Day 13, R 2/22/2024

Topic 6: Operators, inhomogeneous DES, ERF, SRF (day 1 of 2)
Jeremy Orloff

1 Agenda

e Finish Topic 5 problems

e Operators, the operator D = %

o Polynomial operators P(D)

o Linearity of P(D) and the superposition principle
o Substitution rule: P(D)e™ = P(r)e"™

e Tomorrow: ERF, SRF

2 Operators

Same thing — new symbols and terminology.

d
D= T is called a differential operator.

An operator acts on a function to produce another function.

Example 1. D(t? +t3) = 4 (t* + %) = 2t + 3t2, D(e®) = ae®,  Df = f.
d? d?

LikeWiSG, D2 = W’ D3 = %

Example 2. D?%e% = g?e, D3e% = g3e,

Identity operator: I: I(f) = f.
General operator: T: T f = “T applied to f”.

3 Polynomial operators: P(D)

Example 3. Suppose P(r) =r>+8r+7 — P(D)=D?>+8D+TI.
So, P(D)xz = D*x + 8Dx + 7Ilx = 2" + 82’ + Tx.

3.1 Comparing old and new notation

old new
DE " +8 +T7x=0 P(D)x=0 } Here, P(D) = D?*+8D+ 71, P(r)=1r*+8r+7
Characteristic eq. 72 +8r+7 =10 P(r)=0



4 LINEARITY AND THE SUPERPOSITION PRINCIPLE 2

4 Linearity and the superposition principle

Suppose z, x, are functions, ¢y, ¢, are constants. Then
_ ’r_ ’ ;
D(cixy + comy) = (1) + coxy)" = 2] + ey = ¢ Dxy + co Dy,

Likewise, D?(c,z; + ¢yTs) = ¢;D?*x + coD?*z,. This is the heart of all of our superposi-
tion/linearity principles. Operators with this property are called linear operators. We write
out the definition:

Definition: T is a linear operator if
T(Cl$1 + 02162) - ClT.CCl + CQT.Z'Q.

So, D, D? D3 D?+3D, ..., P(D) are all linear.

4.1 Superposition principle (equivalent to linearity)

If z, solves P(D)x = f,, ie., P(D)xy=f;
and x4 solves P(D)x = fy, ie., P(D)xy, = f,
then = =c;xy 4+ cozy solves P(D)x =c,f; +cofy (cq, ¢y constants).
Proof. Use the linearity of P(D).
P(D)z T: P(D)(cyx; + cymy) ? ¢ P(D)x; + ¢, P(D)x, ? crfy +eafy u

(definition of z) (linearity of P(D))  (assumption P(D)x; = f, and P(D)xy = f,)

4.2 Variations of the superposition principle

Homogeneous equations:
If P(D)xy =0 and P(D)xy, =0, then P(D)(cizq + cyxqy) = 0.
Proof. Linearity of P(D).
Inhomogeneous equations:
If P(D)x,=f and P(D)x, =0, then P(D)(z,+z)) = f.
Proof. Linearity of P(D).

5 Substitution rule

Substitution rule: P(D)e® = P(a)e®.
Example 4. Say P(D) = D? + 8D + 7I. Then
P(D)e® = D%e 4 8De + Tl
— a2ea + 8aedt + Teat
= (a® 4+ 8a + T)e
= P(a)e |
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