ0


∇ Ψ = 
r − r ' 

Ψ ( )  
R σsm (z = d

2) 2 πr 'dr '  R σsm (z = −d
2) 2 πr 'dr '  

z =  ∫ + ∫

r'=0 4 π µ0
 r − r ' r'=0 4 πµ  0 r − r ' 

R	 R 

∫
µ π 

1 ∫
µ M  2  r 'dr '  π 

1 

M  2  r 'dr '  
= 0 o − 0 o 

r'=0 ⎡ 2 ⎤ 2 r'=0 ⎡ 2 ⎤ 2 

4 π µ  0 ⎢ r '  2+ ⎜
⎛ z −

d 
⎟
⎞ 
⎥ 4 π µ  0 ⎢ r '  2+ ⎜

⎛ z +
d 
⎟
⎞ 

⎢ ⎝ 2 ⎠ ⎥ ⎢ ⎝ 2 ⎠⎣ ⎦ ⎣ 

r 'dr '  ⎡ 2 2 ⎤ 
1
2

∫ 1 
= r '  + (z + a) 

⎥ 
⎥⎦ 

d 
z + 

2 

⎣⎡ 2 ( )2 ⎤ 2 ⎦ 

R	 ⎫ 
⎪⎪
⎬ 
⎪ 

= ⎭⎪r '  0  

1 
⎤ 2 

⎥ + 
⎥⎦ 

r '  + z + a⎣ 

⎧ 1 
2M0 

⎪⎪⎡ 2 ⎛ d ⎞ ⎤2 

Ψ ( )z = ⎢r ' +  z  − ⎥
2 

⎨
⎪⎢ 

⎜
⎝ 2 ⎟

⎠ ⎥⎣ ⎦ 
⎪⎩ 

⎧ 1 

⎦ 

1 

⎡ ⎛ d ⎞
2 ⎤2 

⎢r '2+ z + ⎥ 
⎢ 

⎜
⎝ 2 ⎟

⎠ ⎥⎣ ⎦ 

⎡ 
2 ⎛ d ⎞

2 

− ⎢R + ⎜z + ⎟ 
⎣ ⎝ 2 ⎠⎢ 

R 

− 

=r '  0  

⎫
⎪
⎬ 
⎪⎭ 

M0 ⎪⎡ 2 ⎛ d ⎞
2 ⎤ 2


= ⎨⎢R + ⎜z − ⎟ ⎥ −

2 ⎪⎢⎣ ⎝ 2 ⎠ ⎥⎦
⎩ 

d 
z − 

2 
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⎧ ⎫ 

−M0 

⎪
⎪⎪ 
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2
d 
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⎛
⎜
⎝ 
z + 

2
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⎟
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⎪
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22 
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⎪
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⎛
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d ⎞
⎟ 

2 ⎤
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⎛
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⎬
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⎪
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2
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⎟ 

⎪
⎪⎪ d d0 ⎨ 

2
1 

− ⎝ ⎠ 
1 
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2 ⎪⎡ 

2 ⎛ d ⎞
2 ⎤ 2 ⎡ 

2 ⎛ d ⎞
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IV. Toroidal Coil 

N1 turns 

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission. 
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N i  N i  
∫ H dl  φ 1 Hφ =

1 ≈ 1i = H  2  π r =  N i  ⇒ 
2 rπ π2 RC 

π w2 

Φ ≈ B 
4 

π w2 

λ = N  Φ = N  B  2 2 4 

Vv 

V2 

VH 

N1 

R1 R2 

i1 i2 

N2 

C2 

-

-

+ 

+
+ -

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission. 

H 2  π R 
V = i R = R φ (V =Horizontalvoltage tooscilloscope )H 1 1 1 HN1


dλ2 dV  v
v =  = i R  + V  = V  + R C  2 2 2 v v 2 2dt dt 

1 dλ2 dV  vIf R >> ⇒ ≈ R C ⇒ λ = R C V V =Verticalvoltage to oscilloscope 2 C ω dt  2 2 dt  2 2 2 v ( v ) 
2 

π w2 

= N B 
4 2 

1 π w2 

V =  N B  v 2R C  42 2 
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Courtesy of Hermann A. Haus and James R. Melcher. Used with permission. 

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission. 

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission. 
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V. Magnetic Circuits 

In iron core: 
H = 0  

lim B = µ ⇒H 
µ→∞ 

B  finite 

Ni 
∫ i =  Hs  =  Ni  ⇒H dl H =  

s 

Φ = µ0 H  Dd  =  
µ0 Dd N 

i 
s 

∫ B da  = 0  i 
S 

µ0 Dd 2 λ µ0 Dd 2λ = NΦ =  N i  ⇒ L =  =  N  
s i s 
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VI. Reluctance 

R =
Ni

= 
s 

= 
(length ) 

Φ µ0 Dd (permeability ) (  cross − sec tionalarea ) 

[Reluctance, analogous to resistance] 

Series 

Parallel 

A. Reluctances In Series 

1 2R1 =
s 

, R2= 
s 

µ a D  µ a D1 1 2 2 

Ni
Φ = R R1 + 2 

i = H  s  + H  s  = Ni  ∫ H dl  1 1 2 2 
C 
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Φ = µ H  a D  =  µ H a D 
1 1 1 2 2 2 

µ a Ni  µ a  Ni  
H =  2 2 ; H = 1 1


1 2
µ a s  + µ  a s  µ a s  + µ  a s 
1 1 2 2 2 1 1 1 2 2 2 1 

B. Reluctance In Parallel 

Ni
H dl = H s = H s = Ni ⇒ H∫ i 1 2 = H = 1 2
 sC 

1 2
Φ = (µ H a  + µ  H a  ) D = 

Ni (R R+ ) 
= Ni  ( + )P P1 1 1 2 2 2 1 2R R1 2


P1 =
1 

; P2 = 
1


R1 R2


P = 
1 

 [Permeances, analogous to Conductance] R

VII. Transformers 
(Ideal) 
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A. Voltage/Current Relationships 

N i  N i  1 1  2 2Φ = R 
− 

; R = 
µ 

l
A 

Another way: ∫ i = Hl  = N  i  − 2H dl  1 1  N i  2 
C 

N i  − N i  
H = 1 1  2 2  

l 

µ
µ A (N i  − N i  ) = N i  − N i  

Φ = HA =  1 1  2 2  
1 1  2 2  

l R 

λ = N  Φ = 
µ A (N 2 i − N N i  ) = L  i  − Mi  1  1  1 1 1 2 2  1 1  2l


λ = N  Φ = 
µ A (N N i  − N 2 i ) = −Mi  + L i 
2 2 1 2 1 2 2 1 2 2l 

2 2 µ A
L = N L , L = N L , M = N N L , L =  =  1 1 0 2 2 0 1 2 0 0 l 

M = L  L⎡ ⎤⎣ 1 2 ⎦ 

dλ di  di  ⎡ di  di  ⎤ 
v = 1 = L 1 − M 2 = N L  N  1 − N 2


1 dt 1 dt dt 1 0 ⎢
⎣ 

1 dt 2 dt ⎥⎦


dλ2 di  1 di  2 ⎡ di  1 di  2 ⎤ v =  =  +M − L  = N L  +N − N2 dt dt 2 dt 2 0 ⎢
⎣ 

1 dt 2 dt ⎥⎦ 

v1 =
N1


v2 N2


i1 N2lim H ⇒ 0 ⇒ N i = N i ⇒ = 
µ→∞  1 1  2 2 i N
2 1


v i1 1  =1  
v i2 2  

1
R 

1 
2 

6.641, Electromagnetic Fields, Forces, and Motion    Lecture 8 
Prof. Markus Zahn        Page 12 of 13 



Courtesy of Hermann A. Haus and James R. Melcher. Used with permission. 
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