An Improper Integral of the Second Kind
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The singularity in the graph of y = (x−3)
2 is comparable to that of y = x2
dx
near x = 0. The area under the graph of y = (x−3)2 between 0 and 5 is inﬁnite.
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However, 5 (x−3)
converges.
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Unfortunately, the total 0 (x−3)
2 diverges because it’s the sum of a diver
gent indeﬁnite integral and a convergent one.

If you failed to notice the singularity at x = 3 you might have calculated
the value� of this integral to be ﬁnite, the same way we calculated the false
1
value of −1 dx
x2 . In that case you might still be saved from a terrible error by
noticing that you calculated a negative value for the integral of a function that
is everywhere positive.
Question: How do we know when and where to look for “bad spots” in an
integrand?
Answer: If the either limit of integration is inﬁnite, check the limits as x
goes to inﬁnity and/or minus inﬁnity. Also, check any singularity, like x going
to 3 in the integrand (x−13)2 . In other words, look in all the places where the
integrand may be inﬁnite. Once you’ve identiﬁed the problem areas, you can
focus on each one separately by splitting the domain of integration into parts.
Speciﬁc things to watch for are negative exponents — anything of the form
dx
goes
to inﬁnity as x approaches zero. This includes all the integrals we com
n
x
puted using partial fractions; whenever there’s something in the denominator
that can be zero, there’s a singularity.
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