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Frequency response

FIR
y[n] = :Eobkx[n A
Hk]= Sb,5[n—K]
3

Easy to go from difference
equation to frequency response
because h[n] finite length and
h[n] = [bo, bl,. . ]

IIR
y[n =§ [n—l]+ %bkx[n—k]
- [=1 k=0
k)= Sbo[n-k]
B k=0
I Argh!
X
H(d)= Shlkle™
Tough to go from diff.eqn.

to freq. response because
h[n] infinite length,
h[n]=f(a,bx) 1s complicated,
and H (») may be unbounded.



temporal space - n complex frequency space- z

y[n—l]+§)bkx[n—k] Eb 7

I
Mz

yn i . H(Z)= - . %(z—zz,)

hk]= 3b,8[n -] -Sazt M(z-z,)
= k=1 i=0

e v AAIENL l

wnsform @ #1  road block
H (b) = Shikle™ «———  H(w)=H(e")=H(z)

Hurray ' The frequency response is
H(z) evaluated on unit circle

z=e/®

frequency space - ®

Benefits of z-plane and z-transforms:
1. Get around road block by using z-plane and z-transforms.
Compute system function from diff.eq. coefficients, then evaluate on the unit

circle to find the frequency response.

2. z-plane (pole/zeros) will tell us if system stable and frequency response exists.

3. By using z-transforms, solution to diff.eq goes from solving convolution in
n-space to solving algebraic equations in z-domain (easier).

And lots more...!


http:diff.eq

Infinite signals

x[n]=d"uln] <  X(z)= E kgk
x[n]=0 n<0 2 3
right sided = 1 + az + (az_l) + (CZZ_I) con

geometric series

X (Z) = ‘az_l‘ <1 region of convergence

or [z]>d|



Infinite signals

x[n]=0 n=0 l;=—°° 2 3
left sided =_5Z_(EZ) —(zZ)

1
X (Z ) = — ‘Z < ‘ <1 region of convergence

or [z]<ld|



Infinite series:

1
.X[I’l] = anu[n] < X(Z) = _1 ‘Z‘ > ‘CZ‘ region of convergence
l-az
x[n]=0 n<0
right sided
g . 1
X[n]=-a"ul-n-1] < x(z)= — |l <la
x[n]=0 n=0 I-az
left sided
Finite series:
N-1
k_-k
x[n]= a”(u[n —M]-uln —N]) < X(g)= Ea Z
k=M
_\M N\
(a27) -(a”)
X(Z) = 1_ aZ—l
all z region of convergence

ImX(z)=N-M

i—a



Equivalent ways to represent the system

N M Dl e
y[l’l] = Ealy[n - l] + zka[n - k] = unit delay
=1 k=0 %+ .

difference equation :ﬂ: eton block diagram y[n]
x[n]=9[n] ﬁ
M k M
(3) . bz M(z-z,)
h[n] = y[n] x[n]=6[n] < H(Z) = k=0N _k = l;’o
impulse response I1- kEakZ Ig(z — Zpl.)
=1 i=

sequence

@ system function pole-zero @

. polynomial locations
Jjo :U:
=8

@ All poles must be inside
B jo\ _ unit circle for H ()
ﬂ-[(a)) =H (6 ) =H (Z) =e/® to converge and the system
frequency response to be stable. (causal system)
(FIR filter always stable)




Equivalent ways to represent the system

N M Dl e
y[l’l] = Ealy[n - l] + zka[n - k] = unit delay
=1 k=0 %+ .

difference equation y[n]

inspection block diagram
x[n]=9[n] ﬁ ﬁ pect
M k M
(3) . 2b,z M(z-z,)
h[n] - y[n] x[nl]=6[n] < H(Z) = k=0N _k = l;o
impulse response I1- kElakZ g(z — Zpl.)

sequence

@ system function pole-zero @

. polynomial locations
Jjo :U:
=8

@ The region of convergence must
- Contain the unit circle for H ()
— JO )
ﬂ-[(a)) =H (6 ) =H (Z) =e/® to converge and the system
frequency response to be stable. (general)
(FIR filter always stable)




Ex.

HE) =y oie 4322 - S0
y[n]=H(z)z"
num=0 H(Z) =O y[l’l] =O Zz+Z+1=O Z€CTOS

. +j2m
= %(—1 * ]\/g) =€ A roots of numerator

denom=0 H(Z) = 00 y[i’l] = OO Z2 =0 p01€S

0,0 roots of denominator

A
[

*FIR L point summer/averager
only has zeros on unit circle

FIR filters only havezeros
enuntt-etrele-and poles

are either at O or .

#poles=#zeros
“extra” zero/poles are at z=.

H(z)|
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1 0.5 0 0.5 1 E  wbspewiiacehe e N
Real Part 8 ;
25-pt averager lowpass FIR filter 100NN NN M SN e iR
*poles all at zero (or ) e 0.2 04 0.6 08 1
*zeros evenly distributed on unit circle Homalead:reanenebzmazamile)
*missing zero at DC (lowpass)
&
2| © 2
o
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| g
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A5} 3
2l : ] £ -1000 L L L i
e 0 0.2 0.4 0.6 0.8 i
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24-pt bandpass FIR filter ~ b=firl(24, [.45 .65], bandpass'):
*poles all at zero (or o)

*zeros not necessarily on unit circle

* Only pole locations affect stability



B H() e et SR
3z
[n]= H(z)
=0 H(z)=0  y[n]=0 Z+z+1=0 ZEeros

+j2m
= —( 1+ ] I ) = A roots of numerator

denom=0 H(Z) = 0 y[n] = 0 =0 pOl@S

z=0,0 roots of denominator

FIR filters have poles

[H(z)I :
(2) at either at 0 or .

#poles=#zeros
“extra” zero/poles are at z=Y.




system response [H(z) pz plot

w T
1L
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Imaginary part
o
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Real part

frequency response

i
H (w)=H(e™)=H(z)
The frequency response is
H(z) evaluated on unit circle

IH(ei)IZ|

al

7=/




yln]=x[n]-y[n-2]
x[n]=90[n]

1teration

y[0]= x[0]- y[-2]=1-0=1
Y11= x[11-y[-1]=0-0=0
y2]= x[2]- y[0]=0—-1=~-1
y31=x[3]1-)[11=0-0=0
y[41= x[4]-)[2]=0—(-1)=1

Remember:

M

-k
bz 7> = cos()z

H(z)= 222 i X(@) = ‘
Y(z) I‘E“ -+ 7" —=2cos(w)z +1
k=1 ﬁ
x[n] = Cos(c?)n)u[n]
~ T 27
oO=—=—
2 4

Solving impulse response

z-transform
Y(2)=X(2)-77Y(2)
(1+27)r @) = X @)

Y (2) 1 system
H = = .
(z) X(2) (1 + Z-z) function
Y(2)=H(2)X(z) = (1+1 _2) X(z)
<

Y () = = L

(1+z'2) 722 +1

| Inverse z-transform (lookup)

y[n]=h[n]= COS(%TTE n)u[n]

y[n] = {1709_1a0’1a"°}



Solve difference equation X
y[n] = x[n]- y[n - 2] hin]= COS(—E n)u[n] impulse response
4
x[n] = u[n] step input
1teration
y[0]=x[0]-y[-2]=1-0=1
yl]=x[1]-y[-1]=1-0=1
y[2]=x[2]-y[0]=1-1=0
y[3]=x[3]-y[1]=1-1=0
yl4]=x[4]-y[2]=1-0=1

convolution
x[n] 1 1 1 1
hn] 1 o -1 0 1 0 -1

[E—
[E—

[E—
[am—
[U—
[a—
[U—
[am—




z-transforms
yln]=x[n]-yln-2]

x[n]=uln]

yln] r(z)
1
}z 42 a'uln] <= )
5 1 (1 - az )
V@ =X@-27 @ =T Az~ cosa)
1 —< cos(om)u[n] < — 5 1
Y (@)= ——X@=H@XE  muliplication @ -(2eosa)zs
(1 + 2 2) 27T L
| | COS(TI’Z)M[H] < (1+Z_2)
Y (Z) = Sum of responses of

) (=57

| partial fraction expansion

1/2 /2 1z

Y (z)=

| Inverse z-transform (lookup)

1 1 27 1 27T
nl=—+—cos|l—n|+—cos|—I(n-1 =
o (4 ) 2 (4( ))

2 2

1= () 2 0]

individual single real
poles, or complex
conjugate pairs of
poles.

yln]
1/2+1/2+0=1
1/240+1/2=1
1/2-1/2+0=0
1/2+0-1/2=0
1/2+1/2+40=1
1/240+1/2=1

wm B~ W —= O



Partial fraction expansion

residuals \4
1 A B

Y= (1+ 2z‘1)(1—%z'1)_ (1+ 2z‘1) i (1—%[1)

Sum of responses of
individual single real
poles, or complex
conjugate pairs of

We know: poles.
single pole @ z=a complex conjugate poles
right sided sequence
1 @anu[n] Z(Z—}/COSO{)
1—az! < y" cos(om )u[n]

2= (2ycosa)z +y’

| >]d]
>y
left sided sequence
1
— < —-a"u[-n-1]

| <al



Partial fraction expansion

Y ( Z) — 1 — A + B Sum of responses of
- 1 1 -1 3 -1 individual single real
(1 +22 )(1 B % < ) (1 +2z ) (1 3% ) poles, or complex
conjugate pairs of
poles.
| cross multiply
A(l-3z")+B(1+277)
Y(z)= (1+2z“1)(1—iz_1) We know:
4 right sided sequence
1 ,
| collect terms 1— aZ_l <da I/t[l’l]
/> la
Y(2)= -2 A+ 2B)7' + (A + B) left sided sequence
1+277)(1-27"" 1 :
+ 227 2 < 1 — <> -a u[-n-1]
—_ aZ

| <al



1
1+277)(1-327)

A s B
(1+2z'1) (1—%[1)

Y(Z)=(

_(-3A+2B)z7" +(A+B)
- (1 + 2z_1)(1 - z_l)

-2 A+2B=0 A+B=1 match coefficients
A=S g3
11 11
8/11 3/11 1
Y(z)= / AL

(+2:7) (im52) (o2 Ji-i27)

We know:

right sided sequence

1
1-az

-1

< a"uln]

/> ld

left sided sequence

1
1-az

-1

< —-a"u[-n-1]

| <lal



Inverse z-transform

|
Y(z2)=
R ey
- 8/11 + 3/11 We know:
(1 + 2Z_1) (1 — %Z_l) p016823/4,-2 right sided sequence
1 n
. | In:;/erse;3 z-transform 1— ClZ_l < a uln]
yinl= H(‘z)n uln]+ H(Z) uln]  |z|>|2] >
causal , unstable left sided sequence
] : — < —a"u[-n-1]
ROC - az
o <|a
|
100 -
0 L~ O ’
-10 0 10




Inverse z-transform

1
Y(z)=
R (PSR ()
_ 8/11 + 3/11 We know:
(1 + 2Z_1) (1 - % Z_l) p016823/4,-2 right sided sequence
1 "
U Inverse z-transform i 1 _ CZZ_l = d l/t[l’l]
yln]= —%(—Z)nu[—n—l]—%(%) ul-n—1] |z|<|%| | <|>1d
. left sided sequence
anticausal, unstable 1
A — < —a"u[-n-1]
i 1-az
| <al
> T
Ny \ o
//- 11 > oo
LSS \&\\ ) L ss o,
B 0F O(IDOOOOOOOOQ-G
~10 0 10




Inverse z-transform

1
Y(7)=
RN (PSR (e
- 8/11 + 3/11 We know:
(1 + 2Z_1) (1 — %Z_l) p016823/4,-2 right sided sequence
1 .
U Inverse z-transform 1_ CZZ_I < d l/l[l’l]
W= =2 (<2) u[-n—1]+ 3(3) un] <> q
H 114 |I| < |Z| < |2| left sided sequence
two-sided, stable 1 i
e < —a ul-n-1]
| <al
! T
0 >eooo°0°° % 000000 g4

-10 0 10



Inverse z-transform

1
Y =
R (PSR ()
= 811 + 311 We know:
(1+ 2Z_1) (1—%Z_1) p016823/4,-2 right sided sequence
1 "
U Inverse z-transform 1_ az’l < T‘ l/t[l’l]
8 n 3(3)" g =>|a
-2 (=2 = 2] u[-n-1
y[n] 11( )" uln] - (4) u[-n-1] 2| <[z|Nle| > 2| left sided sequence
not possible 1 e —a"ul=n—1]
l-az

| <lal



1
1+277)(1-327")
8/11 3/11

Y(Z)=(

Inverse z-transform

T(v227) (1-327)

poles:3/4,-2

| Inverse z-transform

8 3(3)"
_ 2 (o) 22 2
yinl=—(-2) u[n]+11(4) uln] 2> 2
y[n]=—%(—2)”u[—n—1]—%(§) i-n-1]  [4<
8 " 3(3Y)"
y[n]:-H(—2) u[—n—l]+ﬁ(z) uln] 3| <z <[2]

3

causal, unstable

anticausal, unstable

two-sided, stable



Partial fraction expansion Il

Y (o) - 4z+7.6  4z+7.6 7' 4+7.67"
VT 67 +5+47 —67'+5+47 7' —672+57"+4
Must be in terms only of z!
4+7.677" 4+7.67" . :
Y(7)= = factor d t to f
(2) 622+5:"+4 (1 N 22_1)(4 ~ 32_1) (Ti Zz'f;zllo_m;;i())r into form
_ 14197
(1+2:7')(1-327")
_ A . B
(1+2771)  (1-327")
How to find A,BY A B “coverup” method
Y(z) (1+227") = 1 20) (1+227) + 3o (1+227)
_ B _
Y(z) (1+277")= A+ (1-3[1)'(“22 )
B

Y(2)-(1+227)

N—




Partial fraction expansion Il

4+7.6z7 4+7.67" _ 141977
6T (e aae) (12

Y(z)=

A s B
(1+ 2z_1) (1—%[1)

A=Y@(1+227) - (11+_1;ZZ_11) -0.036
7==2
B= Y(z)(l —~ %Z_l) .= zl++1.29ZZ_1; =0.964

0036 0.964
(1+2z-1) (1-%[1)

Y(z)=



Efftects of a zero

zeros: 0,0 zeros: 0,-1.9
1 1+1.9z™"
Y — B +1.92
©) (1 + 2z_1)(1 - %Z_l) poles:3/4,-2 ¥z)= (1 + 2z'1)(1 - %Z_l)
0.73 0.27
= + 0.036 0.964
(1+2Z_1) (1_%{1) He- (1+2Z_1)+(1—%Z_1)
y[n]=- % (-2)" u[-n-1]+ %(%)” uln) yln]=-0.036(-2)" u[-n-1]+ O.964(%)” uln]
3 <lel<[2
|%| < |Z| < |2| zero at z=-1.9
| , close to pole at z=-2, 1 'o
pole’s effect reduced os | o _
(0.036 vs. 0.727) ’
0 peo 4 0 beo Og
-0.5 '
] -10 0 10

~10 0 0 two sided sequences



Partial fraction expansion 111

Yoo 42r76 _ 4z+76 oz -
67 ' +5+47 —67'+5+47 7 ust be in terms only of z
B 47% +17.67
47 +57-6

72 +1.9z factor into form (z-p1)(z-p2)
( 7+ 2)( 7 — % ) Hint: use matlab’s root command

We know:

right sided sequence

<
= < a"u[n]

/> ld

left sided sequence

LN —a"u[-n-1]

| <al



Partial fraction expansion 111

Y2) 47% +7.62 22+1.9z
2 < e We know:
IRt (Z ¥ 2)<Z 4) i right sided sequence
_ Az N Bz L C 1 = PN a"uln]
(z+2) (z-3) —az”  z-a ol
47> +7.67 left sided sequence
C=Y(Z)L=O T 477 +57-6 =0 L _.z < -a"u[-n-1]
z=0 1 _ aZ_l - 7—a
_3 2 Zl<|a
g Y@G-D| _ 419z _ o, 2| <a
Z o Az+2) |,
2
PRRACIICL LI B 1'39Z = 0.036
< 7==2 Z(Z - Z) 7==2




Partial fraction expansion 111

Y2) 47% +17.67 22 +1.97
=— L 3 We know:
427 +52-6 (Z ¥ 2)<Z 4) i right sided sequence
< n
0.036z 0.9647 e < a uln]
— + . l-az Z—a
(z+2)  (z-3) /> ]d]
left sided sequence
1 Z .
y[n]=-0.036(-2)" u[-n—1]+0.964(2)" u[n] D R u[-n—1]
| <al
3 <[l <[2]
1 P
0 peo =

two sided sequence



Long Division

Y(z2)= 1+1.977" ~ 1+1.9z77"
(1+2z'1)(1—%z'1) —%z‘2+%z'1+1
1+0.65z7' +0.687z > +0.1167™ right sided sequence

=1+%z‘1 —%z‘2)1+1.9z_1
1412577 -1.577
0.65z7" +1.577
0.65z”' +0.813z72-0.975z""
0.687z>+0.97577
0.687z2+0.859z° -1.031z”*
0.116z7 +1.031z"* o
y[n]=8[n]+0.658[n—1]+0.698[n - 2]+0.128[n - 3]+-- Lo

compare o
y[nl=0.036(-2)"uln]+(2)"0.964uln]  ={1,0.65,0.69,0.12} 1n=0,123 - |

-10 0 10

2 I




Long Division

1+1.97" 1+1.977
1+2z'1)(1—%z'1) - —%z‘z +%z'1 +1

Y(Z)=(

left sided sequence

~1.2677-1.72372 -=2.2817° +...
- 1572412577+ 1)1.9[1 +1

1.9z7'-1.584-1.2677
2.584 +1.2677

2.584 -2.1547-1.72377°

3.421772 +0.97573
3.421772-2.851z°-2.28177

y[n]=-1.278[n+1]-1.728[n+2]-2.288[n + 3] +---

compare
y[nl=-0.036(-2)"u[-n-1]-(2)"0.964u[-n-1]={-1.27, -1.72, -2.28}

n={-1,-2,-3} 1 S B e


http:�1]={-1.27

Fourier
Series

Fourier Transforms

Compute spectrum of signals

— j 2wkt

2
X, =—fx(t)e “dt
1%

DTFT  H (d) = S h[k]e’™

DFT

Periodic 1n (cont.) time
Discrete freq

Discrete time
Periodic in (cont.) freq

Discrete & periodic time
Discrete & periodic freq



Discrete Fourier Transtform

(DFT)

Compute spectrum of discrete-time periodic signals

DFT
N samples in time domain 2 N complex numbers in frequency domain
IDFT
N-1 .
DFT X[k]= ) x[nle 27k N)n analysis
n=0
1 Wl .
IDFT x[n]=— E X[k]eJ(Z”k/N)n synthesis
k=0

DFT: sample continuous H(w) (DTFT) at N evenly spaced frequencies




x[n] periodic with period N samples

N-1
x[n] = lz X[k]e /3N composed of N frequencies
N & harmonically related

N-1
DFT X[k]= Egc[n]e‘f@”w){
n=0 M

move X, to DC

original spectrum

27k /N ()

shifted spectrum



x[n] periodic

N-1
DFT X[k] _ Egc[n]e_j(Z”k/N)”J
n=0 M

move X, to DC

original (aliased) spectrum

X,

X o
X,
‘ 2
' ' ' ' > ~27k | N
O 2mk/N T 27, i 0
w>r aliases of negative frequency x
* 0
components « X
1
X, X X,
= ‘ 2
0 T o

shifted spectrum



x[n] periodic

N-1
DFT X[k] _ x[n]e—j(ZJL’k/N)n

— —

TFIR low pass filter to measure DC
(N point running sum, {1,1,1...1})
zeros @ harmonics

shifted spectrum

X, % discrete spectrum
0
N X 1 = X XO X y
X, X, ! "X, . X,
FIR filter w/ zeros k

at harmonics



x[n]={1, 1, 1, 0} Impulse response of 3pt summer

- 3 |
X[k]= Nzlx[n]e—j(an/N)n — E x[n]e—J(2ﬂk/4)n
n=0 n=0

= 0]+ x[1]e ™) 4 22107 PHH2 o 3] 23

-J3 jak

k -
=l+e +e

=1+ e_j%ﬂk(ej%k + e_j%k)
=1+ 2[—\/5(1 + j)]k cos(Zk)

k=0, I, 2, 3
X[k1={3, -i, 1, i}

e-j(ﬂ) /(3;)

(112)

pc ¢’

Note: O>mw>21

A
Z
- O~
\
/ 1
n th
\ T
N /
-
check:
»x=[1110];
» X =fft(x)
X =

0-1.00001 1.0000 0+ 1.00001

S x)

ans =

1.0000 0+ 1.00001 3.0000 O - 1.00001

only extract limited number of frequencies due to N samples per period



x[n1={1, 1, 1, 0}

— 3 .
X[k] _ Nzlx[n]e—j(an/N)n — E x[n]e‘J(2nk/4)n A Z
=0 n=0

=1+ 2[—\/5(1 + ])]k COS(%/C) < | v

k=0, 1, 2, 3
X[k1={3, -i, 1, i}

H(®)=e"(1+2cosd)

Note: 0>w>2m
only extract limited number of frequencies due to N samples per period



Redo like homework

x[n]={1, 1, 1, 0}

- 3 |
X[k]= Nzlx[n]e—j(an/N)n — E x[n]e—J(2ﬂk/4)n
n=0 n=0

1— e—j(2nk/4)3 ) 1 — o= /37/2
- | — o~ 1Ct/4) 1= o~ /72
1-j*
-/ k0
1-(-J)
2 . 2 _ 2
X[k]= Ee—]<2n’0/4)n _ Ee—]o _ El ~ 3
n=0 n=0 n=0

X[k] = {3,_i’19i}
k={0,1,2,3}

works okay if you have
x[n]’s =1 or complex exponentials

2
- j(27k/4
n=0
Remember
N-1 N
r l—a
a =
~ 1-a
xpy _lmdl-j_1-2j-1_ .
1+j1-j 2
xipjo 127 _1=CD
1-(=j) 1-(=D)
.3 . . . .
X[3] = 1-j =1—(—J)=1+J1+]=1+2j 1=j

1-(-j)  1=j 1=jl+j 142



Padding
x[n]= {1 O} /} i
X[k] E x[n]e_j (27k/ N)n Ex[n] —j(27k/4)n Ex[n] —j(27k/4)n _ + ,

n=0
k=0, 1, 2, 3 _
X[k]= {3, i, 1, i} X[k] 1s samplec}

. version of H(®)
N time samples =
pc T N frequency samples

H(®)=e""(1+2cos®)



Padding

Pad x[n] to get more samples of H(O?)) H/D/}Q‘M
\ T
x[n]{lllooooo} *+’

X[k] Ex[ le — j(27k/ N)n Ex[n]e Jj(27k/ 8)n Ex[n]e Jj(27k/ 8)n

— X[O] + x[l]e—] (27k /8) + X[2]€_j (272k/8)

k=0, 1, 2, 3, 4, 5, 6, 17
X[k1={3 1.7-j1.7 =i 29+,29 1 029-,029 i 1.7+ j1.7}
pc i 1 3l T Tl

e’”(1+2cos®)



DFT Convolution

DTFT
ynl* xln] < Z(@) = Y (@) X(@) < zln]
sample frequency sample
domain domain domain

Y[k] sampled version of Y ()
Use DFT to compute Y[k] and X[K]

DFT IDFT

yInl® x[n] < Z[k]=Y[k]X[k] < z[n]

circular
convolution



Problem:

z[n]=y[n]*x[n]

DFT

Z[k]=Y[1;]X[k]

IDFT

z’[n]

DFT Convolution

x[n]: length N
y[n]: length N
z[n]: length N+N-1

X[k]: length N
Y[k]: length N
Z[k]: length N undersampled frequency

z’[n]:length N aliased time samples



DFT Convolution

cX.
x[n]=[1 -1 1], y[n]=[12 3] 1
Z’[n]=x[n]*y[n]=[1 12 -1 3] I, 3
-1 o -3
23
3pt DFT 2] 11 2, 3

X[kl=[1 1+ j1.7321 1-j1.7321]

Y[k]=[6 -1.5+ j0.866 -1.5- j0.866]

Z[k] = X[kIY[k]=[6 -3-j1.73 -3+j1.73]

Z’[nl=[1 1 2 -1 3]
Z'lk]=[6 1.43+)0.139 -1.93+j4.03 -1.93-34.03 1.43-;0.139]



Zlk] = X[KIY[k]=[6 -3-j1.73 -3+j1.73]
l 3pt IDFT
z[k]=x[n]® y[n]=[0 4 2]
| i [ / T 7 |
Y i 75 2‘}\%\3,'5 4/4.'// 5
U‘cr 05 i 52 25 55 4 45 5

temporal aliasing
samples wrap

Z'[k]=[6 1.43+30.139 -1.93+34.03 -1.93-34.03 1.43-;0.139]

l 5pt IDFT
z’[n]=x[n]*y[n]=[1 15 -1 3]



Zlk] = X[KIY[k]=[6 -3-j1.73 -3+j1.73]
l 3pt IDFT
z[k]=x[n]® y[n]=[0 4 2]
| i [ / T 7 |
Y i 75 2‘}\%\3,'5 4/4.'// 5
U‘cr 05 i 52 25 55 4 45 5

temporal aliasing
samples wrap

Z'[k]=[6 1.43+30.139 -1.93+34.03 -1.93-34.03 1.43-;0.139]

l 5pt IDFT
z’[n]=x[n]*y[n]=[1 15 -1 3]



DFT Convolution

cX

X[I.l]:[l -110 ()], y[n]:[l 230 ()] To avoid temporal aliasing, pad signals
so lengths are 2N-1

X[k]=[1 -0.118 +j0.363 2.12+j1.54 2.12-j1.54 -0.118-j0.363]

Y[k]=[6 -0.809-j3.67 0.309+j1.68i 0.309-j1.68 -0.809 +j3.67]

Zlk]l=[6 1.43+;0.139 -1.93+34.03 -1.93-34.03 1.43-j0.139]

Zn]=x[n]® y[n]=[1 1 2 -1 3]

If len(x)=N, len(y)=M, then pad so lengths are N+M-1



How does a Fast Fourier Transform (FFT) work?

2 Point DFT
N-1 . FFT is an efficient
DFT X[k] = E x[nle 27k N)n N=2 way of calculating
n=0 a DFT.
_ x[o]e—j(2nk/4)0 N x[l]e—j(an/Z)l
= x[0]+ x[1]e~ /™)
X2 [O] = X[O] + x[l] 1 1 coefficients
X, [1]= x[0]- x[1] 1 -1  block
FFT butterfly
@ g e A=ath Wk =e—j(2ﬂk/2)
2
. v W, =1
b — — = (a-b) W]
1 N2=4 mult

N2-N=2 adds



4 Point DFT
N-1
DFT X[k] = E x[nle” j(2ak! N)n N=4

n=0
_ x[o]e—j(2ﬂk/4)0 + x[l]e—j(znkm)l N x[z]e—j(2nk/4)2 N x[3]e—j(2nk/4)3
= x[0]+ X[l]e_j(%k) + x[2]e_j(”k) + x[3]e—1(37”k)

X[0]=x[0]+ x[1]+ x[2]+ x[3] running sum

3

X[1]= x[0]+ x1]e ") + x[2]e 7™ 4+ x[3]e7(F)
= x[0] - jx[1]- x[2]+ jx[3]

X[2]= x[01+ x[11e”" + x{2]e /™) + x[3]e /")
= x[0]- x[1]+ x[2] - x[3]

X[3]= x[0]+ x[1]e”) 4 x[21e 70 4 x[3)e %)
= x[0]+ jx[1]- x[2]- jx[3]

X[41= x[01+ x[1le™/*") + x[21e ) 4 x{3]e ™"

= x[0]+ x[1]+ x[2]+ x[3] alias of X][O] N2=16 mult
N2-N=12 adds



4 Point DFT
N-1
DFT  X[k]= E x[n]e” N N=4

n=0

= 2[07+ x[11e 7 + x23e7™) 4 3113

X[0]= x[0]+ x[1]+ x[2]+ x[3] running sum
X[1]= x[0]- jx[1]-x[2]+ jx[3]

X[2]=x[0]-x[1]+ x[2]- x[3]

X[3]=x[0]+ jx[1]— x[2]- jx[3]

X[4]=x[0]+ x[1]+ x[2]+ x[3] alias of X|[0]
X[5]=x[0]- jx[1]1-x[2]+ jx[3] alias of X[1]
periodic in frequency

only extract limited number of frequencies due to N samples per period



DFT

N=4
X, [0]= x[0]+ x[1]+ x[2]+ x[3] 1111 X,[0]=x[0]+ x[1] 1
X, [1]= x[0]= jx[1]-x[2]+ jx[3] 151 X,[1]=x[0]-x[1] 1 -1
X,[2]=x[0]—x[1]+ x[2]- x[3] 1-11-1 ) L
X, [3]=x[0]+ jx[1]-x[2]- ix[3] 1 j-1- >< y
cven. X[0],X[2]

LT 1T 1  X,[0]=[x[0]+x[2]]+[x[1]+ x[3]] = X, [O] jemia)

1-1 1-1 X, [2]=[x[0]+x[2]]-[x[1]+ x[3]] = X, [1]

recursive

LLT T Looks like a 2pt FFT

of combined signals

odd: x[11.x[3]

x(1)

1-j-1 j

—e Y{0)

. . Looks like a 2pt FFT
1 ] -1 -] of combined signals

e
AN

x{3)

X, [1] = [x[0] - x[21]+ [ x[1] - x[31] = X,[01, .,

— X(1)

—— X(3)

X,[3]=x[0] - x[21]-"j[ x[1] = x[3]] = X,[1],,; fewer multiplies/adds

N/2log,N=4 mult




DFT

N=4 N=2
X, [0]=x[O]+ x[1]+ x[2]+ x[3] 1111 X,[0]=x[0]+x[1] 1 1
X[11= x[0]- jx[1]-x[2]+ jx[3] 1-j-1j X,[1]=x[0]-x[1] 1 -1
X[2]=x[0]-x[1]+ x[2]- x[3] 1-11-1 a ) L
X[3]=x[0]+ jx[1]— x[2]- jx[3] I j-1-+ >< v

cven. X[0],X[2]

1 1)1 1 ’
1-1/1-1 \/ >< v |
x(1) = - i o . X02)
odd: x[11,x[3] e s Wi | . X0
. . =t
Il ) 1_>< Wl 1
1 J '1 _j e ] -~ 0 — X

N/2log,N=4 mult

4pt FFT butterfly Nlog,N=8 add



N-1
DFT  X[k]= E x[n]e PN N=8

n=0
= x[0]e 7P 4 x[1]e P 4 x[2]e TP 4 x[3]e )

x[41e 7B 4 x[51e 7B 4 4 [61eT IO 4 7¢I
- x[0]+ x[l]e_j(%k) +x[21e73) 4 x[37e 70T
417 4 x[51e7 ) 4 x(61e7 15 4 x[7)e )

X[0]=x[0]+ x[1]+ x[2]+ x[3]+ x[4 ]+ x[S]+ x[6]+ x[ 7]

X[1]= x[0]+(1- j)x[1]- ]x[2]——(1+ J)x[3]
—x[4]+—( 1+ j)x[51+ jx[61+ 2 (1+ j)x[7]

running sum

X[2]= x[0]= jx[1]= x[2]+ jx[3]+ x[4]- jx[S]—- x[6]+ jx[7]
X[3]= x[()]+ 2 (~1- j)x[1]+ ]x[2]+ 2 (1- j)x[3]
—x[41+ 32 (1+ j)x[5]- ]x[6]+ ( 1+ j)x[7]

N2=64mult
N2-N=56 add



N-1
DFT  X[k]= E x[n]e PN N=8

n=0

= x[07+ x[1le ) 4 22173 4 x[31e7FY

6

x[4]€_j(nk) + X[S]e_j(%k) + X[6]e_j( k) + X[7]€_j(

e

x[n]

X[kl 1 1 1 1 1 1 1 1
Loo£0-)) 4 Fe-g) b 00 £
1 -] -1 ] 1 -] -1 ]
I R(1-0) B0 -1 =B(1-0) 4 L£(asy)
1 -1 1 -1 1 -1 1 -1
1 21+ o Lae) -1 —REH) L))
1 ] -1 -] 1 ] -1 -]
L ey § 0 210 -1 =20+) - L))

N2=64mult
N2-N=56 add



N=4

1 111

1-11-1
Ly-14

DFT
cven: X[0],X[2],X[4],X[6]

=8

N

1

odd: x[11.X[31.X[5]1.X[7]




8pt FFT

*(0) . X(0)
wi

x(1) Xi4)

x(2) » . X(2)
Wl

x{3) e — X(6)

x(4) » - Xil)
wi

x(5) X(5)

x(6) X(3)
Wi

x(7) —e X{7)

Wk = e—j(2nk/8)

g =
N/2log,N=12 mult
Nlog,N=24 adds



[ n] _ x[ I’l] _ [ 1 — 2] The signal has same z-transform
Y Y as system. The signal is the

! impulse response of the system
z-transform

H(2) = Y(2) — 1 Z2 system zeros = roots(z°) = 0,0

- - 1 _ 2 o
X(2) (1+Z—2) 241 function poles = roots(z* +1) = +

Poles: values of z for input x[n]=2z" where output y[n]=H(z)z" — «
Zeros: values of z for input x[n]=z" where output y[n]=H(z)z" =0

2” . T T T T T
yln]=h[n]= COS(T n)u[n] signal ' T E—
| z-transform 0:6 | l
| z°
(1+27) 2°+1 :

Poles: z locations of Y[7]=z2

n

Zeros: related to the magnitude and phase of y[n]

Il
™

The closer a zero is to a pole, the smaller 7 . .~ L - 1‘

the effect the pole. Real par




DFT Convolution

cX.

x[n]=[1 -1 1], y[n]=[12 3] 1
z[n]=x[n]*y[n]=[1 12 -1 3] I, 3
-1 o -3
23
3pt DFT An] 11 2

X[k] E x[nle — j(27k/ N)n Ex[n] ~j(27k/3)n |

— x[o]e 2.7'[0/3) + x[l]e 2.7'[1/3 + x[2]e 27‘[2/3)]{

jridk | —j(4m/3)k

=l-e"’
X[0]=1=¢ /730 4 74730 114121
X[1]=1=¢ 3730 4 o7/ 1 4 51,7321
X[2]=1-€ /P72 4 e TR o1y 930y

+ée

X[kl=[1 1+ j1.7321 1-j1.7321]



3pt IDFT Zlk]l= X[k]Y[k]=[6 -3-31.73 -3+;1.73]

An)= & S 2106 LS e
(Z[O] _J (270/3)k Z[1le” 2n1/3) + Z[2]e - j 2n2/3)k)/3
_ (6 . (_3_ j1.73)e—j(2n/3)k + (_3 + j1.73)e—j(4n/3)k)/3

Y[0] =1+ 2 /3730 4 37747530 _ 1424 36
Y[1] =1+ 2¢ 273 4 3747530 _ _1 5 4 0.866
Y[2] =1+2¢7 /0792 4 37472 — 15 1 866

Y[k]=[6 -1.5+ j0.866 -1.5- j0.866]

X[k]=[1 1+ j1.7321 1-j1.7321]



3pt DFT y[n]=[1 2 3]

Y[kl = EY[n] e Ey[nJ Ak

— y[O]e j(270/3)k [1]8 J(271/3)k + y[z] j(272/3)k

_1—2p /2T 36—](4n/3)k

Y[0] =1+ 2 /3730 4 37747530 _ 1424 36
Y[1] =1+ 2¢ 273 4 3747530 _ _1 5 4 0.866
Y[2] =1+2¢7 /0792 4 37472 — 15 1 866

Y[k]=[6 -1.5+ j0.866 -1.5- j0.866]
X[k]=[1 1+ j1.7321 1-j1.7321]

ZIk] = X[kIY[k]=[6 -3-j1.73 -3+j1.73]

Z[n]=[11 2 -1 3]

Z'[k]=[6 1.43+j0.139 -1.93+j4.03 -1.93-j4.03 1.43-0.139]




Infinite signals

x[n]=0 n=0
left sided
1
X (Z ) = 7
1-az

k=1 k=0
1 1-(tz)-1
1-(12)  1-(iz
~(12) -1 1
1-(z) (t)'-1 l-ag”

i<l

or [z]<ld|

region of convergence





