
Solutions Day 44, F 4/12/2024 
Topic 21: Fourier series (day 2) 

Jeremy Orloff 

Note: There is a useful integral table on the last page. 

𝜋 cos(𝑛𝑡)Problem 1. tri(𝑡) = 2 
− 

4 .𝜋 ∑ 𝑛2
𝑛 odd 
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Graph of tri(𝑡) 

(a) Convince yourself that tri ′(𝑡) = sq(𝑡). 
Solution: tri(𝑡) alternates between slopes of 1 and -1. 

for −𝜋 < 𝑡 < 0 Looking at the graph over one period, tri ′(𝑡) = {−1 .1 for 0 < 𝑡 < 𝜋 

This last expression is the same as sq(𝑡) over the one period: −𝜋 < 𝑡 < 𝜋. 
(b) Check that the derivative of the Fourier series for tri(𝑡) equals the Fourier series of 
sq(𝑡). 

𝜋 cos(𝑛𝑡)Solution: tri(𝑡) = 2 − 4 . So,𝜋 ∑ 𝑛2
𝑛 odd 

−𝑛 sin(𝑛𝑡) 4 sin(𝑛𝑡)tri ′(𝑡) = − 4 = = sq(𝑡) ■𝜋 ∑ 𝑛2 𝜋 ∑ 𝑛 𝑛 odd 𝑛 odd 

Problem 2. Let 𝑓(𝑡) = 1 + sq(𝑡). Find the Fourier series for 𝑓(𝑡). 
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Graph of 𝑓(𝑡) 

4 sin(𝑛𝑡)Solution: sq(𝑡) = .𝜋 ∑ 𝑛 𝑛 odd 

sin(𝑛𝑡)So, 𝑓(𝑡) = 1 + sq(𝑡) = 1 + 
4 .𝜋 ∑ 𝑛 𝑛 odd 

This is a Fourier series, so it must be the Fourier series for 𝑓(𝑡). 

for −1 < 𝑡 < 0 Problem 3. Let 𝑔(𝑡) have period 2 and 𝑔(𝑡) = {−1 

1 for 0 < 𝑡 < 1. 

1 
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Find the Fourier series for 𝑔(𝑡). 
Solution: The graph of 𝑔(𝑡) is 
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Graph of 𝑔(𝑡) 

First we show that 𝑔(𝑡) = sq(𝜋𝑡). You can see this by letting 𝑢 = 𝜋𝑡 and adding the 𝑢 scale 
below the 𝑡 scale. Now it’s clear that 𝑔(𝑡) = sq(𝑢) = sq(𝜋𝑡). 

4 sin(𝑛𝜋𝑡) Therefore, 𝑔(𝑡) = .𝜋 ∑ 𝑛 𝑛 odd 

As a check, note that each of the terms sin(𝑛𝜋𝑡) has period 2. This is the same as the 
period of 𝑔(𝑡). 
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Integrals (for 𝑛 a positive integer) 

−𝑡 cos(𝜔𝑡) + 
sin(𝜔𝑡) 𝜋(−1)𝑛+1 

1. ∫ 𝑡 sin(𝜔𝑡) 𝑑𝑡 = . 1′ . ∫
𝜋 

𝑡 sin(𝑛𝑡) 𝑑𝑡 = .𝜔 𝜔2 𝑛 0
𝜋 ⎧−2𝑡 sin(𝜔𝑡) + 

cos(𝜔𝑡) { for 𝑛 odd 
2. ∫ 𝑡 cos(𝜔𝑡) 𝑑𝑡 = . 2′ .∫ 𝑡 cos(𝑛𝑡) 𝑑𝑡 = 𝑛2

𝜔 𝜔2 
0 {⎨⎩0 for 𝑛 ≠ 0 even 

3. ∫ 𝑡2 sin(𝜔𝑡) 𝑑𝑡 = 
−𝑡2 cos(𝜔𝑡) + 

2𝑡 sin(𝜔𝑡) + 
2 cos(𝜔𝑡) . 3′ . ∫

𝜋 

𝑡2 sin(𝑛𝑡) 𝑑𝑡 = 
{⎧𝜋

𝑛
2 

− 𝑛
4
3 

for 𝑛 odd 

𝜔 𝜔2 𝜔3 
0 

⎨−𝜋2
{ for 𝑛 ≠ 0 even 

𝜋 
⎩ 𝑛 

𝑡2 sin(𝜔𝑡) + 
2𝑡 cos(𝜔𝑡) − 

2 sin(𝜔𝑡) 2𝜋(−1)𝑛 

4. ∫ 𝑡2 cos(𝜔𝑡) 𝑑𝑡 = . 4′ . ∫ 𝑡2 cos(𝑛𝑡) 𝑑𝑡 =𝜔 𝜔2 𝜔3 𝑛2
0 

If 𝑎 ≠ 𝑏 

1 + 
sin((𝑎 − 𝑏)𝑡) 

2 [sin((𝑎 + 𝑏)𝑡) 5. ∫ cos(𝑎𝑡) cos(𝑏𝑡) 𝑑𝑡 = ]𝑎 + 𝑏 𝑎 − 𝑏 

1 + 
sin((𝑎 − 𝑏)𝑡) 

2 
[−sin((𝑎 + 𝑏)𝑡) 6. ∫ sin(𝑎𝑡) sin(𝑏𝑡) 𝑑𝑡 = ]𝑎 + 𝑏 𝑎 − 𝑏 

1 + 
cos((𝑎 − 𝑏)𝑡) 

2 
[−cos((𝑎 + 𝑏)𝑡) 7. ∫ cos(𝑎𝑡) sin(𝑏𝑡) 𝑑𝑡 = ]𝑎 + 𝑏 𝑎 − 𝑏 

1 
2 [sin(2𝑎𝑡)8. ∫ cos(𝑎𝑡) cos(𝑎𝑡) 𝑑𝑡 = + 𝑡] 2𝑎 

1 
2 

[−sin(2𝑎𝑡)9. ∫ sin(𝑎𝑡) sin(𝑎𝑡) 𝑑𝑡 = + 𝑡] 2𝑎 

10. ∫ sin(𝑎𝑡) cos(𝑎𝑡) 𝑑𝑡 = −cos 
4𝑎
(2𝑎𝑡) 
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