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6.642 — Continuum Electromechanics Fall 2008 

Useful Bessel Function Relationships 

Prof. Markus Zahn MIT OpenCourseWare 

Bessel Differential Equations 

d2y dy 22 x + x + (k2 x − p 2)y = 0 
dx2 dx 

or 

d dy 
x x + (k2 x 2 

− p 2)y = 0 
dx dx 

has solution 

y = C1Jp(kx) + C2Yp(kx). 

Jp(x) = Bessel function of first kind of order p. 

Yp(x) = Bessel function of second kind of order p. 

d2y dy 22 x + x − (k2 x + p 2)y = 0 
dx2 dx 

or 

x 
d dy 

− (k2 x 2 + p 2)y = 0x 
dx dx 

has solution 

y = D1Jp(jkx) + D2Yp(jkx) = E1Ip(kx) + E2Kp(kx). 

Ip(kx) = j−pJp(jkx) Modified Bessel function of first kind of order p, 

Kp(kx) = 
π

jp+1[Jp(jkx) + jYp(jkx)] Modified Bessel function of second kind of order p, 
2


Hp
1(x) = Jp(x) + jYp(x) Hankel function of first kind of order p,


Hp
2(x) = Jp(x) − jYp(x) Hankel function of second kind of order p.
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Useful Bessel Function Relationships 6.642, Fall 2008 

Derivatives of Bessel Functions 

d αyp−1(αx) − pyp(αx) [y = J, Y, I, H1, H2] 
yp(αx) = x

p
dx −αyp−1(αx) − 
x

yp(αx) [y = K] 

yp(αx) [y = J, Y, K, H1, H2]d −αyp+1(αx) + p 

dx
yp(αx) = 

αyp+1(αx) + 
x

p y
x

p(αx) [y = I] 

2 d 
� 

dx
yp(αx) = α[yp−1(αx) − 

2p 

yp+1(αx)] 
[y = J, Y, H1, H2] 

yp−1(αx) + yp+1(αx)
αx

yp(αx)= 

d 
2 Ip(αx) = α[Ip−1(αx) + Ip+1(αx)] 
dx


d

2 Kp(αx) = −α[Kp−1(αx) + Kp+1(αx)] 
dx


2p

Ip−1(αx) − Ip+1(αx) = Ip(αx)

αx 

2p
Kp−1(αx) − Kp+1(αx) = − Kp(αx)

αx 

d −αy1(αx) [y = J, Y, K, H1, H2] 
y0(αx) = 

dx +αy1(αx) [y = I] 
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