ES.1803 Practice Solutions
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1. Period 27 square wave sq(t):  You should know this for the quiz.

2. Period 2 triangle wave tri2(¢):
Over one period, —1 <t <1, tri2(t) = |¢|.
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T
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Problem 1. (Step and delta)
(a) Compute the following integrals.

(i) /xeM(é(t)+26(t—1)+36(t—2))dt
(ii) f(t) = /t 20(t+ 1) +33(7) + 46(t — 1) dr. Assume t > 0. What is f(3)?

(iii) F(t) = / N(S(E) + 26(t — 1) + 35( — 2)) dt
Solution: (i) The computation is just substitution: 1+ 2e* + 3e?*

(ii) Because the upper limit is ¢, the answer should be a function of ¢: The spike for §(7+1)
is at —1, which is outside the interval of integration The other two spikes are in the interval
IO

(iii) This is an indefinite integral, so the answer will be a function of . A key point is the
following: If f is continuous, then f(¢)d(t —a) = f(a)d(t — a). This is because §(t — a) is
zero away from a. So,

of integration, so ’f = 3u(t) + 4u(

eMNS(t) = 6(t); Mot —1) =e st —1); Mot —2) =2 i(t — 2).

So the integral is

u(t) + 2 u(t — 1) + 3eMu(t — 2) + C.

Note that there is no t in the exponentials.

(b) Solve the following initial value problems.

(i) 2% + Tx + 3z = 0(t) with rest initial conditions.

(ii) 2% + 72 + 3z = 6(t) + € with z(07) =0, £(07) = 0.

Solution: (i) On ¢t < 0: §(t) = 0, so the initial value problem (IVP) is

2%+ Ti+3x=0, 2(07)=0, #0)=0.

We know that this has solution z(t) = 0.

Case t > 0: The pre-initial conditions are x(07) = Om z’(07) = 0. So the post-initial
conditions are

1 1
z(0t)=2(07)=0, z(0")=xz(0")+ 3= 52.
Since §(t) on t > 0, we need to solve the homogeneous IVP
2%+ T+ 32 =0, z(07)=0, #(07) ==
The characteristic equation 2r? + 7r + 3 = 0 has roots » = —1/2,—3. So the general

homogeneous solution is z(t) = c;e %2 4 cye 3!, Now the post-initial conditions give:
c
Cl‘i‘CQ:O; _51—362:1/2

Solving we get: ¢; = 1/5 and ¢, = —1/5. So the solution is x(t) = e~ */2/5—e 3¢ /5 for t > 0.
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0 fort <0
Putting the two pieces together, we have: |x(t) =
s wor & we have: | z(f) {e‘t/2/5 —e3/5  fort>0.

(ii) Since rest IC are homogeneous, we can solve in pieces and use superposition.
Piece 1: 2&, + 72, + 3x; = d(t) with rest IC. This is just Part (i):

e t/2 o3t

Piece 2: 2iy + Tiy + 31, = €3t with 2(0) = 0, 2(0) = 0.

3t
Particular solution (using the ERF): c

42°
General solution: z,(t) = €3 /42 + ¢;e /2 4 c,e 3.

Using the initial conditions, we find ¢; = —2/35, ¢, = 1/30. So,

o3t 9et/2 o3t

=12 3 T30

By superposition the solution is

e3/42 —2e72 /35 + €73t /30  for t <0
e3/42 + e 2 )T — 36 for ¢t > 0.

2(t) = 2y (1) + 2 (t) = {

c) Compute the Fourier series for the period 1 impulse train
p

flt) = o+ 6 +2)+0(t+ 1) +6(t) +6(t—1) + ...

Solution:

st+2) o+ st—1) |et—2..

—2 —1 one period 1 2

Since the function is even, we know b,, = 0. The delta function at the origin is going to
make the ‘doubling trick’ for even functions a little tricky. Instead, we integrate over a full
period. The period is 1 so L = 1/2 and
1 1/2 1/2 1/2 1/2
a, = —= f(t) cos(2nmt) dt = 2/ O(t) cos(2nmt) dt =2, ay =2 f(t)dt = 2/ o(t) dt = 2.
1/2 ) 1 12 _1/2 _1/2

Therefore,

fit)y=1+2 i cos(2nmt).

n=1
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Problem 2. Derivative of a square wave

The graph below is of the function sq(t) (standard square wave). Compute and graph its
generalized derivative.

—3m —27 T T 2 3m lng

—1

Graph of sq(t) = square wave

Solution: The function alternates every m seconds between +1. The derivative sq’(t) is
clearly 0 everywhere except at the jumps. A jump of +2 gives a (generalized) derivative of
20 and a jump of —2 gives a (generalized) derivative of —24. Thus we have

SQ(£) = v+ 20( + 2m) — 25(t + 1) + 26(t) — 26(t — ) + 28(t — 27) — 28(t — 3) + ...

A
2 2 2 2

—3m s ™ 3

—27 2m 47

2 2 2 2

Graph of sq’(¢) = impulse train

Note that we put the weight of each delta function next to it. We use the convention that
—2§(t) is represented by a downward arrow with the weight 2 next to it. That is, the sign
is represented by the direction of the arrow, so the weight is positive.

Problem 3.

{193 0<z<1
Let f(z) =

0 1<z <2
(a) Sketch the following periodic extensions of f over three or more full periods:

(i) even period 4 extension  (ii) odd period 4 extension  (iii) periodic extension with
period 2.

For (ii) and (iii), also sketch in the ‘extra’ points to which the Fourier series expansion will
converge (without computing the Fourier series).

Solution: Here (in order) are the even periodic, odd periodic and periodic extenstions of

f.

8
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AN NI NI

(b) Compute the Fourier cosine series of f.

Solution: L = 2. So,

L 2 1
= 2/0 f(z) cos (zn:v> dr = /0 f(z)cos (gnx> dx = /o (1 —2x)cos (571:6) dz.

' 1
aoz/ (l—x)dl‘:a
0

For n # 0, using the integral table (or integration by parts), we get

4(1—cos(5n))
m2n2 '

an:

Writing it out to see the pattern: a,, = 1 —cos(§n) = 0,1,2,1,0,1,2,1,.... T don’t see a
nicer way to write these. Therefore, the cosine series is

s —cos (§n) s
0= 1+ 3 W) o (Ta).

n=1

(c) Write out (with decimal numbers) the first 4 terms of the series in Part (b).
Solution: f(x) ~ 0.25 + 0.4053 cos (§x) 4 0.2026 cos (52x) + 0.0450 cos (53z) .

(Note: On an exam we would make sure that any hand calculation was easier to calculate.)
(d) Compute the steady periodic solution to the DE x"(t) + 2.5z(t) = fe(t) where fe 18
the even periodic extension of f.

Solution: The Fourier series for fe is just the cosine series from Part (b). So we solve the
DE with each term of f, as input and then use superposition. Using the SRF, the equation
x;, + 2.5z, = cos (§nt) has solution

4
azmp(t) m cos (Wnt — (b(n)) ,

0 ifn<l1

where ¢(n) = Arg((10 — n°n?)/4) = {77 ifn>2
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Using superposition, the periodic-solution to the DE is

4 ay = 4a T
H=_—-.% _ HOn (, P )7
B =153 +;ylo—w2n2|m gt = o)

where a,, is as in Part (b).

Problem 4.
2 fo<t<m/2

Let _}i,(t) be the even period 2w extension to the function f(t) = )
’ 0 frm/2<t<m.

Solve & + kx = fl(t) for the periodic solution in Fourier series form,

Solution: First we plot fe(t), which has period 27.
f(t)

\ I T T I X
—3r —27 -7 ™ 2T 3T

The Fourier series for fe(t) is a cosine series which we could find by computing the integrals
for the cosine coefficients.

T /2
a, = 2/ f(t) cos(nt)dt = 2/ 2 cos(nt)dt.
T Jo

T Jo
/2 /2
2 2
0 0

But let’s recognize fe (t) = 14+sq(t+7/2), where sq(t) is our standard odd period 27 square
wave. So,

~ 4 sin(n(t + 7/2)) 4 cos(3t)  cos(5t)  cos(Tt)
t)=14 — =1+4+-— t) — —
fe(t) +mzm;d - + —(cos(t) = —5— + — - )
We break the problem into pieces and solve: &, + kx,, = cos(nt).

Characteristic polynomial: P(r) = r + k. So, the sinusoidal response formula gives

_ cos(nt —¢(n))  cos(nt — ¢(n))

Tn.p |P(in)] Vi +n?
where ¢(n) = Arg(P(in)) = Arg(k + in) = tan ' (n/k) (in the first quadrant).

Either by applying the above formula with n = 0 or directly we find that =z, ,(t) = 1

E-
Using superposition (including the Fourier coefficients), the periodic solution to the DE is

4 $37
Top = Top T — (:L“Lp - Tp + )

1 N 4 (cos(t —¢(1))  cos(3t —¢(3)) N cos(5t —¢(5)) )
VE2 +1 3vVkZ+9 5VE2+25

kor
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Problem 5.
Match each of the following Fourier series with a graph below. For credit you must give a
short explanation of your choice.

> 1 |
(a) 4 ; 3 cos(nt) + 4 ”z::l - sin(nt)

Solution: Neither even nor odd function = |Graph II.

=~ 3
(b) —— cos(nmt)
T; T n?

Solution: Even function, period 2 =
4 sin(nt)
(© — > :

n odd n

Solution: Odd period 27 square wave has known Fourier series = | Graph 1.
=~ 3

(d) ; — 5 cos(nt)

Solution: Even function, period 2n = | Graph IV.

(e) ; —3 sin(nt)

Solution: Odd function, not the square wave = | Graph III.

-3m-2m -T m 2m 3m ] \ \ \ -pn - T
-2m %m T J2n
— — ] —

Graph I Graph 11 Graph 111

N
=
<5
=
<R

N |

3
;‘I
=
e

il
il

Graph 1V Graph V

Problem 6.
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Use the integral sheet on the first page to compute each of the following.
(a) The Fourier series of the odd period 27 function that is t* on [0, 7].

Solution: This is just a sine series. We use the (3’) from integral table:

2 ™
b, = / t2sin(nt) dt = =
0

™ 7T ™

~ for n even —=n for n even

2{’;2—;13 for n odd {%:T—ﬂig for n odd
2

We won’t bother writing this out longhand: f(t) Z b,, sin(nt).

(b) The Fourier series for the period 2m function that is t* on [0, 27].

Solution: We have to integrate over one period. In this case it’s easiest to integrate over
[0,27]. Use (3) and (4) from the integral table to get

1 1 [tQ sin(nt) N 2t cos(nt)  2sin(nt) ] Ty
0

27
a, = — t? cos(nt) dt = = —
w=y | eostnnyi= 2 =

1 27 82
aO:/ tht:%
T Jo

2m . 2
b — 1/ 12 sin(nt) dt = 1 [—t2 cos(nt) N 2t s1n2(nt) N 2cos§nt)] _ 4n
b T n n n 0 n

n n

4 2 oo 4 0o
Let’s call the function f(¢): | f(t) = % + Z — cos(nt) Z sin(nt).
T 1

(c) The cosine series for f(x) = x2 on [0,7/2]
Solution: Using the integral table (4), we get

2 [ 9 4 [2?sin(2nz) = 2xcos(2nz)  2sin(2nz) /e (—=1)"
In 7r/2/O @ cos(2na) dz T [ 2n * 4n? 8n3 ]0 n?
4 /2 2
ag = / 2dr = =
T Jo 6
2 > )"
=173 +Z n2 cos(2nx) on [0,7/2]|.

(d) The sine series for f(x) =x(1—x) on [0,1]
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Solution: We use the table entries (1) and (3).

1
b, = 2/ (x — 2?) sin(nrx) dx
0

_ 9 _xcos(nmx) | sin(nm) 22 cos(nmx) _ 2zsin(nrz)  2cos(nmz)
B nw (nm)? nmw (nm)? (nm)® |,
—(—=1)" - =2(-1)"+2
RS s
nm nm (nm)
B (ni):,, for n odd
1o for n even
flz) = Z 5 sin(nmz) on [0, 1].
n odd (7’L7T>3 ’
Problem 7.

Find the Fourier series for each of the following periodic functions (no integrals needed):
(a) cos(2t), (b) 3cos(2t—7/6), (c) cos(t)+ 2cos(bt), (d) cos(3t)+ cos(4t).
Solution: (a) cos(2t).

(b) 3(cos(m/6) cos(2t) + sin(m/6) sin(2t)) = % cos(2t) + 3 sin(2t).

(c) itself

(d) itself

Problem 8.
In Problem 7 a-d identify the fundamental frequency and the base period corresponding to
that frequency. Using these identify the Fourier coefficients a,, and b,,.

Solution: (a) Fundamental frequency = 2, base period = 7. a; = 1 all other coefficients
are 0.

(b) Fundamental frequency = 2, base period = 7. a; = v/3/2, b; = 1/2, all other coefficients
are 0.

(c) Fundamental frequency = 1, base period = 27. a; = 1, a5 = 2, all others are 0.

(d) Fundamental frequency = 1 (need all frequencies to be a multiple of this), base period
= 2.

ay=0,a, =0, a,=0, a3 =1, ay, =1, all others are 0.

Problem 9.
Compute the Fourier series for the odd, period 2, amplitude 1 square wave. (Do this by
computing integrals —not starting with the period 2w square wave.)
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—1 for —1<t<0
Solution: L =1. f(t)= o -
1 for0<t<1

a, = i[i f(t) cos (n%t) dt = (/_j — cos(nmt) dt + /01 cos(nt) dt) =0.

1
ay = / f(t)dt =0 (by considering the area under the graph).
—1

b, = / I F(t) sin(nt) di = ( / j—sin(mrt) dt + /0 ' in(n) dt)

[ms(mt)]o . [cos(nm‘)r: 1— ()" (1" -1 :{0 if n even

nm nm B 4/nm ifnodd

0 nm nm

So, | f(t) = 4 Z Sin(:m>.

n odd

Problem 10.
Compute the Fourier series for the period 27 triangle wave shown.

f(t)

¥ ¥ ¥ ¥ t
—4r _3; —2m —m ‘ T 2 37 Arw
t for—-1<t<0
Solution: L ==, f(t) = T o stsv
T—t for0<t<1
Since f(t) is even, we know b,, = 0 and
2 (7 2 [
= — t)dt = — —t)dt =
w=_ [ sar=" [ x-nar=r
2 (7 2 (7
a, = — f(t)cos(nt)dt = — [ (w—t)cos(nt)dt
TJo T Jo

_ 2 [msin(nt) tsin(nt)  cos(nt) " 2 /(=D)"-1

o n n n* |, oo n?

B . for n odd

1o for n # 0 even.
So,

T 4 cos(nt)
t)==+— .

Problem 11.

Find the Fourier cosine series for the function f(x) = x? on [0,1]. Graph the function and
its even period 2 extension.
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Solution: The graph is of the even extension is shown below. f(z) is shown as the orange
segment above the interval [0, 1].

We have L = 1. The cosine coefficients are computed using the table or by parts.

1 1 9
a0—2/ f(x)dx—2/ xzdng.
0 0

1 1
a, = 2/ f(z) cos(nmz) de = 2/ 22 cos(nmx) dx
0 0

5 |:$2 sin(nrz) = 2zcos(nmx) 2 sin(mm“)] '
0

nmw (nm)? (nm)3
_ A=
 (nm)?
1o =D
Thus, f(x) = 3 + 4; 5.2 cos(nmx).
Problem 12.

Find the Fourier series for the standard square wave shifted to the left, so that it is an even
function, i.e., sq(t + 7/2).

Solution: Call the standard period 27, odd, amplitude 1 square wave sq(t). We know that

sqlt) = 4 Z sin(nt)

T n odd n

Our function is

ft) = sq(t +m/2) = % > W = % (cos(t) - Cosést) n Cosé5t) - > .
n odd

This last equation follows because
sin(f + w/2) = cos(f), sin(f + 37/2) = —cos(f), sin(f+ 57/2) = cos(0) ....

(You can see this either using the trig identity for sin(a + b) or by thinking about shifting
a sine curve to the left by an odd multiple of 7/2.)

Problem 13.
Find the Fourier sine series for f(t) = 30 on [0, 7].

Solution: The sine series is the Fourier series of the odd period 27 extension of f. This is
clearly our standard square wave scaled by 30. So,

_ 120 sin(nt)

=3 2
nodd
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Problem 14.
Solve x’' + kx = f(t), where f(t) is the period 2w triangle wave with f(t) = |t| on [—m,].

Solution: We know the Fourier series for f(¢), but we’ll sketch the computation.

f(t) is even, so b, = 0. We use the evenness to simplify the integral for the cosine
coefficients

2 7T 9 T _% ’ "
ao:/ tdt =, an:/ tcos(nt) dt = ™ 1 n o
i 0 0 if n # 0 even

So the DE is: a2’ + kx =

4
o

4
Superposition: We'll solve for each piece first:  z;, + kz,, = —— cos(nt)
n2m

I\D\ﬁ

We use the sinusoidal response formula (SRF). First compute P(in) in polar form.

P(in) =k +in = Vk2 + n2 e where | ¢(n) = Arg(P(in)) = tan ' (n/k) in Q1|

4 cos(nt — p(n)) _ 4 cos(nt — ¢(n))
mn?|P(in)| ™m2VE2 + n?

Separate calculation for n = 0: x5+ kzg =7/2 = z(,(t) = 7/2k.

The SRF gives: |z, ,(t) =

Superposition:

T 4 cos(nt — ¢(n))
m(l) = Top = D Tnp = gp =2 D "5 e

n odd n odd

Problem 15.
Compute the following integrals.

(a) /OC 5(t) +30(t — 2) dt
(b) / S(t) +38(t — 2) + 65(t — 7) dt

(c) / cos(t)d(t) + sin(t)d(t — w) + cos(t)d(t — 2m) dt.
(d) Make up others.
(e) Indefinite integrals: (i) /5(25) dt (i) /5(t) —6(t—3)dt.  Graph the solutions.

Solution: (a) Both spikes are inside the interval of integration. So the integral equals 4.
(b) Only the spike at ¢t = 2 is inside the interval of integration. So the integral equals 3.

(c) All the spikes are inside the interval of integral so the integral is

cos(0) + sin(m) 4 cos(27) = 2.
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(e) The antiderivative of 6(¢) is u(t) + C. So,
(i) u(t) + C, (i) u(t) —u(t —3) + C.
ult) u(t) —u(t —3)

Problem 16.
Solve " + 2x = 6(t) + 0(t — 3) with rest IC

Solution: Rest IC means that 2(07) = 0.
We work on the intervals between the impulses one at a time.
On t < 0: The DE is 2’ 4+ 2z = 0, with 2(0~) = 0. The solution is z(t) = 0.

On 0 <t < 3: The DE is ' + 2z = 0. The pre-initial condition is z(0~) = 0. The impulse
at t = 0 produces post-initial conditions z(0") = 1.

Solving we get z(t) = ce 2. The IC gives 2(07) = ¢ = 1. So, |z(t) = e 2%, |.

The end condition for this interval is z(37) = e~S.

On 3 < t: The DE is 2’ + 2o = 0. The pre-initial condition is z(37) = ¢~%. The impulse at
t = 3 produces post-initial conditions z(3%) = €76 + 1.

—2(t-3)

Solving we get x(t) = ce . The post-initial condition shows ¢ =1 + ¢~%.

Putting the cases together, we have

0 for t <0
z(t) =< e ? for0<t<3
(1+e%)e 23 fort >3

Problem 17.
(Second-order systems) Solve 4x” + x = 50(t) with rest IC.

Solution: Rest IC means z(0~) =0, 2’(07) = 0.
On t < 0: The DE with initial conditions is
di+z=0; 2(07)=0,20")=0.

The solution on this interval is x(t) = 0.

On t > 0: The pre-initial conditions are z(07) = 0,2'(07) = 0. The input 56(¢) is an
impulse which produces post-initial conditions

2(07) =0, #(0%)=a&(0") +5/4=5/4.

So, we need to solve
4%+ x = 0; z(07) =0, £(07) = 5/4.
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The characteristic roots are +2i. So the general solution to the DE is

x(t) = ¢y cos(t/2) 4 ¢y sin(t/2).
We need to find ¢; and ¢, to match the post-initial conditions. The algebra yields ¢; = 0,
Putting the cases together, the complete solution is

) 0 fort <0
xT =
Ssin(t/2) fort > 0.

If we added more impulses to the input, you would work one interval at a time with each
impulse causing a jump in momentum.

Problem 18.
Solve &’ + 3z = 3(t) + €% + 3(t —4) with x(07) =0,

Solution: We use superposition to find a solution.
Piece 1: ] 4 3z, =4(t), =(07)=0.

We know x,(t) = 0 for t < 0. The impulse causes a jump of 1 in = at 0, so the post initial
condition is z(0") = 1. For ¢ > 0 the DE is

x4+ 32, =0, z(0") = 1.

This is easy to solve:

)0 fort <0
ni(t) = =3t for t > 0.

Piece 2: 1z + 3z = €*, 2(07) =0.
2t

Using the ERF and the general homogeneous solution:  x4(t) = 5 + Ce 3t
The IC z(0) = 0 implies C' = —1/5.
e2t Bt
S t)=———.
o, 1'2( ) 5 5

Piece 3: x4+ 3x3 =06(t—4), z(07)=0.
)

Similar to Piece 1, we’ll have x4(t) = 0 for ¢ < 4. So, x(47) = 0. Now, this is identical to
Piece 1, except shifted to t = 4

£ = 0 fort <4
z3(t) = e3t=4)  fort > 4.

Putting the pieces together, the solution to the problem is

0 fort <0
+ e 3 for0<t<4
e 3t 4 e 3t4) fort > 4.

62t e—St

o(t) = 2y (1) + 25(t) +25(1) = — — ——
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Note: You should verify, that, since each piece satisfies the rest initial condition, so does
their sum. That is, we have homogeneous IC. If the IC was inhomogeneous, we would
want just one of the pieces to satisfy the inhomogeneous IC and the others to satisfy the
homogeneous IC.

Problem 19.
Solve 2z” + 8x" + 6z = §(t) with rest IC.

Solution: Rest IC means z(07) =0, ’(07) = 0.
On t < 0: The differential equation with initial conditions is
22" 4+ 8z 4+ 6z = 0; z(07) =0, 2(07) = 0.

The solution to this is x(t) = 0.

On t > 0: The impulse at t = 0 causes a jump in x’. That is, we have post-initial conditions
z(01) =0, 2/(0") =2/(07) +1/2=1/2.

So the differential equation with initial conditions is
2z” + 8x" + 6z = 0; z(0T) =0, 2(0%) = 1/2.

The characteristic roots are —1, —3. So the general solution is

2(t) = et + cpe 3.

We find ¢; and ¢, to match the post-initial conditions: ¢; = 0, ¢4 = 1/2. The complete

solution is
0 fort <0
x (t) = —t —3t

67—64 for0 <t

Problem 20.
The graph of the function f(t) is shown below. Compute the generalized derivative f'(t).
Identify the regular and singular parts of the derivative.

3—3(t—2)?
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Solution: The formula for the function is

16

—2 for t < —2
3t _

() = 22+3 for —2<t<0
%— for0<t<?2

3—3(t—2)2 for2<t.

We have to take the regular derivative and add delta functions at the jump discontinuities.

F/(t) = 26(t +2) — 5(t) + 36(t — 3) +

singular part

Tl O

—6(t —2)

for t < —2

for —2<t<0
for 0 <t <2
for 2 < t.

regular part

End of practice quiz solutions
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