Solutions Day 35, M 4/1/2024
Topic 16: Eigenstuff (day 2)
Jeremy Orloff

Problem 1. Suppose A is a 3 x 3 matriz with eigenvalue/vector pairs

A= 2 3 5
1

=
)

Solution: Since we already have the eigenpairs, the solution is immediate.

1 1 0
x(t) = cpe® | 2] +cpe® [1] +c3e® |0] .
0 0 1

(b) Give the diagonalized form of A

(a) Give the general solution to x" = Ax, (X = i:

INEE SO

Solution: Again, with the eigenpairs, this is immediate

1 10 2 00

0 01 00 5

. A= SAS-!

diagonal form

(c) Give A°, A71, det(A).

22 0 0
Solution: A% = SA°S~1 =9 [0 35 0] St
0 0 5°

/2 0 0
AS=8A 1S t=510 1/3 o0 |SL

0 0 1/5
det A = det A = 30.

(d) Give a change of variable that decouples the system in Part (a). Write the decoupled
system in matriz form and solve it.

Solution: Change of variable: u = S~!x.

i 2 0 0] [u u=2u
Decoupled system: u’ = Au or [v’] = [O 3 O] [v} or v =3

w’ 0 0 5] |w

Eigenpairs for A (not really necessary to solve this system):

A= 2 3, 5

1 0 0
v = (0|, |1}, |O (standard basis)
0 0 1

1



1 0 0 u =cpe?
So, u=ce? !O} + cpedt {1] + et !O} or v = cyedt.

0 _ 5¢
= cq€

g

Problem 2. Repeat problem (1) for the matriz [? g]

Solution: We have to find the eigenvalue/vector pairs.

5—A 3
1 3—2A

Characteristic equation: |A —2I| = ‘ =A2—-8\+12=0.

Eigenvalues (roots): A =2, 6.
Eigenspaces (Null(A — A\I)):

3 3 2 x 2 shortcut -3 -1
A=2. A-2]= [1 1] ——— basic eigenvector [ 3} or [ ]

-1 3 2 x 2 shortcut 3
A=6: A—6I]= [ ] —— basic eigenvector [1]

1 -3
A= 2, 6
Summary of eigenpairs: [—1] [3]
Vo 1] o

(a) General solution to x’ = Ax: x(t) = c,e? [_H + cyebt E’]
11 0 6

2° 0
0 6°

(b) Diagonalization: S = {_1 3], A= [2 0}, A=SAS

1/2 0

5 __ 5qQ—-1 __
(c) A° = SAPS _S[ 0 16

det A = 12.
(d) Change of variable: u= S"!x.

]5—1, Al = SA1ST = S[ }s—l, det A =

. , u'| 2 0] |u
Decoupled system: u" = Au or [v/} a [0 6} [U]

— 2t
u =ce

— o o6t
v =cye

Solution to decoupled system: [Z] =ce? [(1]] + cyebt [ﬂ or {
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