
������ Many�body phenomena in condensed matter and atomic physics Problem Set � � Due� �������� 

Interacting Fermions 

�� Short	range interaction� 

a� Consider Schr�odinger equation in D � � f o r t wo spinless fermions moving in an external 

2p otential U �x� � 

1 m�2x and interacting via a short�range potential ���x � x0�	 Find 

2 

the energy spectrum and the eigenstates for this two�body problem	


b� Generalize the result of part a� to any numb e r of fermions	


c� Generalize the result of part a� to an arbitrary external potential U �x� and arbitrary


space dimension	


d� Prove that the energies and states of spinless fermions with short�range interaction are


the same as without interaction by starting from the second�quantized hamiltonian
� � �Z � 

h2 b � bH � �+�x� � 



� U �x� �b�x� � �+�x��b+ �x��b�x��b�x� dx ���

�m � 

band using the algebra of the eld operators �b�x� and �+�x�	 


� Cooper pairs� 

To understand the origin of pairing in the presence of attractive interaction in a Fermi 

system� Cooper proposed to replace the many�body problem by a toy model of two par�
ticles at the Fermi level	 To take into account that the states b e l o w the Fermi level are 

lled� and thus are �dynamically inaccessible�� the Hilbert space of states for each of the 

two particles in this model consists of all single�particle states with energies above the 

Fermi level	 The Hilbert space for the two particles consists of the states 

+ +jp� � � p 

0� � i � a 

p�� 

a 

p 

0 �� 

j�i � jpj� jp 

0j � p F 

� �� �  ��� � ��� 

The energy of the state ���� in the absence of interactions� is E � E 0 � where E �p p p 

2p2 ��m � p ��m	F 

a� Consider short�range interaction Z X� b
� 

�x� 

b
� 

�x� 

bHint 

� � �+ �+ �� 

�x��b� 

�x�dx ���
� 

����"�# 

Find the matrix elements of the interaction ��� between the states ���


b� Show that the total momentum P � p � p0 is conserved� and thus the two�particle


Hilbert space decouples into subspaces with xed value of P	


c� Let us x P � �� i	e	 consider the subspace of two�particle states of the form


+ +jp� � � �p� � i � a 

p�� 

a;p�� 

j�i � jpj � p F 

� �� �  ��� � ��� 

Show that the interaction ��� projected on �or� acting within� this subspace is an operator 

of rank one	 In other words� up to a constant� it maps all vectors onto one specic vector	 

d� Suppose the hamiltonian has the form H � A � B� where A is a diagonal matrix 

with the spectrum Ei 

� and B is an operator of rank one with vector jui � � u1� u 2� u 3� 			 � 



corresponding to its only nonzero eigenvalue �	 Show that the operator �
 � A�;1 B is of 

rank one for 
 �� Ei	 Use this fact to obtain an algebraic equation for the spectrum of H	 

e� Apply the result of part d� to the problem of Cooper pair with an attractive i n teraction 

� � � and zero total momentum P	 Show that the spectrum of the problem consists of a 

continuum of states with positive energies� and of one discrete state with negative energy	 

�To cut a divergence in the eigenvalue equation� you may assume that the interaction 

strength is gradually decreasing at large energies� � � � exp��E �E��� with E� 

� EF 

	p 
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