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Problem 1. Solve 𝑥′ + 𝑘𝑥 using the characteristic equation method. Are you surprised by 
the answer? 

Solution: Characteristic equation: 𝑟 + 𝑘 = 0 

Characteristic roots: 𝑟 = −𝑘 

𝑥1(𝑡) = 𝑒−𝑘𝑡 Basic solution: 
= 𝑐1𝑒−𝑘𝑡 General solution: 𝑥(𝑡) = 𝑐1𝑥1 . (First-order implies a one parameter family of 

solutions.) 

Problem 2. 
(a) Solve 𝑥″ + 4𝑥′ + 3𝑥 = 0. 
(b) Find the solution with initial conditions 𝑥(0) = 1, 𝑥′(0) = 1. 
Solution: (a) Characteristic equation: 𝑟2 + 4𝑟 + 3 = 0 

Characteristic roots: 𝑟 = −1, −3 

Basic solutions: 𝑥1(𝑡) = 𝑒−𝑡, 𝑥2(𝑡) = 𝑒−3𝑡. 
General solution: 𝑥(𝑡) = 𝑐1𝑥1 + 𝑐2𝑥2 = 𝑐1𝑒−𝑡 + 𝑐2𝑒−3𝑡. 

(b) Use the initial conditions (IC) to determine the values of 𝑐1, 𝑐2. 

𝑥(0) = 𝑐1 + 𝑐2 = 1 ⇒ 𝑐1 = 2, 𝑐2 = −1 ⇒ 𝑥(𝑡) = 2𝑒−𝑡 − 𝑒−3𝑡 .𝑥′(0) = −𝑐1 − 3𝑐2 = 1 

Problem 3. Give the characteristic equation for each of the following DEs. 
(a) 7𝑥(4) + 3𝑥‴ − 5𝑥″ + 2𝑥′ + 4𝑥 = 0. 
(b) 𝑥″ + 𝑥′ = 0. 
(c) 𝑎𝑛𝑥(𝑛) + 𝑎𝑛−1𝑥(𝑛−1) + 𝑎𝑛−2𝑥(𝑛−1) + … + 𝑎1𝑥′ + 𝑎0𝑥 = 0. 
(d) 𝑥″ + 𝑡2𝑥′ + 7𝑥 = 0 (Trick question!) 

Solution: (a) 7𝑟4 + 3𝑟3 − 5𝑟2 + 2𝑟 + 4 = 0. 
(b) 𝑟2 + 𝑟 = 0. 
(c) 𝑎𝑛𝑟𝑛 + 𝑎𝑛−1𝑟𝑛−1 + 𝑎𝑛−2𝑟𝑛−1 + … + 𝑎1𝑟 + 𝑎0 = 0. 
(d) This is not a linear, constant coefficient, homogeneous DE. It does not have a charac-
teristic equation. That technique will not work to solve this DE. 

Problem 4. 
(a) Solve 𝑥″ + 𝑥′ = 0. 
Solution: Characteristic equation: 𝑟2 + 𝑟 = 0 

Characteristic roots: 𝑟 = 0, −1 
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Basic solutions: 𝑥1(𝑡) = 𝑒0⋅𝑡 = 1, 𝑥2(𝑡) = 𝑒−𝑡. 
General solution: 𝑥(𝑡) = 𝑐1𝑥1 + 𝑐2𝑥2 = 𝑐1 + 𝑐2𝑒−𝑡. 
(b) Solve 𝑥″ + 4𝑥 = 0. 
Solution: Characteristic equation: 𝑟2 + 4 = 0 (Not 𝑟2 + 4𝑟 = 0!) 

Characteristic roots: 𝑟 = ±2𝑖 
Basic solutions: 𝑥1(𝑡) = cos(2𝑡), 𝑥2(𝑡) = sin(2𝑡). 
General solution: 𝑥(𝑡) = 𝑐1𝑥1 + 𝑐2𝑥2 = 𝑐1 cos(2𝑡) + 𝑐2 sin(2𝑡). 

Problem 5. A constant coefficient, linear, homogeneous DE has characteristic roots 

−1, −2, −2, −2, −3 ± 4𝑖, −5 ± 6𝑖, −5 ± 6𝑖. 

(a) What is the order of the DE? (Notice the ± in the list of roots.) 

Solution: 10 roots implies it is a 10th order DE. 
(b) What is the general, real-valued solution. 
Solution: The 10 roots give 10 basic solutions: 

𝑥1 = 𝑒−𝑡 

𝑥2 = 𝑒−2𝑡 𝑥3 = 𝑡𝑒−2𝑡 𝑥4 = 𝑡2𝑒−𝑒𝑡 

𝑥5 = 𝑒−3𝑡 cos(4𝑡) 𝑥6 = 𝑒−3𝑡 sin(4𝑡)
𝑥7 = 𝑒−5𝑡 cos(6𝑡) 𝑥8 = 𝑒−5𝑡 sin(6𝑡) 𝑥9 = 𝑡𝑒−5𝑡 cos(6𝑡) 𝑥10 = 𝑡𝑒−5𝑡 sin(6𝑡) 

The general solution is 

𝑥(𝑡) = 𝑐1𝑥1 + 𝑐2𝑥2 + 𝑐3𝑥3 + 𝑐4𝑥4 + 𝑐5𝑥5 + 𝑐6𝑥6 + 𝑐7𝑥7 + 𝑐8𝑥8 + 𝑐9𝑥9 + 𝑐10𝑥10. 

Problem 6. State and verify the superposition principle for 𝑚𝑥″ + 𝑏𝑥′ + 𝑘𝑥 = 0, (𝑚, 𝑏,
𝑘 constants). 
Solution: Superposition principle for linear, homogeneous DEs: 
If 𝑥1 and 𝑥2 are solutions to the DE, then so are all linear combinations 𝑥 = 𝑐1𝑥1 + 𝑐2𝑥2. 
Proof. Plug 𝑥 into the DE and then chug through the algebra to show that 𝑥 is a solution. 

𝑚𝑥″ + 𝑏𝑥′ + 𝑘𝑥 = 𝑚(𝑐1𝑥1 + 𝑐2𝑥2)″ + 𝑏(𝑐1𝑥1 + 𝑐2𝑥2)′ + 𝑘(𝑐1𝑥1 + 𝑐2𝑥2) 

= 𝑐1𝑚𝑥″
1 + 𝑐2𝑚𝑥2

″ + 𝑐1𝑏𝑥′
1 + 𝑐2𝑏𝑥2

′ + 𝑐1𝑘𝑥1 + 𝑐2𝑘𝑥2 

= 𝑐1 (𝑚𝑥″
1 + 𝑏𝑥′ +𝑐2 (𝑚𝑥2

″ + 𝑏𝑥′⏟⏟⏟⏟⏟⏟⏟⏟⏟1 + 𝑘𝑥1) ⏟⏟⏟⏟⏟⏟⏟⏟⏟2 + 𝑘𝑥2) 
0 by assumption that 0 by assumption that 

𝑥1 is a solution 𝑥2 is a solution 

= 0 ■ 



MIT OpenCourseWare 

https://ocw.mit.edu 

ES.1803 Differential Equations 
Spring 2024 

For information about citing these materials or our Terms of Use, visit: https://ocw.mit.edu/terms. 

https://ocw.mit.edu
https://ocw.mit.edu/terms

