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4. QED

4.7 Casimir’s Trick
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Polarized particles
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A typical QED amplitude looks like 

To get a number for M we will need to use explicit forms for 
the wavefunctions of the external particles

If all external particles have a known polarization, this 
might be reasonable. Often, we are interested in unpolarized 
particles.



Spin-Averaged Amplitudes
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If we do not care about the polarization of the particles, 
we need to

Average over the polarizations of the initial-state particles

Sum over polarizations of the final-state particles in the squared amplitude

We call this the spin-averaged amplitude



Spin Sums

Suppose that we have

Then
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Spin Sums

Applying the completeness relation

and summing over the spins of particle 2
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Spin Sums

We can represent the matrix multiplication with summations 
over indices

Finally, we apply the completeness relation again

6



Summary

We have 

The ½ comes from averaging over initial spins, assuming 
exactly one of u1 and u2 corresponds to an initial-state 
particle. If they are both initial states (pair 
annihilation) the factor is ¼ and if neither is 
initial-state (pair production, the factor is 1.
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Casimir’s Trick

The trick to calculate spin-averaged amplitudes in terms of 
traces is known as Casimir’s Trick

If antiparticle spinors v are present in the spin sum, we 
use 
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Traces
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Gamma Matrices
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Trace identities
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Trace with 
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Since 



Trace with 
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Only with 4 (or more) other  -matrices can we find nonzero 
traces involving 

with the totally antisymmetric tensor 
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