Rate of Growth of e*

When we looked at lim,_,g+ xlnx we found that the value of the limit was
0, so = shrinks to O faster than Inx grows to negative infinity. The next two
examples illustrate similar rate properties, which will be important when we
study improper integrals and elsewhere.

Example: lim ze 7, (p>0)
xr—r 00

The expression xe P? is a product, not a ratio, so we need to rewrite it before

x
we use I’Hopital’s rule. We choose to rewrite it as g This is of the form 22,
e
so we can use I’Hopital’s rule to calculate:
x
lim ze ™ = lim —
T—00 r—00 ePT
= 1 I'H
A e ('Hop)
1
S
= 0.

We conclude that when p > 0,  grows more slowly than eP* as z goes to
infinity.

.o
Example: IILH;OW (p>0)

This example doesn’t give us much more information, but it’s good practice.
The value of this limit gives us information about the relative rates of growth

of eP* and 2'%°. e
. . € . A
The expression lim —- is of the form 2, so we can use I'Hopital’s rule
T—00 I
again. In fact, there are two ways we could use I’Hopital’s rule. The slow way

looks like:

. eP? . peP® ,
A = M e (Her)
2 px
_ re )
= M Go-goges  (THop)
3 . pzx
= lim —p © I’'Ho
1Y

z—00 100 - 99 - 98297

We could apply 'Hopital’s rule 100 times and we’d eventually get an answer.
The clever way is to rewrite the expression as follows:

P epe/100
lim = < lim )

z—o00 1100 T—oo T

100




Lepw/loO 100
= lim 00— ("Hop)

L—00 1
_px/100 100

— lim 22
z—00 100

= o

!/
In this example lim f,((ag = 00, another possible outcome of I’Hopital’s rule.
z—a g'(a

We conclude that eP* grows faster than 2'°° when p is positive. In fact, eP®
grows faster than any polynomial in x; exponential functions grow faster than
powers of x.
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