Solutions Topics 24-26
Jeremy Orloff

Note: There is a useful integral table on the last page.

Problem 1. (Topic 24) f(t) has period 27 and f(t) = t* for —m <t < 7.
Solve 2z” + x' + 18z = f(t). (Just find a particular solution.)

Solution: Note, the system has natural frequency wy, = 3 and is lightly damped. So we
expect near resonance at frequencies near w = 3.

First, we find the Fourier series of f(t). We have L = m, f(t) is even, so b,, = 0 and
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a, = — / t2 cos(nt) dt = ) (found with the integral table)
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So, f(t) = 3 + ay cos(t) + aycos(2t) + ... = 3 + 7; — cos(nt).

We have to solve
22" + 2’ + 18z = %0 + aq cos(t) + ay cos(2t) + ...

Solve in pieces:
2z, + x, + 18x,, = cos(nt).

Use the SRF: P(in) = 18 — 2n? + in. So,

in)| = — 912)2 2 — : _ -1 n .
|P(in)| = /(18 — 2n2)2 +n2, |p(n) = Arg(P(in)) = tan <718 — 2n2> in Q1, Q2|
Thus, ., = cos(nt - o(n)) _ cos(nt — ¢(n)) ‘
’ |[P(in)| V(18 = 2n2)2 + n?
1
Do n = 0 separately: 2z( +zj + 18z =1 = zy(t) = 5

By superposition,

_ %, S ()= T N A" cos(nt — ¢(n))
zp(t) = S @0l + D _anwa(t) = g7+ > — VA8 —2n2)2 t n2’

Problem 2. (Topic 25)
(a) Find the general solution to the PDE with BC:



PDE: y, =c%y,,, 0<z <L, t>0
BC: y,(0,t)=0, y,(L,t)=0

Solution: Guess a separated solution: w(z,t) = X (z)T'(¢).
() _ X"(x)
ATt) X(x)
This gives two ODEs: X" +AX =0, T”+c2XT =0
Note: For separated solutions, the BC are X'(0) =0, X'(L)=0.

Case A >0: X(z) = acos(vVAx) +bsin(vAz), T(t)=dcos(cvV/At) + ecos(cvVAt).
So, X'(z)= —\ﬂasin(\ﬂa:) + ﬁbcos(ﬁx).

Boundary conditions:

BC: X'(0)=vAb=0 = b=0. So, X'(x) = —VAasin(vAz).

BC: X'(L) = —VXasin(vAL) = 0.

The nontrivial solutions need sin(\AL) =0 = VA= %, n=1,2,3, ...

Plug into PDE: XT” = c?X"T = constant = —\.

For v/ — 717[7177 we write X, (z) = a,, cos <nf7r :z:) and T, =d,, cos (? t) +e,, sin (? t)

Thus the modal solutions are
nm enm . [enmw
u,(z,t) = X, (x)T,,(t) = cos (T x) [dn cos (T t) + e, sin (T t)] .
(We drop a,, because it’s redundant.)

Case A\=0: X(z)=a+bx, T(t)=d+et.

Boundary conditions:
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b=0
b 0} = Xo(7) = ag, Ty(t) = dy + egt.
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So we have one more modal solution: uy(z,t) = Xy(z)T,(t) = do + %t.  (Again we drop

dg
ag because it’s redundant. We wrote the constants as 5 and % because of the cosine series

2
coming in Part (b).)
By superposition, the general solution to the PDF and BC is

- eot enm T enm T
u(x,t):uo(:v,t)—l—Zun(:r,t) f+L+Zcos< )[ncos< 7 )—i—encos( 7

)|

(b) Find the solution satisfying the initial conditions u(x,0) = f(z), u,(x,0) = g(z).
Solution: Plug in ¢ = 0 to the solution in Part (a). The first initial condition is

u(x,0) = % + idncos <?) = f(x).
n=1

cosine series for f(x)




So,

d, =

h\w

/Lf(x)cos<m£$) dr n=1,2,3,

T

The second initial condition is
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cosine series for g(x)

The entire circled expression is the Fourier cosine coefficient. So,

2 [F 2 [t
e”'(mLTr:L/O g(x) cos (?) dr = e, =—— g(x)cos<n2x> dr n=1,2 3, ..

All together, the boxed expressions specify the full solution to the PDE with BC and IC.

Problem 3. (Topic 25)

Find the general solution to the inhomogeneous PDE with inhomogeneous BC

PDE: u, =4u,, +e¢*, 0<z<m t>0

BC: u(0,t) =2, wu(m,t)=3

Solution: Strategy: Find a particular solution and the general homogeneous solution, then

use superposition.

Particular solution: The input is steady-state, so guess a steady-state solution, i.e., u(z,t) =
X(z).

Plug into PDE: 0=4X"(z)+e* = X"(z)= —% = X(x) = —%e*x + iz + oy
Match the BC:
X(0) =—-1/44c,=2 = c,=9/4
_ _ 3+e ™
X(r) =—e"/A+cmteg=—€eTA+em+9/4=3 = ¢ = P
So, |uy(x,t) = —%—i— (32:_ > x+% .

General homogeneous solution uy, (z, t):

Homogeneous PDE: (uy,), = 4(up,) .
Homogeneous BC: u,(0,t) =0, wu,(m,t)=0



We have solved this many times:

o0
up(z,t) = Z b, sin(nz)e 47t |
n=1

Thus the full solution to the inhomogeneous PDE and BC is

e 34T s ] Cant
u(z,t) = u,(z,t) +uy(z,t) = - + ( i ) x+ ;bn sin(nz)e "t |,
For completeness we show how to find u,,.
Try a separated solution wy(x,t) = X(x)T(t).
T/ X//
Plug into the PDE: XT’ =4X"T = T-x = constant = —\

This gives two ODEs: X" +AX =0, T’ +4A\T =0.
Case A > 0: Solve the ODE: X(z) = acos(v/Az) + bsin(v/Az).
Consider the BC:

a=0 = X(z)=bsin(Vz)
X(W):bsin(\fx\w):() =Vi=n, n=123, ..

Since T'(t) = ce**, we have modal solutions | u,,(x,t) = b, sin(nz)e 4"t |,

Case A = 0: Solve the ODE: X(z)=a + bx.
X(0) =a=0
X(m) =br=0

BC: } = a=0,b=0 = only trivial solutions

Case A < 0: Always only trivial solutions.

So the general homogeneous solution is
o0 o0 2
up(x,t) = Zun(x,t) = Z b,, sin(nz)e 4"t
n=1 n=1

(Exactly what we have above.)



Integrals (for n a positive integer)
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5. /cos(at) cos(bt) dt = sin((a +b)t) + sin((a — b))
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6. /sm(at) sin(bt) d =3 [ P -|- p—
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cos(at) sin(bt) dt = [ cos((a + )t _|_ cos((a — bﬁ)]
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10. /sin(at) cos(at) dt = _cosi at)
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