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1. Introduction 
 
When dealing with high-dimensional data, dimensionality reduction is an important operation to 
allow the discovery of simple relationships between data points and simple modes in which the 
data varies.  The input to a dimensionality reduction procedure is data in high dimension and the 
output is a mapping of that data to a low-dimensional manifold.  Dimensionality reduction 
should preserve neighborhoods, i.e. points close to each other in the high-dimensional space 
should remain close in the computed low-dimensional space.  Additionally, it is desirable for a 
dimensionality reduction method to allow nonlinear low-dimensional manifolds.  Nonlinear 
dimensionality reduction by locally linear embedding (LLE) proposed by Roweis and Saul [1] is 
such a procedure that is intuitive, simple to implement, and does not involve local minima in its 
optimization.  If the output low-dimensional manifold has two dimensions, intuitively this 
algorithm connects data points in high-dimensional space to neighboring data points with springs 
and then presses the spring structure between two glass plates [2].  Another informal description 
of the algorithm is that it cuts out locally linear swatches of the data in high dimension with 
scissors and places the swatches down in low dimension in such a way that preserves angles 
between data points close to each other [3], e.g. deconstructing a soccer ball into its constituent 
pentagonal and hexagonal patches and laying them out on a table after possibly deforming them.   
 
In [1], LLE is applied to documents and to face images, but the technique is restricted neither to 
a particular application domain nor to a particular domain of data representation within an 
application.  Of key significance is the wide ranging applicability of LLE, because analysis of 
multivariate data is a universal problem in the sciences.  In the work presented here, two 
application areas will be explored through LLE.  After reviewing the algorithm, first document 
analysis with a social network interpretation will be considered using data from an epic poem.  
Second, the space of signed distance function (SDF) representations of images, often used in 
segmentation, will be looked at through topographic and bathymetric data.  Some conclusions 
will also be given. 
 

2. Locally Linear Embedding Algorithm 
 
In this section, the details of the simple LLE algorithm will be given, following from [3].  We 
start with N data points represented as D-dimensional, real-valued vectors xi.  The first step of 
the algorithm is to identify the K nearest neighbors using Euclidean distance in the  
D-dimensional space for each data point xi.  The second step is to determine coefficients wi,j that 
best reconstruct each xi using a linear combination of the K neighbors xj, where best is in a 
squared distance sense.  This is the ‘locally linear’ part of the algorithm.  Specifically, the 
following cost function is minimized with respect to all wi,j: 
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under the constraint that for each i, the sum of the K weights wi,j be unity.  The problem is of the 
constrained least squares variety and has a simple closed form solution.   
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Once these weights are obtained, the final step of the algorithm can be performed.  The goal of 
dimensionality reduction is to map the D-dimensional xi to d-dimensional yi, where d < D.  Thus 
with the calculated weights fixed, a cost function of the same form as (1) is minimized over the 
low-dimensional coordinates for yi: 
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with the following constraints.  The value of the above cost function (2) remains unchanged for 
any translation of the entire set of vectors yi, so one constraint is that the coordinates be centered 
at the origin.  The cost function can be minimized by setting all of the yi to equal the zero vector.  
To avoid this degenerate solution, another constraint is imposed: the sample covariance of the 
vectors yi is set to unity.  The optimal low-dimensional mapping can then be calculated in closed 
form by solving an eigenvalue problem for eigenvectors corresponding to the smallest d + 1 
eigenvalues.  The LLE algorithm is no more complicated than these three steps.   
 

3. Mahābhārata 
 
Documents of text are not simply a ‘bag of words,’ but have much structure at various 
resolutions, including at the sentence level, the paragraph level, and the section level.  When the 
document is a narrative, with different sections corresponding to different scenes or events, the 

co-presence of two characters 
indicates social interaction 
between them.  Thus, when a 
document is a narrative with 
numerous characters, analysis of 
the text may also lead to a 
characterization of the social 
network among the characters, 
by regarding characters to be 
close if they appear nearby in the 
text.  Performing this sort of 
analysis, however, makes sense 
only if there are hundreds or 
thousands of characters.  In 
actual networks of social 
interaction, the requirement of 
having a large number of people 
is met without difficulty, but 
there are few texts with 
hundreds, let alone thousands, of 
characters.  The Mahābhārata, an 
epic poem popularly touted as 

the longest poem in the world with about 110,000 verses, does have thousands of characters and 
will be used as a source of data.  It will be treated as a surrogate for actual social interaction data.   
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Figure 1: Rāmāyaõa characters in the low-dimensional manifold. 
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The Mahābhārata is in the 
Sanskrit language, but an 
English translation [4] is used 
in this work for two primary 
reasons.  First, it is 
significantly easier to 
automatically identify proper 
nouns in English than Sanskrit 
because English has capital and 
lowercase letters.  Second, 
nouns in English are not 
declined based on their 
function within a sentence, 
remaining invariant to usage.  
In this work, names of 
individual people, of groups of 
people, and of places will be 
considered.   
 
The epic is divided into eight-
een books, each subdivided 
into varying numbers of 
sections.  Overall, there are 2,110 sections, which will be treated as the events of social 
interaction.  In the English translation, there are 10,854 distinct capitalized words, of which 

7,296 were identified as proper 
nouns.  Of the 7,296 proper 
nouns, 3,980 appear just once 
and 3,316 appear more than 
once.  These 3,316 names are 
the data points that will be used 
in a 2,110 dimensional space.  
For each dimension (section), 
the data is a count of how 
many times the name appears 
in that section.  This type of 
data is very similar to the text 
example with encyclopedia 
articles in [1].  Some results are 
presented below with the 
number of neighbors K = 24.   
 
In Fig. 1, the data points, the 
names, are plotted as they have 
been mapped to dimensions 
two and four of the computed  
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Figure 2: Two sets of groups in the low-dimensional manifold. 
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Figure 3: Characters related to the narration of the Mahābhārata. 
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low-dimensional space.  The 
figure illustrates that LLE is 
neighborhood preserving and 
maintains global properties as 
follows.  The names highlighted 
in red, Rama, Ravana, 
Kumbhakarna, Lakshmana, Sita, 
Sugriva, Surpanakha, etc. are all 
characters of another epic poem, 
the Rāmāyaõa, that precedes the 
Mahābhārata chronologically and 
is recounted at various points by 
various characters, but is not part 
of the actual Mahābhārata story.  
Not surprisingly, all of these 
names are kept close together in 
the low-dimensional space.  A 
main character in the Rāmāyaõa, 
Hanuman, is immortal and is 
encountered by the protagonists 
of the Mahābhārata in one 
instance.  Correspondingly, the 
Hanuman data point, highlighted 
in green, is closer to the central 
mass of points, which are 
connected with the central 
narrative.   
 
In Fig. 2, dimensions two and 
three are plotted, with two 
groups of names highlighted.  
One set is shown in detail in Fig. 
3 and the other in Fig. 4.  The 
names in Fig. 3, in green, are not 
characters in the main 
Mahābhārata story either, but 
lead to the story being narrated.  
Dhaumya is a teacher with 
students Aruni, Veda, and 
Upamanyu.  Dhaumya tests 
Upamanyu with the help of the 
Aswins.  Utanka is a student of 
Veda who is tested with the help 
of Paushya.  Utanka goes on to 
prompt the telling of the 
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Figure 4: Places, groups, and people from the west. 
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DhundhumaraAngiraJayadrathas

Ravana

KarnasKichaka
Trigartas

Upaplavya
Vritra

Purohita

Sanat
Hastinapura

BhagadattaSupritika
Satyaki

Alambusha
SrutayusJalasandha

Rudra

TripuraPandyaDussasanas
Aswatthamans

ParvasDhritarashtrasKuntis
AnusasanaAswamedhikaSamvarta

Manipura

AsramvasikaMaushalaEraka
Kesava
DwaravatiSannyasaSvarga

Yama

Ganges
Harivansa

Kokila

Brahman

Asramas
Pushkara

Kurukshetra

Srutasena
Ugrasena

SaramaAyoda

Upamanyu

Aruni

UddalakaDharmasastrasDhaumyasRig

Upadhyaya

Utankas

Takshaka

Vajra

Airavata
AiravatasAswasenaNamuchiPurandara

DhataParjanya
AmritaKasyapaJanamejayasRitwiksMaruts

PramatiRuru

Ghritachi

Pramadvara
SunakaPuloma

Bhrigus
VedicVadhusaraKurariVashatsSwadhas

SukanyaSthulakesa

Viswavasu
Menaka

Apsara
Varga

DaivataPurvaSwastyatreyaKathaGautamaDharmarajaRurusDundubhaDundubhasSahasrapat
Vedangas
JaratkaruYayavarasVasuki
KadruVinata

Surya

Uchchaihsravas
Meru

Mandara
Apsaras

Kinnaras

AnantaLakshmi
Kaustubha
Dhanwantari

Kalakuta

SivaMaheswara

NilakanthaDaityasDanavaRahu
Rahus

Sudarsana
UchchaishravasVasudevasPanchajanya
GovindaAtri

Mainaka
HayagrivaArunaArunas

Sachi

Aditya
Lavana

Malaya
MarutGarudasNishadaRiksYajus
Samas
AlamvaValakhilyas

HimavatRudras

Vrihaspati
PalasaButeaMarutaTapanaPraruja
Pinaka
Dadhichi

Suparna

Yogins
KusaVinatasSeshaKarkotaka

Dhananjaya

Kalakeya
Mani

PinjarakaElapatra
Vamana

Nila

Anila
Kalmasha
Aryaka
Ugra

Dadhimukha
Apta

Nahusha

PingalaKamvala
AswataraVrittaSamvartakaPadmaMahapadmaKshemaka
Pindaraka

Karavira
Vilwaka

MushikadaAparajita

Kauravya

Virajas

SuvahuPrabhakara
PitharakaKutharaKunjara
Kumuda

Tittri
Kardama
Kundodara

Mahodara

Vadri

Gokarna

AnantasJaraUgrasravasBharatasSringinKrisaSamikaGaurmukha
Kasyapas
TakshakasParikshita

Kasi

Vapushtama
PururavasUrvasi
Brahmacharin

VaisyasSudrasSaradwat
Hotri

KautsaUdgatri

Jaimini

Adhvaryus
Swetaketu

Asita
ParvataAtreyaKundajatharaSrutasravasKohalaDevasarman

MaudgalyaVasukisPrayagaNrigaAjamida
Ritwik
Chitrabhanu
Nabhaga
DilipaMandhatri
Valmiki TritaLohitakshaManasa
PurnaHiranyavahu
MukaSukumaraParijataSarabhaPramoda

Vahuka

Sankukarna

Sushena

Rishabha

Vegavat
Suchitra

Sunitha
Yamuna

Vrisha
HidimvaBrahmacharinsKhandavaprastha

VibhatsuSri
MokshaParvatiKartikeyaSrutis

Paurava

Vasu

Chedi

VasavaMaghavat
Chedis

Vrihadratha

Mavella
Suktimati
Kolahala

Girika

AsokasChampakasAtimuktasPunnagasKarnikarasVakulas
DivyaPatalasChandanas

Asoka

Adrika
Siddhas

CharanasGandhavatiParasaras
Sumanta

Paila

Animandavya

Sudra
Devaki

SattwaTamas

Pranava

Andhaka
Satyaka

Hridika
KripiPrahladaNagnajitYuyutsuDuhsahaDurmarshanaVikarna

ChitrasenaVivinsati
PurumitraVaisyaPritivindhyaVrikodaraSutasomaSrutakirtiSatanika

Sikhandini

Sthuna

ParasuramaMahendra
Diti

Aditi

Danu
IsaMarichi
Angiras

Pulastya
PulahaKratuMarichis

Kala

DanayuSinhikaKrodhaPradhaViswa

Kapila

Dhatri
Mitra

AryamanAnsa
VivaswatTvashtriHiranyakasipu

Vashkala

Virochana

Nikumbha

Vali

Vana
Mahakala

ViprachittiSamvaraKesi
Durjaya

Aswasiras
Ketumat

Swarbhanu

Aswa

Aswapati
VrishaparvanAjakaAswagrivaTuhunda

EkapadaVirupaksha

Sulabha

Chandramas
Ekaksha

PralamvaNarakaVanayuSuchandraChandrahantriVikshara
ValaViraVinasanaKrodhahantri

Sukra
ArishtanemiVaruni

Kumara
GopatiSuryavarchas

Dakshas

AnavadyaSubhagaSiddhaAlamvushaMisrakesiVidyutparnaTilottamaRambhaManorama
KesiniHahaHuhu

TumvuruSuparnasSarpaNiritiAjaikapatAhivradhnaPinakiDahanaIswaraKapaliAngirassUtathyaKimpurushas
Valikhilyas

ChandraKirtiDhriti
MedhaPushti

Buddhi
NakshatrasDharaDhruvaAhaAnalaPratyushaDhumraHutasanaSandilyaSomas

Varchas

Manohara

Santa

KrittikaSakhaVisakhaNaigameya
Sivas

Manojava
ViswakarmanHarshaRatiPraptiNanda
Vadava
Saddhyas

Bhargavas

Viswedevas
ArushiVidhatriAdharmaNairitas

Mrityu

TamraKakiSyeniDhritarashtriSukiChakravakasMrigiMrigamandaBhadramanaMatangiSarduliSurasa
Rohini

GandharviVimala

Sampati

Jatayu

ValhikasKekayaAmitaujasHardikyaSalwaRochamanaSenavindu
Chitravarman

Hara

MunjakesaKrathaSalabha
Kamvojas

DrumasenaMayuraJanakiGrahaManimatDandaDandadharaKaleyasJayatsenaSrenimatSamudrasenaVrihatKukshiKrathanaDaradaKrodhavasa
Madraka

SiddharthaSuviraSurathaChiravasa
Dantavakra

Rukmi

AshadaVayuvegaBhuritejas
Ekalavya

VatadhanaGomukhaKarushakasSrutayuUdvahaVrihatsenaKshema

Kalingas

MatimatKalanemiDevakaArishta

Hansa

DurmukhaDuhshalaVindaAnuvinda
DurdharshaDushpradharshanaDushkarnaChitraChitrakshaCharuchitra

Angada

DurmadaDushpradharshaVivitsuVikataPadmanabhaUpanandaka
SuvarmanAyovahuMahavahuSukundalaBhimavegaBhimavalaValakiUgrayudhaKanakayuDridhayudhaDridhavarmanDridhakshatraDridhasandhaSatyasandhaKshemamurti

PanditakaVisalakshaDuradharaDridhahastaSuhastaVatavegaAdityaketuVahvasinNagadattaDandiBhimarathaViravahuAlolupaAbhayaRaudrakarmanDridharathaAnadhrishyaViraviDhirghalochanaDirghavahuVyudhoruDuhsala

Sindhus

ChakraViswasKuntibhojaRadhaVasusena
Valadeva

PradyumnaSanatkumara
Bhishmaka

RukminiSiddhiMati

Dushmanta

MlechchhasNandanaVilwaKhadiraDhava

Yojanas

Malini

ChakravakaYajurvedaSaman
Atharvan

Samhitas
KramaNiruktaJapa

HomaKausiki
MatangaTrisankuSravanaManmatha

Kausika
Daiva

Arsha
PrajapatyaPaisachaPurusSarvadamana

Mantras

PurvachittiSahajanya
ViswachiSalaSakuntalasSarvabhaumaAjamidha

Yadavas
Sankhya

MartandaManusManavasDhrishnu
Ikshvaku

Karusha
IlaAyusVanayusSatayusAnenas
Yati
Sanyati

Devayani
Sarmishtha

TurvasuDrahyuAnu Usanas
Kavya

Kacha
Brahmans
BhargavaGhurnikaVrishaparvansDevayanis

Kavi

AryanSarmishthas
SraddhasKalasKashthas

Alaka
YavanasBhojas

PauravasVasuman
Ashtaka

Pratarddana

YayatisVanaprastha
Krita

BhaumaBhikshusBhikshuPratardanaVasumatUsinarasSivisPraviraManasyuSaktaRicheyu
Anadhrishti
AnadhristiMatinaraTansu

MahanAtirathaDruhyuIlina
RathantaraBhumanyuRajasuyasRikshaParameshthin

JahnuJalaRupinaSamvarana

Sindhu

AvikshitChaitrarathaVirajaSalmaliBhangakaraKakshasenaIndrasenaNishadha
JamvunadaHastiPratipaSunetraDevapi

Aila
Ha

Kausalya

ViswajitPrachinwatAhayantiBhanumatiSunandaVidarbhaAvachinaMaryadaArihanMahabhaumaPrasenajitAyutanayi
Prithusravas

Kalinga

Devatithi

Videha

Sudeva

Dushmantas
VijayaDasarha

Suvarna
YasodharaTrigartaVisala

VidurathaSupriyaAnaswanKumariDevavrataAmvikaAmvalika
Prativindhya

SrutakarmanDevikaNiramitraDyutimatMadravatiBrahamanasMahabhishaVasishthas

Apava

Gangadatta
Nandini

Dyu

GangeyaSantanusSatyavatisVaranasiSalyasAindraSaubha
Ambika

Ambalika

Haihaya

MamataUtathyasVrishaspatiDirghatamasPradweshiSurabhisBhartriPatiSudeshnaKakshivatVangaSuhmaVichitraviryasKosalaMandavyaAniBrahamanaKurujangalaAmaravatiSurasenaYadava
Phalguni
Pandus

Mithila

VidehasJayantaGandharis

Daughter

SahaSulochanaUpachitraSunabhaNandaka
Durvimochana

SadaSenaniSuvarchasKavachinKunda
Kundadhara

KundabhedinPramatha
Mahabhutas
Saradandayana

Vyushitaswa

Agnishtoma

Bhadra
SalwasMadrasSwetaketus

MadayantiSaudasa
Asmaka

MuhurtaAbhijit
KartikaJyeshtha
AditisSomakas

Sankara

Urnayus
Anagha
Nandi

Karala

Lakshmana

Devi

PundarikaSugandhaKamyaPunjikasthalaPramlocha
BhagaPushanPinakinTarkshyaMadris
PalasasTilakasKuruvakasParijatasKokilas

SomadattaPindaPramanakotiKshattriGotamaSaradwatsGautamas

Bharadwajas
AgnihotraAgnivesaAgneyaPrishata

Ramas

KripasYajnasenaGautamiAndhakas
Jishnu

HiranyadhanusDronas
Partha

PhalgunaBrahmasiraKshatriSumeruSuyodhanaVayavyaHastaPakaBhojaYakAdhiratha
Guha
Kashatriya
Drupadas
Dirghalochana

PrishatasMakaraSrinjayas

Satyajit

VirochanasKampilyaMakandi
Charmanwati

Ahicchatra
Sankarshana
ValaramaDyumatsena

Sauvira

Vipula

SauvirasKanika
Pasupati

Bhurisravas
MlechchhaSutas

JyaishthaAshadhaKuntirajaHimalayanMatsyasPutraVetrakiyaYajnasenas

Snataka
YajaUpayajaHimalayas
SarayuGomatiGandakiAlakanandaVaitaraniAgnivesyaKumbhinasiVritrasTapatyaKaunteyasRikshasKamas

BrahmasViswamitrasKusikasKanyakuvja

Gadhi

Kusika
PalhavasDravidas
SakasSavarasKanchisPaundrasKiratasSinhalasKhasasPulindasChinasHunasKeralas

Kalmashapada
Saktri
KinkaraSaktris

Vipasa
HaimavatiSatadruAdrisyantiSudasa

Ikshvakus

Ayodhya

MitravarunaVadavamukhaBrahmaniMadayanatiUtkochakaYajamanasKiritiYojana
Durvisaha

SuvarchaVahusaliSauvalaVrihadvala

Vrihanta

Meghasandhi
Sankha

VardhakshemiSuketuVrikaSatyadhritiChitrayudha
Chekitana

ChandrasenaPaundrakaTamraliptaRukmangada
RukmarathaBhuriBhurisrava
Sudakshina

KamvojaCharudeshnaGadaAkruraUddhavaViprithu
Sanku

Aniruddha

Jhilli
VrihatkshatraKaitava

Uma

Marutas
Halayudha

Janardana
Vina

VakraPaundraRadhasDamodaraDharmasVikartanaRadheyaAchyutaYajnaseniAjatasatruYamasGirishaKesavasSavyasachin

Pushya

Swaha

Arundhati

RajagrihaMahakarniDasarhasKeshavaDwaipayanasBhogavati
Sataghnis

AmrasKadamvasPanasasSalasTamalasKetakasLodhrasJamvusKaravirasDaityaVindhyaMaghaVashatVaikhanasasVanaprasthasMarichipas
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Viswakrit
Agnihotras

Hiranyavindu
Chitravahana

Putrika

Saubhadra
Karandhama
SamichiVudvudaLata

RaivatakaHaladharaRevatiShamvaSaranaVabhruNisatha

Sugriva

SudharmaGudakesaSatwata
Saurin

Hrishikesa

Mathura

Subhadras

Vahni
SwetakiDurvasasAgnis
Havyavahana

PavakaLokapalasKaumodakiSkandaPushaSarngakasSarngaka
Jarita
Lapita

JaritariSarisrikkaStamvamitra
Havyavaha

ViswakarmaDaruka
Yudhisthira

Amravati
Sauri
Nishatha
VinduDevadatta

Hiranya
BhagiratheeKinkarasKarandavas

Satya

Arvavasu

DalvyaTittiriParnadaParasaryaSarikaPavitrapaniBhalukiRaibhya
Sanatana
NachiketaAushija

Varaha
KukkuraKamathaKampana

Madrakas
PulindaPandryaSumanasDevarataSrutayudhaJayasena

VasudanaVaidehaSudharman
AhukaSiniBhismaka

Kaikeyas
UpanishadasRaivataSaumyaSumukhaTirthas

VajapeyaVaishyasNaradasSabhasSiddhyasSavarniKrodhana

Yajnavalkya

TandyaHarischandraMedhatithi
HiranmayaSamvarttaViswaksenaGargyaKaushikaSatakratuPushkaramaliniTrasadasyu
Kriti

Divodasa

Prishadaswa
VasumanasKshupaVrishasena
PurukutsaArshtisena
DwilipaAusinariSuchiSudymnaKapotaAlarka

Bhuridyumna
Purujit

Brahmadatta

HayaPrativindhyasKasa
DevarajaAgniswattasLohitaValahakaSumatiMahaparswa

ViswarupaVirupa

VidisaVenwa
NarmadaChandrabhagaIravatiVitasta

GodavariKaveriKimpunaVisalyaSoneParnasaKaratoya
Sandhya

MandarasIraNaras
Manibhadra

Dhanada
Guhyaka

Pisacha

Vibhishana

Kuveras

Nalakuvera

Paripatra
IndrakilaKaksha

VasisthaAngirasa

Jaigishavya

Rishava
VudhaAngaraka
Mangala
SaniAtharva

GayatriKshanas
Lavas

MuhurtasKalika
SuraviSreeShashthiHri
Asa

Viswadevas
MahasenaHarishchandraRitwijas

Ikshwakus
Karushas

Dimvaka

MuruPandyasKausikasAkritiJarasandhasSurasenasVodhasKulindasKosalasSunamanKusasthali
Gomanta

Shiva
Magadhas

ChandaGirivrajaSadaniraVrishava
ChaityaPippalasArvudaSwastikaChaityakaTaraka

DwarkaPragjyotishaFalgunaSudamanUlukasViswagaswaUtsavaKashmiraUragaDaradasKambojasRishikasHaratakaManduka
Harivarsha

Dasarnas
MallasBhallataMaladas

VatsabhumiBhargas
SuhmasNavarashtraJamvakaAvantiBhojakata

Kishkindhya

MaindaDwivida

MahishmatiSahadevas
NilasJataveda

SikhiVaiswanaraSaurashtraRukmin
SurparakaDandakasPaundrayas

AndhrasRohitakaAmvashtas
Malavas

Mlechcha
Abhiras

Amara
RamathasHarahunasSakalaMlechchas

VisokaAdhyaryuHotrisDuryyodhana
AchalaVrishaka

AswatthamaAndhrakasSinghalas
Vivingsati

DussasanaKshattaIdaYudhisthirasArghyasJanarddana

Prakriti

PutanaBhulingaAmvaHarisSaradwatasDamaghoshaSarangaSuvalas

Sarva

HastinaporeSatwatasSaumadattiKamandalusNipasKukkurasKambojaParadasKitavasRomakasVankhuChinsUddrasTukharasKankasPradaras
Tanganas
Chamaras

Lohitya
DarvasSurasKumarasVahlikasKashmirasTarkshyasKshudrakasVangas
Gayas
TamraliptasPansuVahlika
JamadagnisIndia
Nishkas

Kalpa

DussalaJambhaPratikaminVrindavana

Sudhanwan

PratipasVrikodarasAswathamanDhrishadwatiAnjanaPanditsSatasringa
BrahmacharyyaGavalganiPrithasPramana

Yatis
Chandalas

Vighasa
DakshinasAbhimanaKarttaviryaAjaBudha
VedangaKshanaAswattha

Purusha

Yogin
AnsuJimuta

BhutapatiKamadaVaradaManas

Pitri
Matri

SwargaPrasantatmanBhaskara
Upendra
ManilasVrishakapiVivaswanSaranyaDivakaraMathara

AsaniKshuvaDrisadwati
VadariKshetraSatadhanwanYavana

Baladeva

VivatsuVirasenaAnarttaAnarttasHastinapurKshemavriddhiVivindhyaAhukasSharangaKaunteyaDasharhaDasharhasSikshaAksharaDwaitavanaDatyuhasChakorasIshtiRishyamukaVasishtaMunjaHarita
Vrihadaswa

HotravahanaKashyapaSannyasinsViswadevaGosava

Kirata

Phalgunas
Kapardin

Kalpas
VaijayantaSakrasVaruthiniGopaliMahavatVinasAmvikasLokapalaKekayas
Cholas

Lanka

Pahlavas
MundasKasmiraDhartarashtrasSauvalasMadhuparka
NishadhasVidarbhasDamaDantaKandarpaDamayantisNalas

NaishadhaVarshneya
Kundina

Rituparna

Rikshavat
VidharbhaKalis
DhavasAswatthasIngudasKinsukasPlakshasVadarisVilwasPiyalas

SairindhriJivala
BhangasuraRituparnasVahukasSalihotraVibhitaka
NaishadhasJamvu
NakulasBrahmi

Karttika
KaumaraKotiBhadravataGanapatya

Pinga

Atiratra

VaradanaDrimiVasudhara
Renuka

Panchananda

KasmirasCharuDirghasatraShivodbheda
Rudrakoti

Chaitra

Drishadwati
Mankanaka

PrithiviTarantuka
YakshiniPushkaras

BrahmavartaSutirtha
Pranayama

Manusha
ApagaKedara

Saraka
TripishtapaSarvadeva

Misraka
Vedi

Vamanaka

Vishnupada
Kulampuna

Kanya

Saptasaraswata

Kapalamochana

Brahmayoni

Prithudaka

Darbhi
TaijasaVisweswara

Kupa

Indramarga
EkaratraDadhicha

SannihatiMachakruka
Arantuka

SaugandhikaPlakshaSatakumbhaSakamvariSaptagangaTrigangaKanakhalaLalitikaIndusRishikulyaBhrigutunga
Vidya
MahasramaMahalayaSundarikaVahudaDevasatraBhartristhanaMahanadiPhalguManinagaAhalyaMaheswariJatismaraChampakaNischiraMahaGauriStanaKirtikaKokamukhaAuddalakaChampaSonaMatangasPannagasVenna

Payoshni

DandakaSarabhanga

TungakaAngirasasKalanjara
Mandakini

Chitrakuta
SringaverapuraPratisthana
Gangas
JavaliChatakaBrahmasaraGayasira

BhimarathiNrigasAgastyasSurashtraChamasodbhedaUjjayanta
PriyanguVisravasPunyaJamvumarga

KetumalaGangadwaraVaikanasasPlakshavataranaSamyaDalbhyaVisakhayupaVajrasDandasYogis
LomapadaAgrahayana

Muchukunda
ChaturmasyaShamathaAmurttaraya

Ilwala

VidharbhasSrutarvan
Vradhnaswa

IdhmavahaBathe
DasarathasValkhilyas

Samans

TwashtriNarayanasVaikuntha
Varunas

Talajanghas

Sagaras
Ansuman

Asamanjas

KapilasHimalayaBhringarajas

Hemakuta
Rishyasringas

Vibhandaka

Tilaka MudgalaAkritavrana
Dattatreya

KartaviryasMartikavataVyamas
Dravida

KrishnâRichikas
Ajamidhas

Jamvavati
MadhusSinisPayosiniIndira
Saryatis
SachisMadaArchikaPavakas

YuvanaswasYuvanaswaSaudyumniAjagava
PadmasNahushas
Sami

YugandharaBhutilayaUjjanaka

Yavakri

AilKahoda
Vandin

SujataAshtavakrasJanakas
UkthaSamangaSthulasiras

Paravasu

ValadhiMedhaviDhannushakshaMedhavisRaivyasParavasus

Vrihadyumna

YajamanaUsiravijaHidimavasVaidicHanumansRamayanaKesari

Janasthana

Maricha

Raghava

Sita

Ravanas

Vaidehi

Raghus

KrodhavasasJatasurasHimavan
Parthas

KinnarisSarabhasMahagangaTumburuManimanVaisravanasMaghavan

Pushpaka

MaharshiAstaMahameruMaharshis
Kashtha

VasavasMahendrasDitisSthunakarnaTryamvaka
Raudra

Vaivaswata

Kavachas

Prahrada

Tara

TomarasPaulamasKalakanjasHiranyapura
DevendraVrishaparbaChinaTukharaKulindaDwaitabana

Pulastyas
AyuAtmanKaranasAnartasRukminis
Kukuras
HastinaVainyasMlecchaBhoAtasiSreevatsa

Vetravati
VaswokasaraNaliniSanskrit
KalkiBrahmanicMadhavi
SlokasDala

Vami

Vamadevas
VrishadarbhaSeduka

KapataromanSwastivachanaPravarakarnaNadijanghaAkuparaDevakisRatisSmritiLibraAries

KuvalaswaDhundhu

SasadaAdriSravasthaUjjalaka
KaitabhaVaishnava

Rakshas

Kumbhakarna

Kapilaswa
Karma

Samana

Apana
UdanaVyana

Prana

SannyasinSubhaRagaMahismatiKuhuPaurnamasyaSanjuBharatiNishkritiVrihaspatisBrahmicAmoghaSuvarchakaAnudattaAvalaPrasantaDarsaAgrayana
AshtakapalaBhutasAdbhutaNiyataPunjabMahiTamasaSuprayogaPriyaVibhuJyotishtomaKesinDevasenaDaityasenaDakshayaniUdayaGarhapatya

Krauncha

SkandasBhadrasakhaAryaSisu
Krittikas
SinivaliDhanishthaMayst
RakshasiKadamvaMujikaMinjikaVaijayantiJanaPattisa
Kamandalu

Mahisha
Umas
BhuvaneswaraSighraDiptaPavitraSuvrata
SwadhaSatrajitChitrasenasVikarnas

BrihaspatiSamsaptakas
SamsaptakaKauraveya
BangasBatsaAvantisTrinavindu

Sila
Unchha

RibhusVriddhakshatraKotikaYakshiSurathasKshemankara

Satrunjaya

Kotikakhya
SuvirasKaikeyaDhatreyikaYagnaseniUpanandaSaikya

Saindhavas
Kasipu

Satrughna
Kaikeyi

Tashtri

SitasVisravaPushpotkataRaka

KumvakarnaKhara
Surpanakha

Raksha
Dundubhi

Manthara

Tala

KausalyasNandigrama

Dushana

Trikuta
Makaras
Sumatras

Kakutsthas
Pampa
Kiskindhya

Sugrivas

Jamvuman

Malyavat

Trijata

AvindhyaNalakuveras

Saturn
Mandodari
PrabhavatiSahya

Sumitras
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Mahābhārata to Janamejaya.  These names are also separated from the main conglomeration and 
fall along one axis.   
 
The English translation is inconsistent in the transliteration of Mleccha, a group of people from 
the west in Persia and Greece, but nevertheless, all of the different instances fall in the low-
dimensional manifold near each other and near others originating in the west in Fig. 4 in red.  
Salwa and Shakuni are both kings from the west.  The Pishacas, Arattas, Vahikas, and Madrakas 
are all people from the west, from places such as Afghanistan.  The Madrakas are from the 
kingdom of Madra, with capital Sakala and king Shalya.  This grouping occurs despite the fact 
that Salwa, Shakuni, and Shalya have extremely different roles in the story and are not co-
present much of the time.  Thus LLE is able to discover modes of variation in the data that are 
not readily apparent otherwise, in this case, direction of origin.  All of these names are important 
to the story and thus are part of the central mass of points.   
 
An interesting feature of the computed low-dimensional space is the data point mapped closest to 
the origin in the first two dimensions shown in Fig. 5, Mahameru.  It is a mountain that is 
purported to be the cosmic axis or the center of the physical and metaphysical universe.  It is 
mapped close to the origin in the other dimensions as well.   
 
Thus, this dataset of the Mahābhārata text, as a surrogate for social interaction data, illustrates 
that the use of LLE preserves both local and global structure.  Even when the form of the 
structure is not known in advance, by viewing the low-dimensional space, it is possible to find 
properties within the dataset that group data points and separate data points.   
 

4. Earth Relief 
 
The signed distance function is a powerful way to implicitly represent a curve, often used in 
segmentation algorithms [5].  (A curve partitions a plane into two regions, with one designated 
the inside and the other the outside.)  One intuitive way to describe signed distance functions is 
through analogy with Earth elevation, specifically the Hawaiian Islands [6].  Elevation data 
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above sea level is known as topography and depth data below sea level is known as bathymetry; 
collectively, these data are known as relief.  In the case of Earth relief, the two regions are the 
above water portion – the inside, and the underwater portion – the outside.  Thus in Hawaii, an 
island that sticks up out of the water is the inside region.  By convention, the SDF is negative 
inside and positive outside, counter to relief data.  The space of signed distance functions is not 
linear because the sum of two signed distance functions is not a signed distance function [7].  In 
this section, low-dimensional manifolds will be determined using nonlinear dimensionality 
reduction by LLE for relief and for negated signed distance functions using data points 
consisting of small patches in coastal areas of the Earth.   
 
The dataset used for Earth relief is the 2-Minute Gridded Global Relief Data [8], which has 
resolution of two minutes in both latitude and longitude.  There are sixty minutes per degree and 
360 total degrees of longitude on the earth, giving 10,800 columns of pixels.  There are 180 total 
degrees of latitude and thus 5,400 rows in the dataset.  Elevation is given in meters, as shown in 
Fig. 6.  From this data, 2000 data points – 48 pixel × 48 pixel patches – were selected in the 
manner now described.  A row and a column were selected uniformly and the 48 pixel × 48 pixel 
subimage with that row and column as its bottom left corner was examined.  Patches not having 
at least 20% above water and at least 20% underwater pixels were rejected.  The process was 
continued until 2000 points were accepted.  The resulting data points are shown in Fig. 7, with 

the crosses indicating the southwest corner of the patch.  Examples of 48 × 48 patches are shown 
in the left column of Fig. 8.  The top row is from a data point in Hawaii, the center row is from a 
data point in Antarctica highlighted with a red circle in Fig. 7, and the bottom row is from a data 
point in Southeast Asia highlighted with a magenta circle in Fig. 7.  The relief data was treated as 
48·48 = 2,304 dimensional for the purposes of LLE.   
 
For each relief data point, an SDF representation was created as follows using a fast marching 
method [9].  In order to reduce boundary effects, first a larger patch of relief was taken for each 

Figure 7: Southwest corners of 2,000 data points marked as +.   
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data point.  Specifically, 96 × 96 patches concentric with the 48 × 48 data points were used.  For 
each larger patch, the relief was converted to a binary image demarcating the inside region and 
outside region.  From the binary image, an SDF was generated using an implementation of the 
fast marching method [10].  Finally, the SDF image was clipped to be 48 × 48 and negated.  
Example 48 × 48 binary images and 48 × 48 negated signed distance functions are shown in the 
second and third columns of Fig. 8, respectively.   
 
Comparing the true relief with the SDF, one can see that the two are not dissimilar, but there are 
differences.  By definition, the SDF has constant slope, whereas in the true relief, the slope may 
be variable.  Also, any ridges and valleys within a region that the true relief may have will not be 
captured by the SDF, as seen in the bottom row of Fig. 8.  When the relief is primarily linear, 
then correspondence with the SDF is fairly good, as seen in the first two examples of Fig. 8.   
 
Now, the low-dimensional manifolds will be compared as computed for K = 6.  The first two 
dimensions of the relief data manifold are plotted in Fig. 9a and the first two dimensions of the 
SDF manifold are plotted in Fig. 9b as scatter plots.  The colors in the relief data manifold are 
simply assigned linearly based on the dimension 1 coordinate.  The color for each data point is 
transferred to the corresponding data point in the SDF manifold.  It is apparent that there is a 
correlation between the two manifolds in the first dimension – as the first dimension coordinate 
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in the relief manifold increases, the first dimension coordinate in the SDF manifold decreases.  
This inverse relationship is also apparent in Fig. 10, which plots the sorted dimension one 
coordinates of the relief manifold against the dimension one coordinates of the corresponding 
data points in the SDF manifold.  Thus, despite certain features not being captured by the SDF 
representation, the primary mode of variation in both sets of data is similar.   
 
The relationship in the second dimension of the low-dimensional manifolds is not as strong as in 
the first direction, but exists nonetheless.  Fig. 11 shows this relationship in the same manner as 
Fig. 9.  The distribution of colors in Fig. 11b, the SDF manifold, is certainly not random, but the 
pattern is more difficult to discern.   
 
Another way to investigate the similarity of the two manifolds is to consider pairwise distances 
between the mappings of the data points.  There may be metrics more or less appropriate for use 
in manifolds determined by LLE, but standard Euclidean distance was used in this case on the 
first three dimensions of each set.  In the ideal case, pairwise distance in the relief manifold 
would be proportional to pairwise distance in the SDF manifold, so plotting them against each 
other would yield a straight line.  Doing so with the actual pairwise distances, shown in Fig. 12 

 
(a) 

 
(b) 

Figure 9: Low-dimensional manifolds for (a) relief data and (b) SDF data. 
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with the least-squares fit cubic 
function overlaid, does not give a 
straight line, but encouragingly, 
does give a monotonic trend.  
The conclusion from this analysis 
is that data points that are 
mapped close to each other in the 
relief manifold are also mapped 
close to each other in the SDF 
manifold.   
 
An attempt will now be made to 
discover the underlying 
properties in the data that are the 
principal modes of variation.  A 
variety of different local 
descriptors were investigated to 
determine whether they are 
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associated with the dimensions of the manifold.  Two local descriptors were notable: the 
percentage of above water pixels in the image patch and the orientation of the gradients within 
the image patch.   
 
As shown in Fig. 13, the second and third dimensions of the SDF manifold are extremely 
correlated to the proportion of pixels that are above water.  The coloration in the figure shows the 
percentage of above water pixels in each data point.  Red data points are 80% above water and 
blue data points are 20% above water.  This relationship is very obvious from the figure.  As 
demonstrated above, the connection between the SDF manifold and the relief manifold in 
dimension two exists but is not very strong.  Consequently, the effect of the ratio of underwater 

pixels to above water pixels on the 
second and third dimension 
coordinates in the relief manifold 
is much less.  As seen in Fig. 14, 
above water proportion is 
associated with how the data 
points get mapped to the manifold 
but it does not seem to be the 
principal effect.   
 
The second local descriptor found 
to have a strong relationship with 
the low-dimensional manifolds is 
the orientation of the gradients.  A 
contour map for an example data 
point is shown for both the relief 
data and for the SDF in the first 
column of Fig. 15.  The center 

column illustrates the gradient in an enlarged part of the image and the right column shows a 
histogram of the gradient directions with bins of width 30 degrees.  The distribution of 
orientations in the relief image and the SDF image has the same general shape, but the 
distribution in the SDF image is peakier, due to the lack of ridges and valleys within a region that 
exist in relief.  The full histogram provides a rich collection of local descriptors, but in the 
analysis below, the feature that is considered is the orientation bin with maximal count.   
 
Fig. 16 demonstrates that the first dimension of the SDF manifold is related to the gradient 
orientation.  The data points in the scatter plots are colored according to the maximum histogram 
bin.  As dimension one in the SDF manifold increases, the maximum orientation completes a full 
cycle of angles counterclockwise.  As the first dimensions of the SDF manifold and relief 
manifold are inversely proportional, the relief manifold’s first dimension changes with gradient 
angle as well, but clockwise as the first dimension coordinate increases.  This trend is shown in 
Fig. 17 using the same color scheme as Fig. 16.   
 
Thus we have seen that two simple properties in the image patches can be used to label the axes 
in the low-dimensional manifolds.  The signed distance function has many fewer degrees of  
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Figure 13: SDF manifold as a function of the proportion of above water pixels. 
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Figure 14: Relief manifold as a function of the proportion of above water pixels. 
 
freedom than relief data, so the correlation with the maximum gradient angle and especially with  
the number of above water pixels is much stronger.  However, despite the differences in  
representation, the same properties principally affect how the data points get mapped to lower  
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dimension.  In some sense these properties are like scaling and rotation, and do not say much 
about the actual shape.  That these two properties dominate is not surprising, but is counter to the  
intuition of what the space of shape should be.  That is not to say that the actual form of the 
shape plays no role.  Examining the histogram in ways other than looking at the maximal bin, for  
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Figure 15: Examples of gradient angle histogram for relief data (top row) and SDF data (bottom row). 
example, will give more insight to that role.  In future work, it would be interesting to normalize 
the proportion of underwater pixels and to rotate all image patches to a common maximum angle 
before applying LLE.  It may also be interesting to perform LLE on a scale invariant feature 
transform [11] of the image patches.   
 

5. Conclusion 
 
Nonlinear dimensionality reduction by locally linear embedding has been applied to social 
interaction data and to a space of signed distance function images along with relief images.  
Local and global structure in the low-dimensional space of social interactions coincides with 
what is expected intuitively.  Additionally, modes of variation in the data are illuminated that 
would not have otherwise been seen.  The dimensionality reduction approach seems like a  
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Figure 16: SDF manifold as a function of the maximum gradient angle. 
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Figure 17: Relief manifold as a function of the maximum gradient angle. 
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promising way to construct or study social networks as an alternative to using graphs that  
connect two characters if they have an interaction [12].  Dimensionality reduction and 
specifically nonlinear dimensionality reduction by locally linear embedding is a versatile 
technique applicable to all forms of high-dimensional data analysis.   
 
In comparing the low-dimensional manifolds produced by LLE for the relief data and the SDF 
data, it was shown that there is a good amount of correspondence.  Thus, the analogy of equating 
the Hawaiian Islands to signed distance functions is fairly accurate.  In addition, two simple local 
descriptors were found that are very closely related to the different axes in the low-dimensional 
manifolds.  These two descriptors are tied to scaling and rotation; thus, it seems as though the 
structure of the space of signed distance functions is defined in large part by scaling and rotation, 
which are shape preserving, rather than by features more descriptive of shape.  If manifolds 
arranged by shape properties are to be obtained through dimensionality reduction on the space of 
signed distance functions, it seems that scale and orientation will have to first be normalized.   
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