
8.513 Problem Set # 11 
Problems: 

1. (20 pts) Realizing and classifying 3d topological insulator using Dirac fermions 
f fA 3d topological insulator has a symmetry Ucharge(1) o Z4 

T /Z2 (ie charge conservation and 
time reversal symmetry). To obtain a realization of such a topological insulator, we may first 
construct an one-body gapless Dirac fermion Hamiltonian in real bases, then we add a proper 
mass term to realizing a 3d topological insulator. 

(a) Consider a 3d non-interacting fermion system, described by a k-space one-body Hamil-
tonian 

M(k) = v(k) · σ, (1) 

where σ = (σ1, σ2, σ3) are the three Pauli matrices, and v(k) is a smooth vector fields 
in the Brillouin Zone. Assume that v(k) has only two zeros at kR and kL: 

M(kR + δk) = δkxσ
1 + δkyσ

2 + δkzσ
3 , M(kL + δk) = −δkxσ1 − δkyσ

2 − δkzσ
3 . (2) 

Show that the one-body Hamiltonian in the continuum x-space is given by 

Hone-body = σ1 ⊗ σ3i∂x + σ2 ⊗ σ3i∂y + σ3 ⊗ σ3i∂z. (3) 

The corresponding many-body Hamiltonian is given by Z 
†Ĥ = dx 3 ĉ (Hone-body)baĉa (4)b 

(b) We like to rewrite the many-body Hamiltonian in terms of Majorana fermions Z 
Ĥ = dx 3 η̂β (H

R (5)one-body)βαη̂α. 

The corresponding one-body Majorana-fermions Hamiltonian can by obtained by replac-
ing −i by ε = iσ2 (see page 14 of Lecture note 3). We first needs to make i explicit (this 
step is crucial) 

Hone-body = iσ1 ⊗ σ3∂x + ε ⊗ σ3∂y + iσ3 ⊗ σ3∂z 

= i(σ1 ⊗ σ3∂x − iε ⊗ σ3∂y + σ3 ⊗ σ3∂z). (6) 

Then, inside the bracket, we replace −i by ε = iσ2 and 1 by σ0 to obtain 

HR 
one-body = i(σ0 ⊗ σ1 ⊗ σ3∂x + ε ⊗ ε ⊗ σ3∂y + σ0 ⊗ σ3 ⊗ σ3∂z) (7) 

The 8×8 gamma matrices 

γ1 = σ0 ⊗ σ1 ⊗ σ3 , γ2 = ε ⊗ ε ⊗ σ3 , γ3 = σ0 ⊗ σ3 ⊗ σ3 , (8) 

are real symmetric and satisfy γiγj + γj γi = 2δij . Just like the 2d case discussed in the 
class, the Uf (1) symmetry and time reversal symmetry generators are given by 

Q = ε ⊗ σ0 ⊗ σ0 , T = σ3 ⊗ ε ⊗ σ0 , TQ = σ1 ⊗ ε ⊗ σ0 , (9) 
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which satisfy 

QT = −TQ, γiT = −Tγi, γiQ = Qγi, γiTQ = −T Qγi. (10) 

The mass term A is a real anti-symmetric matrix satisfying 

Aγi = −γiA, AT = −T A, AQ = QA, ATQ = −T QA, (11) 

Find the most general form of the mass term. 

(c) Show that the space of the mass matrix A is R2 = R2−3+2 = R1. We also have R2
1.3 3 = R0 

(d) Let us calculate the space R0
1, which is the space of 2n×2n anti-symmetric real matrices 

A that satisfy 

A2 = −I2n, Aρ = −ρA (12) 

where ρ is a real orthogonal matrix that satisfies 

ρ2 = 1. (13) 

We may choose a basis such that � � 
In 0 

ρ = (14)
0 −In 

where In is the n × n identity matrix. 

Show that A has a form � � 

A = 
0 

−O> 
n 

On 

0 
, On ∈ O(n). (15) 

Thus R0 = O(n) and π0(R0
1) = Z2. This suggests that in 3+1D, the gapped non-1 

f finteracting fermions with U (1) o Z4 
T /Z symmetry has only two phases, a trivial charge 2 

phase and a topological insulator phase. 
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