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Introduction: Why this

I decided to look into diﬀerent crossing numbers and recent research into
the relations between them. Many advances in crossing numbers seem to
be in terms of adjusting constants, rather than ﬁnding new relations. I
found many papers, for example, on tightening the bound on the crossing
number of Kn or Km,n . Others, more interesting to me, worked on what
has been described as the ”theory of large graphs” (Székeley). Two recent
results, involving variations on the pair crossing and odd crossing numbers,
are what I will focus on here. While the two papers seem to have little in
common, both revisit Tutte’s original models to ﬁnd new ways of evaluating
or bounding crossing numbers. Perhaps there is more to discover by going
back to the problem’s forgotten roots.
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Lots and lots of crossing numbers: A review

Although crossing numbers have been studied for over ﬁfty years, only within
the last ten years or so have they been carefully deﬁned. Pach and Tóth, in
their paper, deﬁned four distinct characteristics of a graph, each of which
could be called crossing number. Tutte worked with yet another type of
crossing number, and a new result involves a sixth kind.
The crossing number is deﬁned as a minimum over all drawings, but
what drawings are allowable? It’s assumed that the drawings considered
have vertices at distinct points. Edges are Jordan curves. All crossings
are proper (i.e. edges intersect at a ﬁnite number of points, and are never
tangent to each other). Each crossing involves only two edges (i.e. every
nonvertex point is in at most two edges).
The crossing number, cr(G), of a graph G is the minimum (over all
allowable drawings) of the number of crossings. The rectilinear crossing
number, rcr(G), is the minimum number of crossings over all allowable
drawings with straight lines as edges. The odd crossing number, oddcr(G),
1

is the minimum number of pairs of edges which cross an odd number of
times over all drawings. The paircrossing number, prcr(G), is the minimum
number of pairs of edges which cross. Clearly
oddcr(G) ≤ prcr(G) ≤ cr(G) ≤ rcr(G)
Another recent paper looked at Tutte’s initial, unproved assumption
that in a oddcrossingminimizing drawing of G, no adjacent edges cross.
This paper looks at ioddcr(G), the independent odd crossing number of
G. ioddcr(G) is deﬁned to be the minimum over all drawings of G of the
pairs of nonadjacent edges which cross an odd number of times. That is,
crossings are only counted if they occur an odd number of times and involve
nonadjacent edges.
Yet another crossing number is Tutte’s algebraic crossing number, acr(G).
To calculate acr(G), ﬁrst ﬁx some orientation of E(G). For each non
adjacent pair of edges e1 , e2 in G, let λ(e1 , e2 ) be the diﬀerence between
the number of lefttoright crossings of e1 on e2 and righttoleft crossings
of e1 on e2 . Then the algebraic crossing number of a graph is deﬁned by
�
acr(G) = min
| λ(e1 , e2 ) |
D
E
{e1 ,e2 }∈( 2 )
where the minimum is taken over all drawings D of the graph G. Since
e1 and e2 crossing an odd number of times implies | λ(e1 , e2 ) | is at least
one, we know
ioddcr(G) ≤ acr(G)
Also, | λ(e1 , e2 ) | is at most the total number of times e1 and e2 cross,
so we have
acr(G) ≤ cr(G)
It was conjectured by Pach and Tóth (and others) that oddcr(G) =
prcr(G) = cr(G) = rcr(G). This question remained open for years, until a
recent paper (using acr(G)) showed that in fact
oddcr(G) �= cr(G)
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oddcr(G) �= cr(G): What a surprise!

It seems reasonable to suppose oddcr(G) = cr(G). It’s true that, given a
drawing of G that demonstrates oddcr(G) = 0, it’s possible to construct a
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drawing of G that demonstrates cr(G) = 0. It was thought this construction
could be expanded to a construction converting an oddcrossingminimizing
drawing to a crossingminimizing drawing. However, that turns out not to
be the case. In fact, there exists an inﬁnite family of graphs for which the
crossing number and the odd crossing number are not even asymptotically
equal.
As in the other one summarized here, this proof proceeds by transforming
a graph drawing into a diﬀerent object, proving a bound on that object,
and then changing back to graph drawings. In this case, the new object is
a weighted map.
A weighted map M is a 2manifold S and a set P = {a1 , . . . am , b1 , . . . bm }
of points on ∂S with positive weights w1 . . . wm . A realization R of this map
is a set of curves {γ1 , . . . γm } such that γi connects ai to bi . Let i(γi , γj )
be the geometric intersection number of the two curves and [x] be 1 if x is
true, 0 otherwise. Then we can deﬁne crossing numbers for a realization R
as follows:
cr(R) =

�

i(γk , γl )wk wl

1≤k≤l≤m

prcr(R) =

�

[i(γk , γl ) > 0]wk wl

1≤k≤l≤m

oddcr(R) =

�

[i(γk , γl ) ≡2 1]wk wl

1≤k≤l≤m

The corresponding crossing numbers for a weighted map M are found
by minimizing each equation over all possible realizations R.
(Note that it’s possible to transform a realization of a map into a graph
drawing. For example, contract the boundary of S, let the vertices be (equiv
alence classes of) points in P , and (multi)edges be the curves γi . Similarly,
a graph drawing can be transformed into a map realization. Remove a disc
of radius � around each vertex, let {γi } be the set of edges, and let P be the
edges’ intersections with the disc boundaries.)
To prove the inequality of oddcr and cr, we’ll ﬁnd a family of weighted
maps whose crossing numbers are not equal to their odd crossing numbers.
Then we transform this into a family of weighted graphs whose crossing
minimizing drawings are the same as the minimizing realizations. Finally,
we’ll transform the weighted graphs to ordinary graphs, while still preserving
the inequality.
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In practice, we only actually care about realizations in which S is the
annulus, {ai } is on the inner ring, and {bi } is on the outer ring. These are
the realizations that will eventually be transformed into graph drawings. In
a crossingminimizing realization, a curve γi can be entirely described by
its twist number ki , where integer ki represents the number of clockwise
(positive) or counterclockwise (negative) times γi goes around the annulus.
Given only ai , bi , aj , bj , ki , kj , it’s possible to calculate i(γi , γj ), and hence
the minimum number of crossings.
Let Dk (γi ) be the curve produced by changing γi ’s twist by k. That is,
let Dk (γi ) be the curve with the same endpoints as γi and twist number
ki + k. Orient all the curves γi from ai to bi . Then
λ(Dk (γi ), Dl (γj )) = k − l + λ(γi , γj )
Furthermore, for crossingminimizing maps of this form,
i(γi , γj ) =| λ(γi , γj ) |
This can be used to develop formulae for calculating the crossing numbers
of maps M on the annulus. Fix {a1 . . . an } and {b�1 . . . b�n } on the boundary
of an annulus, as described, in clockwise order. Fix some curve γ0 from the
inner to the outer boundary with endpoints between an and a1 and bn and
b1 . For a ﬁxed permutation σ ∈ Sn , let bi = b�σ(i) . This gives us Mσ . Now let
γi� be a curve connecting ai and bi such that i(γ0 , γi� ) = 0. Then a sequence
of integers x
¯ = x1 , . . . xn determines a realization Rx¯ in which γi = Dxi (γi� ).
Similarly, every realization R can be encoded by a ﬁxed permutation σR ,
and a sequence x̄R .
Recall the discussion of acr(G), above. Note that the permutation de
termines the algebraic crossing number. For i < j, λ(γi� , γj� ) = [σ(i) > σ(j)].
Therefore
i(γi , γj ) = xi − xj + [σ(i) > σ(j)]
So instead of minimizing over all realizations R of Mσ , we can instead
minimize over all vectors x̄ to calculate the crossing numbers. This gives us

acr(Mσ ) = cr(Mσ ) = min
x̄

prcr(Mσ ) = min
x
¯

�

�

| xi − xj + [σ(i) > σ(j)] | wi wj

i<j

[(xi − xj + [σ(i) > σ(j)]) �= 0]wi wj

i<j
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oddcr(Mσ ) = min
x̄

�

[(xi − xj + [σ(i) > σ(j)]) ≡2 1]wi wj

i<j

A slackening of these equations, in which x
¯ is allowed to contain non
integers, can be minimized in polynomial time by running the corresponding
linear programs. Furthermore, the minimum is achievable by integral x̄.
The family of weighted maps corresponding to graphs with unequal cross
ing numbers is generated by one simple example. Consider the weighted
map M with S = {reiθ | 1 ≤ r ≤ 2 and θ ∈ [0, 2π]}, aj = ij (j = 1, 2, 3, 4),
b1 = 2i, b2 = 2, b3 = −2i, b4 = −2, and weights {wi }. Then if w1 ≤ w2 ≤
w4 ≤ w3 and w1 + w4 ≥ w3 , we have cr(M ) = prcr(M ) = w1 w4 + w2 w3 and
oddcr(M ) = w2 w4 + w1 w3 (by minimizing the linear programs, as above).
So if w1 w4 + w2 w3 =
� w2 w4 + w1 w3 , then oddcr(M ) �= cr(M ). Optimizing
the gap √over integer weights gives
us {Mm } with weights w2 = w4 = m,
√
3+1
w1 = �( 3−1
)m�,
and
w
=
�(
)m�.
3
2
2
We will create our family of graphs {Gm } with unequal crossing numbers
out of {Mm }. First, create a weighted map N by replacing each ai (resp. bi )
with a sequence (ai,1 , . . . ai,wi ) (resp. (bi,1 . . . bi,wi )) of points going clockwise
along an arc of length � along ∂S centered at ai (resp. bi ) and setting wi,j = 1
∀(i, j). In a crossingminimizing realization of N , the newly created clusters
of edges run in parallel, so cr(N ) = cr(M ) and oddcr(N ) = oddcr(M ).
Now transform N into a graph G. Let
V (G) = {ai,j } ∪ {bi,j }
Let ei,j,k (resp. fi,j,k ) be the k th copy of an edge between ai,j (resp. bi,j ),
and ai,j+1 (resp. bi,j+1 ) for j < wi , and the k th copy of an edge between ai,j
(resp. bi,j ) and ai+1,1 (resp. bi+1,1 ) for j = wi . Then let
E(G) ={{ai,j , bi,j } | (i, j) ∈ [4] × [wi ]}
∪ {ei,j,k | (i, j, k) ∈ [4] × [wi ] × [cr(M ) + 1]}
∪ {fi,j,k | (i, j, k) ∈ [4] × [wi ] × [cr(M ) + 1]}
That is, we create G by letting the arcs around the boundary of the
anulus have weight cr(M )+1, letting P be the vertices, and replacing curves
of weight w with w edges between two vertices. Because of how the graph is
constructed, in a crossing minimizing drawing the edges between ai,j and bi,j
run parallel to each other, and the edges within {ai,j } and within {bi,j } must
not cross each other (and so can be deformed into the inner and outer rings
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of ∂S without changing the crossings). Therefore a minimizing drawing of
G is very similar to a minimizing drawing of N , and hence a minimizing
drawing of M . However, it’s possible for G to have a minimizing drawing
with orientation reversed. That is, {ai,j } could be in clockwise order and
{bi.j } counterclockwise. Let N � be the analogous weighted map, i.e. N with
the order of {ai,j } reversed. In any realization of N � , because of the order
reversal, {{ai,j , bi,j } | j ∈ [wi ]} must have many odd crossings ∀i. In fact,
ocr(N � ) ≥ 2m2 − 4m.
Since any realization of N generates a drawing of G with the same cross
ings, and we know from above that ocr(N ) = w1 w3 + w2 w4 , we have
3
ocr(G) ≤ ocr(N ) ≤ w1 w3 + w2 w4 ≤ m2
2
Similarly, any drawing of G generates a realization of either N or N � , so
we have
cr(G) ≥ min{cr(N ), cr(N � )}
Since ocr(N � ) ≤ cr(N ) and we have the above bounds on cr(N ) and
ocr(N � ), we get (for m suﬃciently large)
cr(G) ≥ min{cr(N ), cr(N � )}
≥ min{w1 w4 + w2 w3 , ocr(N � )}
√
≥ min{ 3m2 − 2m, 2m2 − 4m}
√
≥ 3m2 − 2m
This gives us a whole family√of graphs {Gm } for which cr(Gm ) �= oddcr(Gm ),
oddcr(Gm )
3
and even lim
=
�= 1. The conjectured equality is not just
m→∞ cr(Gm )
2
false, it’s very very false.
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Formula for ioddcr(G): Proof sketch

While most crossing numbers are diﬃcult to evaluate (indeed, no formula
exists for calculating the crossing number, or even its asymptotics, for most
graphs), ioddcr(G) does indeed have a formula. This formula is diﬃcult to
evaluate, but the fact of its existence gives some hope for further discoveries.
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The formula is a bit long, and the proof of it is very long. The original
paper is 22 pages. Instead of giving a detailed proof, I will just outline it
here.
First, many deﬁnitions. Let B be some set of partitions {�xy : xy ∈
E(G)}, where �xy signiﬁes a partition of V (G) − {x, y}. Write u �xy z if u
and z are in diﬀerent sets of the partition �xy . Let PB (xy, uz) = 1 if u �xy z,
and 0 otherwise. Fix some cyclic order C = v1 , v2 . . . vn of V (G). Two edges
xy and uz are said to be in acyclic order when the cyclic order v1 . . . vn
restricted to {x, y, u, z} is x, u, y, z or x, z, y, u. Otherwise, they are in cyclic
order. Let OC (xy, uz) = 1 if xy and uz are in cyclic order, and 0 otherwise.
Now deﬁne
f orcedB,C (xy, uz) =[1 − OC (xy, uz)][1 − PB (xy, uz)][1 − PB (uz, xy)]
+ [1 − OC (xy, uz)]PB (xy, uz)PB (uz, xy)
+ OC (xy, uz)[1 − PB (xy, uz)]PB (uz, xy)
+ OC (xy, uz)PB (xy, uz)[1 − PB (uz, xy)]
if {x, y} ∩ {u, z} = ∅ and 0 otherwise. Then the formula for ioddcr(G) is
ioddcr(G) = min
B

1
2

�

�

f orcedB,C (xy, uz)

xy∈E(G) uz∈E(G)

This is proved by transforming a graph drawing into a set of closed curves
on π ∗ , the onepoint compactiﬁcation of the plane π. Then a similar result
is proved about crossings of these curves in π ∗ . Finally, the set of curves
is transformed back to the graph drawing in the plane which minimizes
ioddcr(G).
Suppose we have a drawing of G in the plane which realizes ioddcr(G).
Transform it (without changing the crossings) so that the vertices are in
cyclic order v1 . . . vn around a circle S ⊂ π. Now extend a ray Vi out of
and perpendicular to S from each vi . Each edge eij between vertices vi and
vj can now be identiﬁed with the closed curve eij ∗ = Vi ∪ eij ∪ Vj ∪ ∞.
Two such curves cross each other at ∞ if the vertices involved are in acyclic
order. Otherwise, the curves are tangential at ∞. Also, this drawing deﬁnes
an equivalence relation ∼e on the vertices for each edge e: u ∼e v iﬀ a curve
connecting u and v crosses e∗ an even number of times. That is, u ∼e v iﬀ
they are both on the inside of e∗ or both on the outside of e∗ . This relation
has only two equivalence classes, so it can be viewed as a bipartition of
the vertices of G. Two functions OS and P ∗ can be deﬁned in this context
analogously to OC and PB . Furthermore, two independent edges xy and uz
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cross an odd number of times in the original drawing of G when
CR(xy, uz) =[1 − OS (xy, uz)][1 − P ∗ (xy, uz)][1 − P ∗ (uz, xy)]
+ [1 − OS (xy, uz)]P ∗ (xy, uz)P ∗ (uz, xy)
+ OS (xy, uz)[1 − P ∗ (xy, uz)]P ∗ (uz, xy)
+ OS (xy, uz)P ∗ (xy, uz)[1 − P ∗ (uz, xy)]
is 1, and an even number of times when CR(xy, uz) = 0. So we know that
ioddcr(G) ≥ min
B

1
2

�

�

f orcedB,C (xy, uz)

xy∈E(G) uz∈E(G)

since we’ve found a cyclic order and bipartition that achieves ioddcr(G). On
the other hand, given a minimizing bipartition and cyclic order, it’s possible
to construct a drawing achieving that independent crossing number: arrange
the vertices in that cyclic order on a circle, and draw curves to represent
edges such that they create the correct bipartition with their equivalence
classes. So in fact
�
1 �
ioddcr(G) = min
f orcedB,C (xy, uz)
B 2
xy∈E(G) uz∈E(G)

While this formula is still diﬃcult to evaluate, and still involves mini
mizing over a large set, we no longer are minimizing over all possible graph
drawings. Instead, we’re dealing with a comparatively wellbehaved set of
familiar objects: permutations and partitions. Perhaps applying the wide
range of knowledge we already have about these combinatorial objects will
lead to advances in graph drawings.
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