Solutions Day 13, R 2/22/2024
Topic 6: Operators, inhomogeneous DEs, ERF, SRF
Jeremy Orloff

Problem 1. Let P(r) =12+ 8r + 7.

(a) Compute P(D)t3, i.e., “P(D) applied to t3”.

Solution: P(D) = D?+8D+7I. So, P(D)x = 2" +82'+Tx = P(D)t3 = 6t+24t>47¢3.
(b) Compute P(D)e".

Solution: P(D)e™ = r?e™ + 8re™ + 7e™ = (r2 + 8r + 7)e"™ = P(r)e".

(c) Write P(D)x = 0 out the long way. What is the characteristic equation?

Solution: P(D)z =0 < 2" +8z'+7x=0.

Characteristic equation: 72 +8+7=0 or P(r)=0.

Problem 2. )
d ,
(a) Show that D?> + 5D = pTe] + 5& is a linear operator.
Solution: We need to show that (D?+5D)(c;2q +¢cyTs) = ¢1(D?*+5D)x; +co(D? +5D)x,,
where ¢, ¢y are scalars. This is just a bit of algebra:
(D? +5D)(c121 + cay) = (€121 + 25)" + 5(cy 21 + ca5)’
= e (] + 53] + ey wf + 525)
— Cl(D2 + 5D)l‘1 + 62(D2 “l— 5D)1’2 .

(b) Show that T, defined by Tf = f* is not linear.
Solution: This is like Part (a) except we show that equality doesn’t hold.

T(zy + 1) = (11 + 29)% = 23 + 220 09 + 23 = Twy + Ty + 22,709 #+ Ty + Ty
Since T'(xy + x4) # Txy + Ty, T is not a linear operator.

Problem 3. Solve 2" + 8z’ + Tx = %! by guessing a solution of the form x = ce?!.

Solution: We try z = ce?, i.e., plug this into the DE.
2482 +7x = e?' = dee?' +16ce? +Tce? = e? = c(4+164T7)e? =P = c= —.

Thus, z(t) = 5-€" is a solution.

Problem 4.
(a) Use complex replacement to compute D3(e! cost).

Solution: Let x = D3(efcost). Complex replacement says to replace ef cost by efe’t =
eI+t (Careful explanation of this below.)

Then, if z = D3(e(!*9?), we have x = Re(z). Computing:

y = D3(6(1+i)t> — (1 + Z-)3e(1+i)t_



Since 1 +1i = v2e™/*, (1 +1i)% = 23/2¢3™/4, We now have,

5 — 93/24i3T/4,(1+0)t _ 93/2 t i(t+37/4)

Taking the real part

. 3 3 3
z = Re(z) = Re (2%/2ete!t+37/4)) = Re <23/26t [cos (t - %) + i sin <t + %)}) =[23/2¢! cos <t + %) :

Careful justification of complex replacement:

We have 1 = D3(efcost).

Let y = D3(elsint).

and let z =x+iy= D3(elcost) +iD3(e’ sint)
= D3(etcost +ietsint) (linearity of D?3)
= D3(elet) (Euler’s formula)
—_ D3(e(1+i)t>

So, z = D?(e"*9t and, by definition of z, z = Re(z).
(b) Make use of your work in Part (a) to compute D?(e'sint).

3
Solution: The complexification in Part (a), showed D3(ef sint) = Im(z) = 23/2¢? sin (t + %)
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