
Solutions Topics 24-26 
Jeremy Orloff 

Note: There is a useful integral table on the last page. 

Problem 1. (Topic 24) 𝑓(𝑡) has period 2𝜋 and 𝑓(𝑡) = 𝑡2 for −𝜋 ≤ 𝑡 ≤ 𝜋. 
Solve 2𝑥″ + 𝑥′ + 18𝑥 = 𝑓(𝑡). (Just find a particular solution.) 

Solution: Note, the system has natural frequency 𝜔0 = 3 and is lightly damped. So we 
expect near resonance at frequencies near 𝜔 = 3. 
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First, we find the Fourier series of 𝑓(𝑡). We have 𝐿 = 𝜋, 𝑓(𝑡) is even, so 𝑏𝑛 = 0 and 

2 𝜋 4(−1)𝑛 

𝑎𝑛 = 𝑡2 cos(𝑛𝑡) 𝑑𝑡 = (found with the integral table) 𝜋 ∫ 𝑛2
0 

𝜋 2 2𝜋2
𝑎0 = 𝑡2 𝑑𝑡 = .𝜋 ∫ 30 

𝑎0 𝜋2 ∞ 4(−1)𝑛 

So, 𝑓(𝑡) = 2 
+ 𝑎1 cos(𝑡) + 𝑎2 cos(2𝑡) + … = 3 

+ ∑ cos(𝑛𝑡).𝑛2
𝑛=1 

We have to solve 

2𝑥″ + 𝑥′ + 18𝑥 = 
𝑎
2
0 + 𝑎1 cos(𝑡) + 𝑎2 cos(2𝑡) + … 

Solve in pieces: 
2𝑥″

𝑛 + 𝑥′
𝑛 + 18𝑥𝑛 = cos(𝑛𝑡). 

Use the SRF: 𝑃 (𝑖𝑛) = 18 − 2𝑛2 + 𝑖𝑛. So, 

𝑛 |𝑃 (𝑖𝑛)| = √(18 − 2𝑛2)2 + 𝑛2, 𝜙(𝑛) = Arg(𝑃 (𝑖𝑛)) = tan−1 (18 − 2𝑛2 ) in Q1, Q2 . 

𝑥𝑛,𝑝 = 
cos(𝑛𝑡 − 𝜙(𝑛)) cos(𝑛𝑡 − 𝜙(𝑛)) Thus, =|𝑃 (𝑖𝑛)| √(18 − 2𝑛2)2 + 𝑛2 

. 

1Do 𝑛 = 0 separately: 2𝑥″
0 + 𝑥0

′ + 18𝑥0 = 1 ⇒ 𝑥0(𝑡) = 18 . 

By superposition, 

𝑎0 
∞ 𝜋2 ∞ 4(−1)𝑛 cos(𝑛𝑡 − 𝜙(𝑛)) 𝑥𝑝(𝑡) = 2 

𝑥0(𝑡) + ∑ 𝑎𝑛𝑥𝑛(𝑡) = ∑ 
𝑛=1 

54 
+ 

𝑛=1 𝑛2 √(18 − 2𝑛2)2 + 𝑛2 
. 

Problem 2. (Topic 25) 
(a) Find the general solution to the PDE with BC: 

1 
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PDE: 𝑦𝑡𝑡 = 𝑐2𝑦𝑥𝑥, 0 ≤ 𝑥 ≤ 𝐿, 𝑡 ≥ 0 
BC: 𝑦𝑥(0, 𝑡) = 0, 𝑦𝑥(𝐿, 𝑡) = 0 

Solution: Guess a separated solution: 𝑢(𝑥, 𝑡) = 𝑋(𝑥)𝑇 (𝑡). 

⇒ 
𝑇 ″(𝑡) 𝑋″(𝑥)Plug into PDE: 𝑋𝑇 ″ = 𝑐2𝑋″𝑇 = constant = −𝜆.𝑐2𝑇 (𝑡) 

= 𝑋(𝑥) 

This gives two ODEs: 𝑋″ + 𝜆𝑋 = 0, 𝑇 ″ + 𝑐2𝜆𝑇 = 0. 
Note: For separated solutions, the BC are 𝑋′(0) = 0, 𝑋′(𝐿) = 0. 
Case 𝜆 > 0: 𝑋(𝑥) = 𝑎 cos(

√
𝜆 𝑥) + 𝑏 sin(

√
𝜆 𝑥), 𝑇 (𝑡) = 𝑑 cos(𝑐

√
𝜆 𝑡) + 𝑒 cos(𝑐

√
𝜆 𝑡). 

So, 𝑋′(𝑥) = −
√

𝜆 𝑎 sin(
√

𝜆 𝑥) + 
√

𝜆 𝑏 cos(
√

𝜆 𝑥). 
Boundary conditions: 
BC: 𝑋′(0) =

√
𝜆 𝑏 = 0 ⇒ 𝑏 = 0. So, 𝑋′(𝑥) = −

√
𝜆 𝑎 sin(

√
𝜆 𝑥). 

BC: 𝑋′(𝐿) = −
√

𝜆 𝑎 sin(
√

𝜆 𝐿) = 0. 
𝑛𝜋 The nontrivial solutions need sin(

√
𝜆 𝐿) = 0 ⇒ 

√
𝜆 = 𝐿 , 𝑛 = 1, 2, 3, …. 

𝐿 
𝑡)+𝑒𝑛 sin (𝑐𝑛𝜋 For 

√
𝜆 = 

𝑛𝜋 we write 𝑋𝑛(𝑥) = 𝑎𝑛 cos (𝑛𝜋
𝐿 

𝑥) and 𝑇𝑛 = 𝑑𝑛 cos (𝑐𝑛𝜋 
𝐿 

𝑡)𝐿 
, 

Thus the modal solutions are 

𝑢𝑛(𝑥, 𝑡) = 𝑋𝑛(𝑥)𝑇𝑛(𝑡) = cos (𝑛𝜋
𝐿 

𝑥) [𝑑𝑛 cos (𝑐𝑛𝜋 
𝐿 

𝑡)] . 𝐿 
𝑡) + 𝑒𝑛 sin (𝑐𝑛𝜋 

(We drop 𝑎𝑛 because it’s redundant.) 

Case 𝜆 = 0: 𝑋(𝑥) = 𝑎 + 𝑏𝑥, 𝑇 (𝑡) = 𝑑 + 𝑒𝑡. 
Boundary conditions: 

𝑋′(0) = 𝑏 = 0 ⇒ 𝑋0(𝑥) = 𝑎0, 𝑇0(𝑡) = 𝑑0 + 𝑒0𝑡.𝑋′(𝐿) = 𝑏 = 0} 

So we have one more modal solution: 𝑢0(𝑥, 𝑡) = 𝑋0(𝑥)𝑇0(𝑡) = 𝑑
2
0 + 𝑒

2
0 𝑡. (Again we drop

𝑎0 because it’s redundant. We wrote the constants as 𝑑
2
0 and 𝑒

2
0 because of the cosine series 

coming in Part (b).) 

By superposition, the general solution to the PDF and BC is 

∞ ∞𝑑
2
0 + 

𝑒0𝑡 
𝐿 

) [𝑑𝑛 cos (𝑐𝑛𝜋 𝑥 cos (𝑛𝜋𝑥 ) + 𝑒𝑛 cos (𝑐𝑛𝜋 𝑥 𝑢(𝑥, 𝑡) = 𝑢0(𝑥, 𝑡) + ∑ 𝑢𝑛(𝑥, 𝑡) = 2 
+ ∑ )] .𝐿 𝐿 𝑛=1 𝑛=1 

(b) Find the solution satisfying the initial conditions 𝑢(𝑥, 0) = 𝑓(𝑥), 𝑢𝑡(𝑥, 0) = 𝑔(𝑥). 
Solution: Plug in 𝑡 = 0 to the solution in Part (a). The first initial condition is 

∞𝑑0 𝑑𝑛 cos (𝑛𝜋𝑥 𝑢(𝑥, 0) = ∑ 𝐿 
) = 𝑓(𝑥) .2 

+ 
𝑛=1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟ 

cosine series for 𝑓(𝑥) 
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So, 

𝐿 

𝑑𝑛 = 
2 𝑓(𝑥) cos (𝑛𝜋𝑥 

𝐿 
) 𝑑𝑥 𝑛 = 1, 2, 3, …𝐿 

∫ 
0 

𝑑0 = 
𝐿

𝑓(𝑥) 𝑑𝑥 𝐿
2 ∫ 

0 

The second initial condition is 

∞𝑒0 𝑐𝑛𝜋 cos (𝑛𝜋𝑥 𝑢𝑡(𝑥, 0) = ∑ 𝑒𝑛 ⋅ 𝐿 2 + 𝐿 )
𝑛=1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟ 

cosine series for 𝑔(𝑥) 

The entire circled expression is the Fourier cosine coefficient. So, 
𝐿 𝑐𝑛𝜋 2 𝑔(𝑥) cos (𝑛𝜋𝑥 𝑒𝑛⋅ = 𝐿 

) 𝑑𝑥 ⇒𝐿 𝐿 ∫ 
0 

𝐿 

𝑔(𝑥) cos (𝑛𝜋𝑥 𝑒𝑛 = 
2 

𝐿 
) 𝑑𝑥 𝑛 = 1, 2, 3, …𝑐𝑛𝜋 

∫ 
0 

𝑒0 = 
𝐿 

𝑔(𝑥) 𝑑𝑥 𝐿
2 ∫ 

0 

All together, the boxed expressions specify the full solution to the PDE with BC and IC. 

Problem 3. (Topic 25) 
Find the general solution to the inhomogeneous PDE with inhomogeneous BC 

PDE: 𝑢𝑡 = 4𝑢𝑥𝑥 + 𝑒−𝑥, 0 ≤ 𝑥 ≤ 𝜋, 𝑡 ≥ 0 
BC: 𝑢(0, 𝑡) = 2, 𝑢(𝜋, 𝑡) = 3 

Solution: Strategy: Find a particular solution and the general homogeneous solution, then 
use superposition. 
Particular solution: The input is steady-state, so guess a steady-state solution, i.e., 𝑢(𝑥, 𝑡) = 
𝑋(𝑥). 

Plug into PDE: 0 = 4𝑋″(𝑥) + 𝑒−𝑥 ⇒ 𝑋″(𝑥) = −𝑒−𝑥 

⇒ 𝑋(𝑥) = −1
4𝑒−𝑥 + 𝑐1𝑥 + 𝑐24 

Match the BC: 
𝑋(0) = −1/4 + 𝑐2 = 2 ⇒ 𝑐2 = 9/4. 

3 + 𝑒−𝜋 

𝑋(𝜋) = −𝑒−𝜋/4 + 𝑐1𝜋 + 𝑐2 = −𝑒−𝜋/4 + 𝑐1𝜋 + 9/4 = 3 ⇒ 𝑐1 = .4𝜋 

4 
+ (3 + 𝑒−𝜋 

So, 𝑢𝑝(𝑥, 𝑡) = −𝑒−𝑥 

4𝜋 
) 𝑥 + 

9 
4 

. 

General homogeneous solution 𝑢ℎ(𝑥, 𝑡): 
Homogeneous PDE: (𝑢ℎ)𝑥 = 4(𝑢ℎ)𝑥𝑥 

Homogeneous BC: 𝑢ℎ(0, 𝑡) = 0, 𝑢ℎ(𝜋, 𝑡) = 0 
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We have solved this many times: 

∞
𝑢ℎ(𝑥, 𝑡) = ∑ 𝑏𝑛 sin(𝑛𝑥)𝑒−4𝑛2𝑡 . 

𝑛=1 

Thus the full solution to the inhomogeneous PDE and BC is 

∞ 

4 
+ (3 + 𝑒−𝜋 

𝑢(𝑥, 𝑡) = 𝑢𝑝(𝑥, 𝑡) + 𝑢ℎ(𝑥, 𝑡) = −𝑒−𝑥 

4𝜋 
) 𝑥 + ∑ 𝑏𝑛 sin(𝑛𝑥)𝑒−4𝑛2𝑡 . 

𝑛=1 

For completeness we show how to find 𝑢ℎ. 
Try a separated solution 𝑢ℎ(𝑥, 𝑡) = 𝑋(𝑥)𝑇 (𝑡). 

⇒ 
𝑇 ′ 𝑋″ 

Plug into the PDE: 𝑋𝑇 ′ = 4𝑋″𝑇 = = constant = −𝜆 4𝑇 𝑋 
This gives two ODEs: 𝑋″ + 𝜆𝑋 = 0, 𝑇 ′ + 4𝜆𝑇 = 0. 
Case 𝜆 > 0: Solve the ODE: 𝑋(𝑥) = 𝑎 cos(

√
𝜆𝑥) + 𝑏 sin(

√
𝜆𝑥). 

Consider the BC: 

𝑋(0) = 𝑎 = 0 ⇒ 𝑋(𝑥) = 𝑏 sin(
√

𝜆𝑥) 

𝑋(𝜋) = 𝑏 sin(
√

𝜆𝜋) = 0 ⇒ 
√

𝜆 = 𝑛, 𝑛 = 1, 2, 3, … 

Since 𝑇 (𝑡) = 𝑐𝑒−4𝜆𝑡, we have modal solutions 𝑢𝑛(𝑥, 𝑡) = 𝑏𝑛 sin(𝑛𝑥)𝑒−4𝑛2𝑡 . 
Case 𝜆 = 0: Solve the ODE: 𝑋(𝑥) = 𝑎 + 𝑏𝑥. 

𝑋(0) = 𝑎 = 0
BC: ⇒ 𝑎 = 0, 𝑏 = 0 ⇒ only trivial solutions 𝑋(𝜋) = 𝑏𝜋 = 0} 

Case 𝜆 < 0: Always only trivial solutions. 
So the general homogeneous solution is 

∞ ∞
𝑢ℎ(𝑥, 𝑡) = ∑ 𝑢𝑛(𝑥, 𝑡) = ∑ 𝑏𝑛 sin(𝑛𝑥)𝑒−4𝑛2𝑡. 

𝑛=1 𝑛=1 

(Exactly what we have above.) 
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Integrals (for 𝑛 a positive integer) 

−𝑡 cos(𝜔𝑡) + 
sin(𝜔𝑡) 𝜋(−1)𝑛+1 

1. ∫ 𝑡 sin(𝜔𝑡) 𝑑𝑡 = . 1′ . ∫
𝜋 

𝑡 sin(𝑛𝑡) 𝑑𝑡 = .𝜔 𝜔2 𝑛 0
𝜋 ⎧−2𝑡 sin(𝜔𝑡) + 

cos(𝜔𝑡) { for 𝑛 odd 
2. ∫ 𝑡 cos(𝜔𝑡) 𝑑𝑡 = . 2′ .∫ 𝑡 cos(𝑛𝑡) 𝑑𝑡 = 𝑛2

𝜔 𝜔2 
0 {⎨⎩0 for 𝑛 ≠ 0 even 

3. ∫ 𝑡2 sin(𝜔𝑡) 𝑑𝑡 = 
−𝑡2 cos(𝜔𝑡) + 

2𝑡 sin(𝜔𝑡) + 
2 cos(𝜔𝑡) . 3′ . ∫

𝜋 

𝑡2 sin(𝑛𝑡) 𝑑𝑡 = 
{⎧𝜋

𝑛
2 

− 𝑛
4
3 

for 𝑛 odd 

𝜔 𝜔2 𝜔3 
0 

⎨−𝜋2
{ for 𝑛 ≠ 0 even 

𝜋 
⎩ 𝑛 

𝑡2 sin(𝜔𝑡) + 
2𝑡 cos(𝜔𝑡) − 

2 sin(𝜔𝑡) 2𝜋(−1)𝑛 

4. ∫ 𝑡2 cos(𝜔𝑡) 𝑑𝑡 = . 4′ . ∫ 𝑡2 cos(𝑛𝑡) 𝑑𝑡 =𝜔 𝜔2 𝜔3 𝑛2
0 

If 𝑎 ≠ 𝑏 

1 + 
sin((𝑎 − 𝑏)𝑡) 

2 [sin((𝑎 + 𝑏)𝑡) 5. ∫ cos(𝑎𝑡) cos(𝑏𝑡) 𝑑𝑡 = ]𝑎 + 𝑏 𝑎 − 𝑏 

1 + 
sin((𝑎 − 𝑏)𝑡) 

2 
[−sin((𝑎 + 𝑏)𝑡) 6. ∫ sin(𝑎𝑡) sin(𝑏𝑡) 𝑑𝑡 = ]𝑎 + 𝑏 𝑎 − 𝑏 

1 + 
cos((𝑎 − 𝑏)𝑡) 

2 
[−cos((𝑎 + 𝑏)𝑡) 7. ∫ cos(𝑎𝑡) sin(𝑏𝑡) 𝑑𝑡 = ]𝑎 + 𝑏 𝑎 − 𝑏 

1 
2 [sin(2𝑎𝑡)8. ∫ cos(𝑎𝑡) cos(𝑎𝑡) 𝑑𝑡 = + 𝑡] 2𝑎 

1 
2 

[−sin(2𝑎𝑡)9. ∫ sin(𝑎𝑡) sin(𝑎𝑡) 𝑑𝑡 = + 𝑡] 2𝑎 

10. ∫ sin(𝑎𝑡) cos(𝑎𝑡) 𝑑𝑡 = −cos 
4𝑎
(2𝑎𝑡) 
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