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Courtesy of Anantha Chandrakasan. Used with permission. 

Behavioral transformations 
There are a large number of implementations of the same 

functionality 
These implementations present a different point in the 

area-time-power design space 
Behavioral transformations allow exploring the design 

space a high-level 

Optimization metrics: 

1. Area of the design 
2. Throughput or sample time T, 
3. Latency: clock cycles between 

the input and associated output 
change 

4. Power consumption 
5. Energy of executing a task 
6. ... 

power 
4 

area 

time 
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Courtesy of Anantha Chandrakasan. Used with permission. 

Fixed-Coefficient Multiplication 

Conventional Multiplication 


Z = X * Y  


Constant multiplication (become hardwired shifts and adds) 

I 
shifts using wiring 

u Example - FFT Courtesy of Anantha Chandrakasan. Used with permission. 
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Courtesy of Anantha Chandrakasan. Used with permission. 

Algebraic transformations 


Commutativity Distributivity 

Associativity Common sub-expressions 

Courtesy of Anantha Chandrakasan. Used with permission. 
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Courtesy of Anantha Chandrakasan. Used with permission. 

Transforms for efficient resource utilization 


Time multiplexing: mapped to 
3 multipliers and 3 adders 

Reduce number of operators 
to 2 multipliers and 2 adders 

Courtesy of Anantha Chandrakasan. Used with permission. 
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 Courtesy of Anantha Chandrakasan. Used with permission. 

Essential transform: Retiming


Courtesy of Anantha Chandrakasan. Used with permission. 
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Courtesy of Anantha Chandrakasan. Used with permission. 

Retiming example: FIR filter 


m m m m m ~ d ; a ~ d ~ h * ~ m .< .  

Courtesy of Anantha Chandrakasan. Used with permission. 
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Courtesy of Anantha Chandrakasan. Used with permission. 

Pipelining 

Pipelining = Adding Delays + Retiming 
Only works on feed-forward path,s 

Contrary to retiming, 
pipelining adds extra registers 
to the system 

add input 
registem 3 How to pipehe: 

1. Add extra registers at 
all inputs 

2. Retime 

Courtesy of Anantha Chandrakasan. Used with permission. 
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Courtesy of Anantha Chandrakasan. Used with permission. 

Lookahead 


loop 
unrolling 

Try pipelining 
this structure 

How about pipelining 

this structure! 


retiming -
A* -

precomputed
Courtesy of Anantha Chandrakasan. Used with permission. 
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Parallelism – saving power


D D 

clk f clk f

D 

D 

D 

2 
clk f

clk f 2 
clk f 

2 
clk f 

2 
� Same throughput as nominal 

� Delay of each path relaxed 2x 
� Lower the supply to match 2x nominal delay 
� P=f*Ctot*Vdd

2 

� fpar=fnom/2, Cpar=2*Cnom, Vdd_par~=Vdd_nom/2 (sqrt(2))=> Ppar~=Pnom/4 (2) 
� Not quite right since Mux is additional overhead (but close) 
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Parallelism – speeding up


D D 

clk f clk f

D 

D 

D 

clk f

clk f
clk f clk f

clkf 

� Almost twice the throughput of the nominal design 
� Need to fit the extra mux 
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Improving area efficiency: Time multiplexing


D D 

D 

D 

clk f clk f

clk f

clk f
2 clk f

D 

D 

clk f

clk f
2 clk f

D D 

clk f clk f

� Save area by reusing resources

� Need twice faster clock internally
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Improving area efficiency: Folding

N times


D D 

clk f clk f
D 

clk f
… 

D 

D 

clk f
clkNf

Sel


� Reuse logic and registers 
� Preserves the throughput 
� Saves area 
� Need to up-sample the internal data flow 
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Improving area efficiency: Folding


b n( )  c n( )  

D 

2 0 2 1l � l � 
b n( )  c n( )

a n( )  y n( )  a n( )  y n( )
2 0l � 

2 1l � 

� Reuse logic and registers 
� Preserves the throughput 
� Saves area 
� Need to up-sample the internal data flow 

� Easy for simple designs and folding ratios 
� Need a systematic way to do it 
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Systematic Folding

� Consider an edge e connecting U and V, with w(e) delays


U Vw(e)D HU PUD DF(U->V) HV 

Nl � v 

� Nl+u and Nl+v, u and v are folding orders 
� Time partition to which the node is scheduled to execute in hardware 

� N – folding factor (number of operations folded onto a single unit) 
� If HU pipelined by PU stages, result available at Nl+u+PU 

� The result of the l-th iteration of node U is used by l+w(e) iteration of 
node V 
� Executed at N(l+w(e))+v 

� Hence, the result must be stored for 
DF ( �� V ) >N (l � w(e)) � v@�>Nl � PU � u@ Nw(e) � PUU eo � v � u 
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Folding - example

� Folding set 

� ordered set of operations executed by the same
functional unit (e.g. S1={A1, 0, A2}, N=3) 
� A1 belongs to folding set S1 with folding order 0 – S1|0 
� A2 belongs to folding set S1 with folding order 2 – S1|2 
� Unit is not utilized at time instances 3l+1 due to null operation at

position 1 within S1 – S1|1 

� Biquad filter example (add 1, multiply 2) 
� N=4 (folded 4 times, now iteration period is 4) 

� Each node of the filter executed once every 4 time units when 
folded 

� Pa=1, Pm=2 (one stage pipelined add, 2-stage
pipelined multiply) – units can be clocked at unit time 

� Functional units in the folded architecture execute 4 
operations before the next period 
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Folding – biquad filter example


( |1)S1( | 3)S 
D 

a 
D 

D 

D 

D 

c D 

b 

d 

2 )03 ( |S 2( | 2)S 

1 

2) 

1 

4 

5 6 

7 8 

OUTIN 
2 

( |  ( | 0)S1 S1

S ( | )  ( | 3) S 12 2 

� Folding sets S1={4,2,3,1}, S2={5,8,6,7} 
� e.g. node 3 executed in the folded architecture at 

time instances 4l+2 (S1|2) 
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Folding – biquad filter example


D 

a 
D 

D 

D 

D 

D 

b 

c d 

2( |  0)S 2( |  2)S 

1( |  3)S 
IN 

1( |  2)S 1( |  0)S 

1 

1 2 

3 4 

5 6 

7 8 

Nl�v 
U Vw(e)D HU PUD DF(U->V) HV DF ( 

eoV ) N l  � w e( ))  v >Nl � � u ( )  � PU v uU �� > ( � �@ PU @ Nw e � �

DF (1 o 2) 4(1) 1 1 3 1� � �  
S( |1) 	 DF (1 o 5) 4(1) 1 0 3 0� � �  

OUT DF (1 o 6) 4(1) 1 2 3 2� � �  

DF (1 o 7) 4(1) 1 3 3 3� � �  

DF (1 o 8) 4(2) 1 1 3 5� � �  

DF (3 o1) 1 34(0) � � � 2 0 
DF (4 o 4(0) � � �  1 02) 1 0 
DF (5 o 3) 4(0) 2 2 0 0� � �  

DF (6 o 4) 4(1) 2 0 2 0� � �  

DF (7 o 3) 4(1) � � �  2 2 3 1 

2 S2 DF 2 1 1( | 3)S ( |1) 	 (8 o 4) 4(1) � � �0 

�	 DF(1->8)=5 means there is an edge from the adder to the 
multiplier in the folded DFG with 5 delays 
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D D D 

2D 

D 

a 

2D 

b 
c 
d 

D 
IN 

{1} 

{2} 
{3} 

{0} 

{0} {2} {3} {1} 

{0, 2} 

{1,3} 

{0, 2} {3} {1} 

{ ,  }p q denotes 4l �

Folding – biquad folded architecture

p and  4l � q 

{2} 
OUT 
DF (1 o 2) 4(1) �1�1�3 1 
DF (1 o 5) 4(1) �1� �0 3 0 
DF (1 o 6) 4(1) �1� �3 22 
DF (1 o 7) 4(1) �1� �3 33 
DF (1 o 8) 4(2) �1�1�3 5 
DF (3 o1) 4(0) � 31� � 2 0 
DF (4 o 2) 4(0) �1�1� 0 0 
DF (5 o 3) 4(0) 2 2 0 0� � �  

DF (6 o 4(1) � � �4) 2 0 2 0 
DF (7 o 3) 4(1) 2 2 3 1� � �  
DF (8 o 4) 2 04(1) � � �1 1 

� DF(1->8)=5 means there is an edge from the adder to the multiplier in
the folded DFG with 5 delays 
� Since this edge ends at node 8, which has folding order 1, folded edge is

switched at the input of the multiplier in the folded DFG at 4l+1 
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Unfolding


9D 

( )  ay n  

( )x n  ( )  y � � ( )ny n  a  (n 9) x

(2 (2 ) y k(2 ) ay k � �9) x k(2x k  

(2 �x k 1) (2 � ay k(2 1� � x k 1)y k 1) � 9) (2 �

a 

a 

4D 

5D 

(2 ) y k 
(2 1) y k � 

� Increase throughput 
� Can reveal hidden dependencies – schedule to a smaller iteration period 

� Design parallel architectures at the word or bit level 
� Word(bit)-parallel architectures from word(bit)-serial 

� Increase throughput or decrease power consumption 
� Each delay is J-slow (for J-unfolded system) 

� y(2k)=ay(2(k-5)+1)+x(2k) and y(2k+1)=ay(2(k-4)+0)+x(2k+1) 
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Unfold J-times

� Data flow graph (DFG) 
� For each node in DFG, J nodes in J-unfolded DFG 
� For each edge in DFG, J edges in J-unfolded DFG 
� Unfolding algorithm 

� For each node U in the original DFG 
� Draw J nodes U0, U1, …, UJ-1 

� For each edge U->V with w delays in the original DFG 
� Draw J edges Ui->V(i+w) mod J with floor((i+w)/J) delays for i=0…J-1 

a 

b 

c d9D 

a o c 
c o b 

9Dc ��od 
d o c 

a0 

b0 

c0 d0 

a1 c1 d1 

b1 4D 

5D 

a0 o c0 
c0 ob0 

floor((0 9)/2)D� oc0 ������ d(0 9)mod2 � 

d0 o c0 
a1 o c1 
c1 ob1 

floor((1 9)/2)D�c1 �����od(1 9)mod2� 

d1 o c1 
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Unfolding applications

� Sample period reduction 

p 

q 

r u

t 

s 

(4) 

(4) 

(4) 

p 

q 

r u 

t 

s 
2D 

(1) 
D 

(0) DTs=4 (1) 
2D(4) (0) (1) (0) 

(4) D 

Ts=6/2=3

p 

q 

r u

t 

s(1) (0) 
(4) 

� Reduce iteration period (1) 

a b cD 

b b c c c c

a 

D 

b c a 
(4) 

a b c 

D (0) D 

(2) 
(1) (2) (4) (1) (1) (0) 

ab b c c c c

a b b 

Tp=7 
(1) (2) (4) c c c c 

Tp=6 D Titer_avg=Tp/2 
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Unfolding applications

� Parallel processing 

� Turn bit-serial processing into bit-parallel 

4l � 0 
Wl � u 

+ 
a3a2a1a0 

b3b2b1b0 D 

0 

s3s2s1s0 

4 1,  2,3l � 

� Unfolding with switches 
� Write the switching instance as ( '  ( /  J )) � (u mod J ) 

u v 

Wl � u J W l  � floor u

�	 Draw an edge with no delays in the unfolded graph from 
node Uu mod J to the node Vu mod J, which is switched at time 
(W’l+floor(u/J)) 

4 312l �1,7,9,11	 l � 4l � 0,2 4l � 3 
u v u0 v0 u1 v1 u2 v2 
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Bit-serial adder example

� Start from bit-serial adder DFG


a 

b 

x 

s 

c 

z 

D 

4 1l � , 2,3  
4l � 0
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