
ES.1803 Problem Section 6, Spring 2024 

Problem 10.1. Consider 𝑦′ = 𝑥 − 𝑦 + 1. 
(a) Sketch the nullcline. Use it to label the regions of the plane where the slope field has 
positive slope as + and negative slope as −. Use this to give a very rough sketch of some 
solution curves. 
(b) Start a new graph. Add the nullcline, some isoclines with direction field elements, and 
sketch some solution curves. 
(Note the isocline 𝑦 = 𝑥 happens to be a solution—don’t expect this to happen usually.) 

(c) Can you make a squeezing argument that shows that all solutions go asymptotically 
to the line 𝑦 = 𝑥. 

Problem 11.2. For 𝑦′ = 𝑦2 − 𝑥2: 
(a) Use Euler’s method with ℎ = 0.5 to estimate 𝑦(3) for the solution with initial condition 
𝑦(2) = 0. 
(b) Is the estimate in Part (a) too high or too low? 

Problem 12.3. For the following DE, find the critical points, draw the phase line, sketch 
some integral curves, ’explain’ the model. 
Logistic population growth: 𝑥′ = 𝑘𝑥(𝑀 − 𝑥), where 𝑘 > 0 

Problem 12.4. Suppose the following DE models a population 𝑥′ = −𝑎𝑥+1, which is a 
constant birth-and-death rate situation modified to include a constant rate of replenishment. 
(i) Sketch the bifurcation diagram and list any bifurcation points (these are special values 
of 𝑎). 
(ii) The bifurcation points divide the 𝑎-axis into intervals. Illustrate one typical case for 
each interval by giving the phase line diagram. For each of these phase lines, give (rough) 
sketches of solutions in the 𝑡𝑥-plane. 
(iii) For what values of 𝑎 is the population sustainable. What happens for other values of 
𝑎. 
Note the applet ’phase lines’ can show this system. 

Extra problems if time. 

Problem 10.5. Consider 𝑦′ = 𝑦(1 − 𝑦) (Note that there is no 𝑥; what does this mean 
for the shape of your nullclines? Your isoclines?) 

(a) Sketch the nullcline. Use it to label the regions of the plane where the slope field has 
positive slope as + and negative slope as −. Use this to give a very rough sketch of some 
solution curves. 
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(b) Start a new graph. Add the nullcline, some isoclines with direction field elements, and 
sketch some solution curves. 

Problem 10.6. Consider 𝑦′ = 𝑦/𝑥 Note: the line 𝑥 = 0 (𝑚 = ∞) also separates regions 
of positive and negative slope. 
(a) Sketch the isoclines for 𝑚 = 0, ±1, ±2. Use it this to give a sketch of some solutions. 
(b) This is a rare case where we can solve the DE. Solve the DE and use your solution to 
draw some integral curves. 

Problem 12.7. For the following DE, find the critical points, draw the phase line, sketch 
some integral curves, ’explain’ the model. 
Temperature: 𝑥′ = −𝑘(𝑥 − 𝐸) (𝐸 constant ambient temperature). 

Problem 12.8. Consider the system 𝑥′ = 𝑥(𝑥 − 𝑎) + 
1
4 , which is the ’doomsday-vs-

extinction’ equation with the addition of a constant rate of replenishment. 
(a) First consider the equation 𝑥′ = 𝑥(𝑥−𝑎) with 𝑎 > 0. Why is this called the doomsday-
vs-extinction population model? 

(b) Sketch the bifurcation diagram for 𝑥′ = 𝑥(𝑥 − 𝑎) + 1/4. 
(c) Identify the bifurcation points. For what values of 𝑎 is the population sustainable? 
Which positive values of 𝑎 guarantee against extinction? Which positive values of 𝑎 guar-
antee against doomsday? 

Problem 12.9. Consider the doomsday-extinction model: 𝑥′ = 𝛽𝑥2 − 𝛿𝑥 = 𝑘𝑥(𝑥 − 𝑀), 
where 𝛽, 𝛿 > 0. Draw the phase line and sketch some integral curves. 

Problem 10.10. Consider the DE 𝑦′ = −𝑥𝑦. 
(a) Draw a direction field using isoclines for 𝑚 = 0, 1, 2, −1, −2. 
(b) Let 𝑦(𝑥) be the solution with initial condition 𝑦(1) = 1.5. Use fences and funnels to 
estimate 𝑦(100). 

𝑑𝑦 Problem 11.11. For 𝑑𝑥 
= 𝐹 (𝑥, 𝑦) = 𝑦2 − 𝑥2. 

(a) Use Euler’s method to estimate the value at 𝑥 = 1.5 of the solution for which 𝑦(0) = −1. 
Use step size ℎ = 0.5. As in the notes, make a table with columns 𝑛, 𝑥𝑛, 𝑦𝑛, 𝑚, 𝑚ℎ. 
(b) Is the estimate found in Part (a) likely to be too large or too small? 

Problem 10.12. For 𝑦′ = −𝑦/(𝑥2+𝑦2), sketch the direction field in the upper half-plane. 
For the solution with initial condition 𝑦(0) = 1 explain why you know it is decreasing for 
𝑥 > 0. Explain why it is always positive for 𝑥 > 0. 

1Problem 10.13. Consider the DE 𝑦′ = 𝑥 + 𝑦 
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Draw a direction field by using about five isoclines; the picture should be square, using the 
intervals between −4 and 4 on both axes. 
Sketch in the integral curves that pass respectively through (0,0), (-1,1), (0,-2). Will these 
curves cross the line 𝑦 = −𝑥−1? Explain by using the existence and uniqueness theorem 

Problem 10.14. Consider 𝑦′ = 𝑥2 − 𝑦2 

(a) Sketch the nullcline. Use it to label the regions of the plane where the slope field has 
positive slope as + and negative slope as −. Use this to give a very rough sketch of some 
solution curves. 
Note: the nullcline consists of two lines. 
(b) Start a new graph. Add the nullcline, some isoclines with direction field elements, and 
sketch some solution curves. 
(c) Add some integral curves to the plot in Part (b). Include the one with 𝑦(2) = 0. 
(d) Use squeezing to estimate 𝑦(100) for the solution with IC 𝑦(2) = 0. 
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