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8.513 Problem Set # 7 
Problems: 

1. (5 pts) Density of many-body states and heat capacity 

Consider an 1D chiral bosons with a linear dispersion �k = ~vk on a ring of length L. The 
2πdegeneracy of many-body states at energy n~v L is given the partition number pn. For large 

n, we have 

√1 2π n/6 pn ∼ √ e (1)
4n 3 

(https://www.theoremoftheday.org/NumberTheory/Partitions/TotDPartitions.pdf ) 
So the density of many-body states for chiral bosons is given by 

√ pn 1 2π EL/12~vπ Dmany(E) = = √ e (2)2π 2πv L E=n~v 
L 4 3E 

(Dmany(E)ΔE is the number of many-body states with energy in the window [E, E +ΔE].) 

(a) Use the above expression of the density of many-body states for chiral bosons to calculate 
2πthe heat capacity of the system. Hint: for large L (ie kBT � ~v ), one can use saddle-L 

point approximation to evaluate the integral 
(https://physics.stackexchange.com/questions/14639 ) 

Use such a result to show that for a 1D theory with central charge c and velocity v, its 
density of many-body states on a ring of length L has a form 

√ EcL επ/3~vDmany(E) ∼ e , ε ≡ = energy density (3)
L 

This is how the central charge c is related to the density of many-body states. 

2. (30 pts) Jordan-Wigner transformation on a ring: 

(a) Consider a transverse Ising model on a ring of size L (assume L = 0 mod 4 to be safe): 

LX 
H = − (Jσi

xσi
x 
+1 + hσi

z) 
i=1 

where σl = σ1 
l . Use the Jordan-Wigner transformationL+1 Y Y 

λx = ( σj
z)σx λy = ( σj

z)σy 
i i , i i , 

j<i j<i 

to map the above spin model to a fermion model on the ring, where λx, λy are Majorana i i 
operators. 

(b) Show that the spin model and the following two fermion models on a ring 

LX 
Hperio = J iλy

i λi
x 
+1 + hiλi

xλy
i , λL

x 
+1 = λ1 

x , λy = λ1 
y ,L+1 

i=1 
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LX 
Hanti-perio = J iλy

i λ
x
i+1 + hiλi

xλy
i , λx

L+1 = −λx 
1 , λy

L+1 = −λy 
1, 

i=1 

are closely related. The states in the spin model belong to two sectors: the even sectorQ Q
σz σzwith Z = = +1 and the odd sector with Z = = −1. The states in thei i i i Q

fermion model also belong to two sectors: the even sector with FNP = (iλyλi
x) = +1i iQ

and the odd sector with FNP = (iλyλx) = −1. Show that the eigenstates of Hperio 
i i i 

in the even (or maybe odd) sector happen to be the eigenstates of the spin model in the 
even sector with the same energies. The eigenstates of Hanti-perio in the odd (or maybe 
even) sector happen to be the eigenstates of the spin model in the odd sector with the 
same energies. 

(c) Find FNP for the lowest energy state in the sectors of periodic or anti-periodic boundary 
conditions. 
(Hint: Write the fermion model in terms of the fermion operator in k-space. Note 
that the fermion operators with (k, −k) form a subsystem that decouples from other 
subsystems. In fact, in k-spaceQ 

(λx
k)
† = λx 

−k. PWhat is the FNP for such a subsystem? 

You need to express FNP = (iλyλx
i ) = ei i 

iπ i(1−iλ
y
i λ

x
i )/2 in k-space. You also need to 

consider k = 0 and k = π separately, if they are present.) 

(d) In the symmetry breaking phase J > |h| of the Ising model, show the energy splitting 
Δ of the two lowest energy states to have a form 

Δ = O(Lµ)e−L/ξ, (4) 

and find an expression of the correlation length ξ in terms of J, h. p
(Hint: A − B cos(k) (A,B > 0, A > B) has branch cuts in the complex k-plane 

κ+e−κ 
starting at k = ±iκ + 2πn where κ is determined by A = B e . See the attached 2 
paper, mainly eqn 4.1 – eqn. 4.5.) 

3. (10 pts) Time-ordered correlation in imaginary time 

Non-equal-time time-ordered correlation in imaginary time for fermionic operator is defined 
as ( 

h0|c(x1)e−|t1−t2|H c†(x2)|0i, t1 − t2 ≥ 0 
hT [c(x1, t1)c 

†(x2, t2)]i = (5)
−h0|c†(x2)e−|t1−t2|H c(x1)|0i, t1 − t2 < 0 

The time-ordered correlation in imaginary time for bosonic operator is defined as ( 
h0|b(x1)e−|t1−t2|H b†(x2)|0i, t1 − t2 ≥ 0 

hT [b(x1, t1)b
†(x2, t2)]i = (6)

h0|b†(x2)e−|t1−t2|H b(x1)|0i, t1 − t2 < 0 

A 1D chiral Majorana fermion system on a ring of length L is described by the Hamiltonian 
in k-space: X † †H = vkλ λk, {λk1 , λk2 } = 0, {λ , λk2 } = δk1,k2 , (7)k k1 

k>0 

2πwhere k = (integer + 1 ) (assuming the fermion has the anti-periodic boundary condition). L 2 
The ground state |0i satisfies λk|0i = 0, k > 0. Such a system is a central charge c = 1/2 
conformal field theory (CFT). 
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(a) We define λ−k = λ† k. Show that ( 
1−sgn(k2) −v|tk2|δk1+k22 e , t ≥ 0;

hT [λk1 (t)λk2 (0)]i = 1+sgn(k2) −v|tk2|δk1+k2 

(8)
− 2 e , t < 0. 

(b) Define the Majorana fermion field in real space as 

ikx λ(x) = 
X 

L−1/2λke , k =
2π 
(integer + 

1
) (9)

L 2 
k 

Show that λ(x) = λ†(x) and {λ(x), λ(y)} = 0 if x =6 y. ie the fermion field is local. (In 
fact {λ(x), λ(y)} = δ(x − y).) 

(c) Show that the time-ordered correlation for Majorana fermion field λ(x, t) is 

L−1 (−2πi)−1 

hλ(x, t)λ(0, 0)i = = (10)−iπ(x+ivt)/L − eiπ(x+ivt)/Le x + ivt L→∞ 

3 



 

 
 

 

 
  

 

MIT OpenCourseWare
https://ocw.mit.edu 

8.513 Modern Quantum Many-body Physics for Condensed Matter Systems 
Fall 2021 

For information about citing these materials or our Terms of Use, visit: https://ocw.mit.edu/terms. 

https://ocw.mit.edu/terms
https://ocw.mit.edu



