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6.642 — Continuum Electromechanics Fall 2008 

Linearized Surface Tension Force Density in Spherical Coordinates 

Prof. Markus Zahn MIT OpenCourseWare 

TS = −γ(� · n)n|r=R+ξ(θ,φ) 

1 ∂ξ 1 ∂ξ 
n = nrir + nθiθ + nφiφ = ir − iθ − iφ

R ∂θ R sin θ ∂φ 

1 ∂ξ 1 ∂ξ 
nr = 1, nθ = − , nφ = − 

R ∂θ R sin θ ∂φ 
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(r 2 nr) + 
1 ∂ 1 ∂nφ

� · n = (sin θnθ) + 
r2 ∂r r sin θ ∂θ r sin θ ∂φ r=R+ξ 
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− 
∂2ξ2 2ξ 1 ∂ 1∂ξ 

= − − sin θ 
R2 sin2R2 R2 sin θ ∂φ2R ∂θ ∂θ θ 

ξ(θ, φ) = �[ˆ n
m(cos θ)e −jmφ]ξP

Tsr = −γ� · nnr 

= −γ� · n 
� 

2 2ξ 1 ∂2ξ1∂ ∂ξ 
= −γ − − sin θ − 

R R2 R2 sin θ ∂θ ∂θ R2 sin2 θ ∂φ2 

2m(cos θ)d dP mn Pn
m(cos θ) = −n(n + 1)Pmsin θ − (cos θ)

sin2 nsin θ dθ dθ θ 
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2dPm 
n (cos θ)2γ 1 d m m = − (cos θ) + sin θ −Tsr P

sin2 nsin θR dθ dθ θ 

−n(n + 1)Pm cos θn 
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Tsr = − 
R2

Pn
m(cos θ)(2 − n(n + 1)) 
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= − − � Pm(cos θ)(n − 1)(n + 2) 
R R2 n


Tsθ = −γ� · nnθ


1 ∂ξ 
= −γ � · n − 

� �� � R ∂θ 
zero-order,2/R � �� � 

first-order 

2γ 
� 

dPm(cos θ) 
� 

= � ξ̂ n e −jmφ 

R2 dθ 

Tsφ = −γ� · nnφ 

1 ∂ξ 
= −γ � · n − 

� �� � R sin θ ∂φ 
zero order,2/R � �� � 

first order 

=
2γm 

�[−j ˆ m(cos θ)e −jmφ]ξP
R2 sin θ n 

Identities: Pn
m=0 (x) = 

1 dn(x2 − 1)n 

2nn! dxn 

m 2 − 1)m/2 dmPn
m=0 (x)

Pn (x) = (x 
dxm 
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