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In t roduc t ion  

The e a s i e s t  case  i n  which t o  v i s u a l i z e  t h e  r o l e  of t h e  Jacobian 

determinant  i s  when we have a l i n e a r  mapping. That i s ,  when w e  

a r e  g iven a mapping of t h e  xy-plane i n t o  t h e  uv-plane def ined by 

We know t h a t  each r e c t a n g u l a r  region i n  t h e  uv-plane i s  the  

image of a  para l le logram i n  t h e  xy-plane.* ( I n  p a r t i c u l a r ,  

t h e  l i n e  u = k i s  t h e  image of t h e  l i n e  ax + by = k while t h e  

image of v = k is  t h e  l i n e  cx + dy = k . )  In  o t h e r  words, i n  

t h i s  s p e c i a l  c a s e ,  t h e  back-nap of a r e c t a n g u l a r  region i s  e x a c t l y  

a para l le logram,  r a t h e r  than approximately a paral lelogram. 

a. Given t h e  mapping f :E'+ E~ def ined by f- (x ,y )  = (u ,v )  where 

W e  see t h a t  

[Note t h a t  t h e  l i n e a r  system def ined by (1) always has 


a (U1v) a s  i t s  determinant  of c o e f f i c i e n t .  I 

a(x,y) 

A t  any r a t e ,  s i n c e  

*We a r e  a s s u m i n g ,  o f  c o u r s e ,  t h a t  t h e  m a p p i n g  i s  1-1; f o r  
o t h e r w i s e  t h e  i m a g e  i s  e i t h e r  a l i n e  o r  a p o i n t ,  i n  w h i c h  
c a s e  t h e r e  i s  n o  back-map of  t h e  r e c t a n g u l a r  r e g i o n .  
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t h e  f a c t  t h a t  


impl ie s  t h a t  

The technique of computing a (u ,v) /a (x ,  y )  and i n v e r t i n g  it t o  f i n d  

a (x ,y ) / a (u ,v )  i s  o f t e n  our  on ly  recourse  s i n c e  it i s  no t  always 

p o s s i b l e ,  i n  a  more genera l  system 

t o  so lve  f o r  x  and y  e x p l i c i t l y  i n  t e r m s  of u and v. 

Of course ,  i n  t h e  p r e s e n t  example, it i s  r a t h e r  easy  t o  i n v e r t  

t h e  system (2)  t o  o b t a i n  

and, from t h e  system ( 4 ) ,  w e  o b t a i n  d i r e c t l y  

which agrees  wi th  our  r e s u l t  i n  equat ion  (3) . 

- Let  S be t h e  u n i t  square i n  t h e  uv-plane with v e r t i c e s  a t  

0 '  (0,O) , A '  ( 1 , O )  , B' (1,1),and C 1  ( 0 , l ) .  Using t h e  system ( 4 )  

wi th  (1) u = 0,  v = 0 ,  (2) u  = 1, v = 0, ( 3 )  u = 1, v = 1, and 
1 1  

( 4 )  	u = 0,  v = 1, we l o c a t e  t h e  p o i n t s  0  (0,O) , A (5, -5) , 
3 2 i n  t h e  xy-plane whose images wi th  r e s p e c t  5), and C(51 3) 


t o  -f  a r e  0 1 ,  A ' ,  B 1 ,  and C', r e s p e c t i v e l y . 
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P i c t o r i a l l y ,  

(Figure 1) 

The back-map of  S i s  t h e  para l le logram R* wi th  v e r t i c e s  0, A ,  

B ,  and C. 

The a r e a  of R is  given by I& x $cI , o r  

*Whi l e  we c o u l d  c h e c k  t h i s  i n  more  c o m p u t a t i o n a l  d e t a i l ,  n o t e  
t h a t  t h e  l i n e a r i t y  o f  o u r  mapping  g u a r a n t e e s  t h a t  f - l ( ~ )[=R] h a s  
s t r a i g h t  l i n e  b o u n d a r i e s  w i t h  v e r t i c e s  a t  O,A,B,  and  C .  Then ,  
s i n c e  f - I  i s  1-1, t h e  i n t e r i o r  o f  S maps i n t o  t h e  i n t e r i o r  of 
R u n d e r  f. F i n a l l y ,  R i s  a  p a r a l l e l o g r a m  s i n c e  

-t -+ 1 1  2 3 3 2 -+ 
OA f O C  = (=-, --)5 + (-, -) = (-, -) = O B .  5 5 5 5 
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1That is ,  i s  t h e  necessary  " s c a l i n g  f a c t o r "  t o  conver t  t h e  a r e a  

of S i n t o  t h e  a r e a  of R. 

Note : 

I f  -f  maps E~ onto  E~ i n  a 1-1 manner, and i f  S1 and S2 a r e  two 

congruent  b u t  d i f f e r e n t  regions  i n  t h e  uv-plane, it i s  q u i t e  
- -p o s s i b l e  t h a t  R1 = - 1 	 1f (S1) and R2 = -f  (S2) a r e  n o t  congruent.

That  i s ,  t h e  p r o p e r t i e s  of -f a r e  l o c a l  and a s  a r e s u l t  it i s  no t
. . 

enough merely t o  know t h e  shape of a region under i n v e s t i g a t i o n .  

I n  t h e  case  of a l i n e a r  change of v a r i a b l e s ,  i . e . ,  i n  a system 

of equa t ions  such a s  i n  equat ion  ( 1 1 ,  i f  w e  l e t  S denote any 

r e c t a n g l e  whose boundaries a r e  t h e  p a r a l l e l  l i n e s  u = kl and 

u = k2 ,  and v = k and v = k 4 ,  where kl,k2,k3 and k4 a r e  c o n s t a n t s ,  3 
then t h e  back-map of S i s  congruent t o  t h e  back-map of any 

region congruent t o  S. In  o t h e r  words, had w e  wished t o  be more 

p r e c i s e  i n  p a r t  ( b ) ,  we should have l e t  S denote t h e  r e c t a n g l e  

wi th  v e r t i c e s  a t  0 ' (uO ,vO) , A'  (uO + 
. 

A u ,  v0) , B' (uO + A u ,  Vo + Av)  , 
c1(u0, v0 + Avo) Then, wi th  R = -f - I  (S)  w e  could have shown t h a t  

i n  t h i s  more g e n e r a l  case  

b u t  t h e  s p e c i a l  c a s e ' t r e a t e d  i n  p a r t  (b)  i s  s u f f i c i e n t  f o r  our  

purpose. 

a. 	 The main aim of t h i s  p a r t  of t h e  e x e r c i s e  i s  t o  he lp  you g e t  a 

f e e l i n g  f o r  t h e  meaning of a nega t ive  " s c a l i n g  f a c t o r " .  I n  

t h e  same way t h a t  w e  may v i s u a l i z e  a  nega t ive  number a s  a 

length  wi th  a d i f f e r e n t  o r i e n t a t i o n  ( s e n s e ) ,  w e  may i n t e r p r e t  

a  nega t ive  s c a l i n g - f a c t o r  a s  meaning t h a t  the 'mapping f r e v e r s e s  

t h e  o r i e n t a t i o n  of an element of  a rea .  Rather than go on i n  t o o  

a b s t r a c t  a v e i n  h e r e ,  l e t  us  i l l u s t r a t e  our  remarks by so lv ing  

t h e  g iven  problem. 

I n  p a r t  (b)  w e  say t h a t  t h e  para l le logram R wi th  v e r t i c e s  a t  
3 2 2 3 

0 (0.0) , A ($,-$) , B (- -) 5'5 , and C (-5 ' 5) was mapped onto  t h e  u n i t  

square  S. 
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What happens t o  R under t h e  mapping g - def ined by g ( x , y )  - = ( u ~ v )  

where 

2 3 2 3 6  6 
4 -(C)  = ~ ( ~ = 1(- + - -) = (1 '0)  = 5, A ' .

5 

-1
I n  o t h e r  words -f and q map R on to  S ( o r ,  conversely -f and c1 
map S on to  R )  b u t  wi th  oppos i t e  o r i e n t a t i o n .  

P i c t o r i a l l y  (Figure 1) w e  saw i n  p a r t  (b)  t h a t  a s  P t r a c e d  t h e  

boundary of R i n  t h e  counter-clockwise d i r e c t i o n ,  i .e.  s o  t h a t  

t h e  region R appeared on our  l e f t  a s  we t r a v e r s e d  i t s  boundary, 

-f ( P )  t r a v e r s e d  t h e  boundary of S wi th  t h e  same sense ( o r i e n t a t i o n ) ,  

i . e . ,  counter-clockwise. 

Now, look what happens t o  P under g. A s  P v a r i e s  continuously 

from 0 t o  A ,  g ( P )  v a r i e s  continuously from 0 '  t o  C ' ,  e t c .  s o  

t h a t  t h e  graph of t h e  mapping i s  given by, 
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5.3.1 (L) continued 

From Figure  2 w e  see t h a t  t h e  p o i n t  P t r a v e r s e s  t h e  boundary of 

R wi th  a sense  oppos i t e  t o  t h a t  wi th  which -£(PI t r a v e r s e s  t h e  

boundary of S. 

This  r e v e r s a l  of sense  accounts  f o r  why t h e  s c a l i n g - f a c t o r  ( i . e . ,  

t h e  Jacobian  determinant)  i s  negat ive .  

An i n t e r e s t i n g  way t o  avoid t h e  nega t ive  s i g n ,  i f  you s o  d e s i r e ,  

i s  t o  observe t h a t  when one in terchanges  two rows of a square 

ma t r ix ,  t h e  determinant  changes s ign .  Rather than prove t h i s  

i n  g e n e r a l ,  l e t  us  observe i n  t h e  2 by 2 case  t h a t  

s i n c e  

ad - bc = - (bc - a d ) .  

Thus when t h e  change of v a r i a b l e s  

produces a nega t ive  Jacobian determinant ,  t h e  change of v a r i a b l e s  

( i .e . ,  in te rchang ing  t h e  r o l e s  of u and v )  w i l l  produce a 

p o s i t i v e  Jacobian determinant .  

5.3.2 

a .  Since -f ( 3 , 4 )  = 

t h a t  

( 1 , O )  and f ( 5 , 6 )  = ( O t 1 )  w e  have by l i n e a r i t y  
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[ i . e . ,  uf - ( a )  = - f ( u a )  i f  f - i s  l i n e a r ] 


From (1) 

Again, by l i n e a r i t y  [ i . e . ,  -f (  a )  + f ( B )  = f ( a + B ) l ,  

-f (3u, 4u) + f ( 5 v ,  6v) = -f  (3u + 5v, 4u + 6 v ) ,  


s o  s u b s t i t u t i n g  (3 )  i n t o  ( 2 )  y i e l d s  


Hence, s i n c e  -f  (x ,y )  = (u ,v ) - it fol lows from ( 4 )  t h a t

b. From ( 5 ) ,  we s e e  t h a t  i f  S i s  t h e  square wi th  v e r t i c e s  0 '  ( 0 , 0 ) ,  
-1 

A r ( l , O ) ,  B 1 ( l , l ) ,  and C 1 ( O , l )  i n  t h e  uv-plane, then -f (s) = R 

i s  t h e  pa ra l l e logram i n  t h e  xy-plane wi th  v e r t i c e s  a t  0 (0,O) , 
A ( 3 , 4 ) ,  B ( 8 , 1 0 ) ,  and C(5.6) .  

The a r e a  of  R i s  given by 

whi le  AS = 1. Hence, AR = 2AS, t h e  f a c t  t h a t  

impl ie s  t h a t  t h e  p o i n t  P  t r a v e r s e s  t h e  boundary of R i n  t h e  

oppos i t e  sense  from which -f ( P )  t r a v e r s e s  t h e  boundary of S. 
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I n  t h i s  c a s e ,  w e  d e s i r e  t h a t  

s o  t h a t  

f (5u, 6u) = (u,O) 

Hence, 

s o  t h a t  

(Obviously, the systems ( 4 )  and ( 6 )  may be i n v e r t e d  s o  t h a t  u 

and v a r e  expressed i n  terms of x and y ,  b u t  t h i s  i s  n o t  

necessary  f o r  t h e  r e s u l t s  w e  a r e  i n t e r e s t e d  i n  o b t a i n i n g ) .  

A p re l iminary  aim of t h i s  e x e r c i s e  is  t o  g ive  u s  a b i t  of i n s i g h t  

i n t o  t h e  case  i n  which t h e  in teg rand  of our  double i n t e g r a l  can 

be p u t  i n t o  t h e  s p e c i a l  form f ( u ) g ( v ) .  I n  t h i s  case ,  w e  say 

t h a t  t h e  v a r i a b l e s  a r e  separable .  I n  o t h e r  words, when t h e  

v a r i a b l e s  a r e  separab le  w e  mean t h a t  t h e  in tegrand c o n s i s t s  of 

t h e  product  of two f u n c t i o n s ,  one of which i s  a func t ion  of 

one of t h e  v a r i a b l e s  a lone  and t h e  o t h e r  a func t ion  of  only  

t h e  o t h e r  v a r i a b l e .  
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The p o i n t  i s  t h a t  when t h e  v a r i a b l e s  a r e  separab le  and t h e  l i m i t s  

of i n t e g r a t i o n  a r e  a l l  c o n s t a n t s ,  we may view t h e  double i n t e g r a l  

a s  t h e  product  of two s i n g l e  d e f i n i t e  i n t e g r a l s .  I n  o t h e r  words, 

while it is n o t  g e n e r a l l y  t r u e  t h a t  a  double i n t e g r a l  i s  t h e  

product  of two s i n g l e  i n t e g r a l s ,  t h e  f a c t  remains t h a t :  

One way of v e r i f y i n g  equat ion  (1) i s  t o  observe t h a t  s i n c e  f  (u)  

i s  a  cons tan t  when w e  i n t e g r a t e  wi th  r e s p e c t  t o  v ,  w e  have 

b 
and w e  nex t  observe t h a t d  (v)  dv,  being a  cons tan t ,  can be 

taken o u t s i d e  t h e  i n t e g r a l  involving du t h a t  i s ,  

Combining t h e  r e s u l t s  of (2)  and (3)  y i e l d s  equat ion  (1). 

With t h i s  i n  mind, w e  see t h a t  t h e  change of v a r i a b l e s  

conver t s  t h e  g iven i n t e g r a l  i n t o  one i n  which t h e  v a r i a b l e s  

a r e  separab le .  That  i s ,  i f  w e  d e f i n e  -f  by -f ( x , y )  = (u,v)  where 

u and v  a r e  a s  g iven i n  ( 4 )  w e  have 

* R e c a l l  t h a t  t h i s  means 
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- x+3y 
u 2 a ( x , y )  dA

cos2 (-)dAR e cos  v  a (u ,v )  s 

where S  = -f (R). 

Notice from (5 )  t h a t  w e  cannot be s u r e  t h a t  t h e  v a r i a b l e s  a r e  

separab le  i n  t h e  r i g h t  hand i n t e g r a l  f o r  a r b i t r a r y  changes of 

v a r i a b l e s * ,  b u t  s i n c e  a (x ,y) /a  (u ,v)  is cons tan t  f o r  a l i n e a r  

change of v a r i a b l e s ,  everyth ing i s  f i n e !  I n  f a c t ,  from ( 4 )  

we have 

*For example ,  g i v e n  

2 2 


J x  -y c o s  2xydAR 

R 


t h e  

I 
change o f  v a r i a b l e s  

2 2 u = x  - y  

v = 2xy

l e a d s  t o  

b u t  now 

s o  t h a t  

Thus,  t h e  t rans formed  i n t e g r a l  i s  

and t h e  v a r i a b l e s  a r e  n o t  " s e p a r a t e d v .  
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s o  t h a t  

S u b s t i t u t i n g  (6 )  i n t o  (5)  w e  have 

//e T c o s 2  d ~ ~  = -5 //e  u  cos 2  v  dAS. 

The minus s i g n  i n  (7)  merely means t h a t  a s  a p o i n t  P t r a v e r s e s  

t h e  boundary of S  wi th  t h e  oppos i t e  sense  ( o r i e n t a t i o n ) .  I n  

o t h e r  words, us ing  ( 4 )  w e  have 

-f (B)  = -f  (515) = 

or ,  p i c t o r i a l l y ,  

y. v 
#4. 

A '  (011) r\ D B '  ( 2 1 1 )  

I\ 1 I
S 

X -I 1 -1 

0 '  ( 0 , O )  C '  (210) 

(Figure 1) 

S.5.3.11 
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- -- - 
2 2x-y u 2Indeed, s i n c e  e cos and e cos v a r e  non-negative f o r  

a l l  va lues  of x ,y ,u ,  and v ,  it should be c l e a r  t h a t  t h e  minus 

s i g n  i n  (7)  r e f e r s  only t o  t h e  change of sense  i n d i c a t e d  i n  

Figure  1, and i s  n o t  t o  be i n t e r p r e t e d  a l g e b r a i c a l l y . *  

What i s  even more s i g n i f i c a n t  about  Figure  1, however, i s  t h e  

"coincidence" t h a t  t h e  change of v a r i a b l e s  given by ( 4 )  a l s o  

t ransforms our  i n t e g r a l  i n t o  one wi th  cons tan t  l i m i t s  of 

i n t e g r a t i o n .  Had t h i s  n o t  happened t h e  transformed i n t e g r a l  

would have s t i l l  been a b i t  awkward t o  handle,  even though t h e  

v a r i a b l e s  w e r e  s epa ra ted ,  t h e  l i m i t s  would in t roduce  t h e  o t h e r  

v a r i a b l e  again .  I n  o t h e r  words, i n  working with m u l t i p l e  

i n t e g r a l s  o u r  change of v a r i a b l e s  must n o t  only s impl i fy  t h e  

in teg rand  b u t  t h e  l i m i t s  of i n t e g r a t i o n  a s  w e l l .  This  is  one 

impor tant  reason why changing v a r i a b l e s  i n  a m u l t i p l e  i n t e g r a l  

is  such a d i f f i c u l t  procedure compared wi th  t h e  procedure used 

i n  a s i n g l e  i n t e g r a l .  That  i s ,  when w e  t ransform 

Jb
-1 

dx f (x)  dx i n t o  

a 

by t h e  1-1 mapping x = g ( u ) ,  a l l  w e  have t o  do i s  concentra te  

on t h e  in teg rand  s i n c e  t h e  image of t h e  i n t e r v a l  [a ,b]  i s  t h e  

i n t e r v a l  [g-l(a) , g -1(b)I (or  [g  (b) , g T i f  g is 

d e c r e a s i n g ) .  The luxury of i n t e g r a t i o n  i n  t h e  case  of a s i n g l e  

v a r i a b l e  i s  t h a t  our  domain i s  1-dimensional and consequently t h e  

"shape" is very  l i m i t e d  (i.e., it must be an i n t e r v a l ) .  

A t  any r a t e ,  r e t u r n i n g  t o  t h e  given problem w e  have from (7)  

and Figure  1, 

*See note at end of exercise. 
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5 .3 .3  (L)  c o n t i n u e d  

S i n c e  

and  

we see from (8 )  t h a t  

2  2x-y , 1 1  + 2 
c o s  ( ) dA, = 5 ( 2  s i n  2 ) ( e  - 1)-

N o t i c e  i n  ( 9 )  t h a t  t h e  e x p r e s s i o n  s i n  2  r e f e r s  t o  t h e  number 2 

s o  t h a t  i f  w e  w a n t  a n  a n q u l a r  -	 i n t e r p r e t a t i o n  it means s i n  
1 1(2 radians)% sin 114O% 0.91. Hence (Z+ p i n  2 ) z  0.5 + 0.23 = 

2 20.73. 	 Then s i n c e  e % 7.39,  e - 1 6.39,  s o  t h a t  

1 1
5 ( T  + s i n  2 )  (e2-1)%5 ( 0 . 7 3 )  (6.39)*23. 

I n  summary, t h e n  
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5.3.3(L) continued 

Note : 

A s  w e  mentioned a t  t h e  end of Exerc ise  5.3.1, w e  could avoid t h e  

nega t ive  s i g n  i n  equat ion  ( 6 )  by in terchanging t h e  r o l e s  of u and 

v i n  equa t ion  ( 4 )  . 

For example, wi th  

w e  see from (10) t h a t  ~ ( 3 , l ) i s  mapped on to  A" ( 1 , O )  ; ~ ( 5 ~ 5 )  onto

B" (1 ,2) ; and C(2,4)  onto  C" ( 0 , 2 ) .  So t h a t  (10) maps R onto  S1 

where, 

(Figure  2) 

Comparing Figure  2 wi th  Figure  1, w e  see t h a t  S1 has  t h e  

oppos i t e  sense  of S (hence, t h e  same sense  a s  R ) .  

I n  any even t ,  had w e  e l e c t e d  t o  use  (10) r a t h e r  than ( 4 )  , 
w e  would have ob ta ined  

whereupon 

J{; Fcos2 (-1 d~~ = eVcos u (5 dAS 

R S1 1 
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2= 5 ( e - 1 1a s i n  21, 

which agrees  wi th  e q u a t i o n . ( 9 ) .  

5.3.4... 

L e t t i n g  

w e  o b t a i n  

a ( u , v )  

a ( x , Y )  = 1:
 : I=  2. 

Hence 

Therefore ,  

where S = f(R)  . 



Solutions 

Block 5: Multiple Integration 

Unit 3: Change of Variables in Multiple Integrals 


5.3.4 continued 


Since -f (x,y) = (u,v) = (x - y, x + y), we have 

-£(A) = -f(1,O) = (1 - 0, 1 + 0) = (1,l) = A '  

-f(B) = -f (2,l) = (2 - 1, 2 + 1) = (1,3) = B' 

-f(C) = -f (1,2) = (1 - 2, 1 + 2) = (-1, 3) = C' 

so that pictorially, 


(Figure 1) 


Using Figure 1, equation (2) becomes 
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5 .3 .4  cont inued 

a. 	 The region R de f ined  by t h e  l i m i t s  of i n t e g r a t i o n  i s  t h e  d i s c  
2x + 2 y2 -< a , i n  t h e  f i r s t  quadrant .  That is .  f o r  a  f i x e d  x 

/ 3 3 

where 0  2 x ( a ,  y  v a r i e s  from y  = 0  t o  y  =/aL- x L .  Reca l l  t h a t  
2 2 2 2 y =c = a - x2 o r  x + y2  = a 2 ,  and we use  onlyimpl ies  y2 

t h e  upper h a l f  of t h i s  c i r c l e  because y  = ja2- x2 means 


y = + K-7. ~ i c t o r i a l l y  


This  i s  d i s rega rded  = + /#z7 

s i n c e  0 -< x -< a . 
Fh
p x  

(-a,O) 0 (0 , O )  

(F igure  1) 

Applying p o l a r  coord ina tes  t o  R ,  w e  have t h a t  f o r  a  f i x e d  8 ,  

where 0  -< 8 -< z 'li , r v a r i e s  from 0  t o  a ,  and s i n c e  t h e  element 

of a r e a  i n  p o l a r  coord ina tes  i s  r d rde ,  w e  o b t a i n  
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From (1)w e  see t h e  key reason f o r  t r y i n g  p o l a r  coord ina tes .  
2 2 

Namely, whi l e  e-X and e-Y do n o t  have elementary a n t i -  
2
-rd e r i v a t i v e s ,  re does have one. Thus, t h e  " e x t r a "  f a c t o r  of r 

ob ta ined  by swi tching t o  p o l a r  coord ina tes  s i m p l i f i e s  our 

in teg rand .  

A t  t h e  same t i m e ,  however, i t  should be pointed  o u t  t h a t  f o r  

most r eg ions  o t h e r  than R ,  t h e  change t o  p o l a r  coord ina tes  might 

n o t  have been t o o  h e l p f u l .  For example i f  R1 i s  t h e  region 

bounded by t h e  t h r e e  l i n e s  y = x ,  y = 0,  and x = 1, then i n  

p o l a r  coord ina tes  R1 i s  desc r ibed  by saying t h a t  f o r  8 


such t h a t  0 -< 0 -< d 4 r , v a r i e s  from 0 t o  sec 0. 


Again, p i c t o r i a l l y ,  

(Figure  21 

For a g iven 0 ,  r v a r i e s  from 0 t o  P. P i s  on t h e  l i n e  x = 1, 

b u t  i n  p o l a r  coord ina tes  t h i s  l i n e  has t h e  equa t ion  r cos 8=1 

o r  r = sec 0. 

I n  t h i s  c a s e ,  

2
(;/set '
e-r r d r  dB 
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5.3.5 (L) continued 


and even though 


w e  see t h a t  

J
sec 8 - 2 2 2r 1 0  1 -sec 8 e r d r = - - e  -set - 1- y e  1 = - e 1.2 


Theref o r e ,  

and t h e  i n t e g r a l  on t h e  r i g h t  s i d e  of ( 3 )  i s  hardly  an improvement 

over  t h e  o r i g i n a l  double i n t e g r a l  ( a s  f a r  a s  d i r e c t  i n t e g r a t i o n  

i s  concerned) ,  

Thus, w e  s e e  once again  how any change of v a r i a b l e s  depends both 

on t h e  region and t h e  in teg rand  f o r  i t s  success .  

I n  any e v e n t ,  r e t u r n i n g  t o  (1)w e  have 
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L 

and s i n c e  (1 - e-a ) is  a cons tan t ,  w e  conclude t h a t  

b. I£ w e  l e t  a- on t h e  r i g h t  s i d e  of ( 4 1 ,  we o b t a i n  

On t h e  o t h e r  hand a s  a -+ rn ,  ou r  region R becomes t h e  e n t i r e  

f i r s t  quadrant  of  t h e  xy-plane ( i . e . ,  it i s  t h e  c i r c u l a r  d i s c  

whose radium i n c r e a s e s  wi thout  bound). 

I n  o t h e r  words, 

Hence, by t ak ing  t h e  l i m i t  i n  ( 4 )  a s  a+ rn, and us ing t h e  r e s u l t  of 

(5)  and ( 6 ) ,  we have 

Mechanically, one may o b t a i n  (7) d i r e c t l y  us ing p o l a r  coord ina tes  

by observing t h a t  i n  p o l a r  coord ina tes  t h e  f i r s t  quadrant  i s  

c h a r a c t e r i z e d  by saying t h a t  f o r  any 8 such t h a t  0 -< 0 5 
a , r 

v a r i e s  from a  t o  s o  t h a t  
"r 
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5.3.5  (L) cont inued 

Our technique  i n  d e r i v i n g  ( 7 )  merely formal izes  t h i s  idea .  Namely, 

saying t h a t  r v a r i e s  from 0 t o  m r e a l l y  means r v a r i e s  from 0 t o  a ,  

and w e  then l e t  a + . 
2 2 2 2 
+c. Since  e-(X ) -- e-X emY, t h e  v a r i a b l e s  a r e  separab le ,  s o  t h a t  

O0 2 

dydx = [ k - ~[ ~ I - x ~ ~ x ]  dy] 

(where t h e  u s u a l  cau t ion  i s  taken t o  make s u r e  t h a t  each of t h e s e  

improper i n t e g r a l s  i s  convergent ) .  

We nex t  n o t i c e  t h a t  s i n c e  x  and y  a r e  merely v a r i a b l e s  of  i n t e g r a -

t i o n  ( and hence do n o t  appear once t h e  d e f i n i t e  i n t e g r a l  i s  

eva lua ted)  , 

Therefore  s i n c e  

[by equa t ion  ( 7 )  1 , and 

" 2 2 m 2 24e - ~dxl I &me-y dy] = l e - ~dx] , 

we o b t a i n  from (8) t h a t  

s o  t h a t  
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The d e r i v a t i o n  of  (9 )  shows how m u l t i p l e  i n t e g r a l s  wi th  a change 

of v a r i a b l e s  may be used t o  e v a l u a t e  r a t h e r  d i f f i c u l t  (improper) 

s i n g l e  i n t e g r a l s .  I t  should a l s o  be noted t h a t  whi le  f o r  teaching 

reasons  w e  gave t h e  p a r t s  of t h i s  e x e r c i s e  i n  t h e  g iven o r d e r ,  

i n  r e a l - l i f e  t h e  procedure i s  u s u a l l y  t h e  oppos i t e  o rde r .  That  is ,  

w e  most l i k e l y  would be given t h e  i n t e g r a l  

a f t e r  which w e  would have had t o  have t h e  ingenu i ty  t o  observe 

t h a t  

= I ~ o ~ - ( X 2 + Y 2 )dydxl 1/2 

etc. 

Our reg ion  R is  
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-

5 . 3 . 6  continued 

For a given 8 ,  0 c 8 3~ , r v a r i e s  continuously from r = 0 t o  

r = 0 ,  hence: 

(See nex t  e x e r c i s e  f o r  a f u r t h e r  d i scuss ion  of how w e  handle t h e  

in teg rand  i f  R has  a d i f f e r e n t  shape.)  

a. 	 An "obvious" change of v a r i a b l e s  which maps R i n t o  a  r ec tang le  

whose s i d e s  a r e  p a r a l l e l  t o  t h e  u and v axes i s  

C l e a r l y ,  w e  s e e  from (1) t h a t  i f  -f i s  def ined by f  (x ,y )  = (u ,v)  
2 then  x - y2 = a i s  mapped i n t o  t h e  l i n e  u = a ,  xZ - y2 = b i s  

mapped i n t o  t h e  l i n e  u  = b ,  2xy = c i s  mapped i n t o  the  l i n e  

v = c ,  and 2xy = d i s  mapped i n t o  t h e  l i n e  v = d. I n  o t h e r  words, 

-f (R)  = S, where 
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Notice t h a t  whi le  -f i s  n o t  1-1 ( r e c a l l  t h a t  t h e  Jacobian of -f  

vanished a t  t h e  o r i g i n ,  and, i n  p a r t i c u l a r ,  f ( x , y )  = c ( - x , - y ) ) ,  

-f i s  1-1 when i t s  domain i s  r e s t r i c t e d  t o  R*. 

Thus, w e  may t a l k  about  t h e  back-map of S ( t h a t  i s ,  t h e r e  a r e  

two reg ions ,  R and R ' ,  i n  t h e  xy-plane t h a t  a r e  mapped i n t o  S 

by f; R '  i s  t h e  region i n  t h e  t h i r d  quadrant  which i s  

congruent  t o  R)  s i n c e  t h e  domain of -f i s  r e s t r i c t e d  t o  R and -f 
i s  1-1 on R. The main p o i n t ,  however, i s  t h a t  t h e  geometry f o r  

f i n d i n g  t h e  a r e a  of R i s  n o t  a s  s t r a igh t - fo rward  a s  t h a t  f o r  

f i n d i n g  t h e  a r e a  of c i r c u l a r  regions .  I n  o t h e r  words, polar 

coord ina tes  a r e  a  r a t h e r  s p e c i a l  case  i n  t h e  sense  t h a t  w e  know 

t h e  geometry of c i r c l e s  s u f f i c i e n t l y  w e l l  t h a t  we p r e f e r  t o  d i v i d e  

c i r c u l a r  r eg ions  d i r e c t l y  i n t o  p o l a r  elements of  a r e a  r a t h e r  

than t o  view t h e  problem a s  a  mapping of t h e  xy-plane i n t o  t h e  

re-plane. 

I n  t h e  p r e s e n t  e x e r c i s e ,  i f  w e  d i v i d e  R i n t o  t h e  elements of 

a r e a  induced a s  a  back-map from t h e  corresponding r e c t a n g u l a r  
-

*Again,  r e c a l l  t h a t  a f u n c t i o n  i s  changed when i t s  domain i s  

changed. What we r e a l l y  mean i s  t h a t  t h e  "new" f u n c t i o n  iR 

( c a l l e d  t h e  r e s t r i c t i o n  o f  f t o  R )  whose domain i s  R and such 

t h a t  f ( I C , ~ )= f  ( x , y ) ,  f o r  a l l  ( x , y ) ~ Ri s  1-1 .  This  f o l l o w s  

from ~ f f e  f a c t  t x a t  i s  1 -1  on t h e  boundary of R and 


a ( u , v )  $ 0 i n s i d e  R. 

a ( x , Y )  




- - 
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5 .3 .7  (L) continued 

elements of a r e a  of S ,  w e  wind up wi th  hyperbol ic  elements of 

a r e a ,  f o r  which t h e  geometry i s  no t  f a m i l i a r  t o  us .  P i c t o r i a l l y ,  

D 

A 	 h i s  region i s  


he backmap of  

S. 	 AS has a r e a  

A 


How do w e  compute 

t h e  a r e a  of  such a  

region?  


I n  summary, when w e  view t h e  region R under a change of v a r i a b l e s  

g iven by 

t h e r e  a r e  two e q u i v a l e n t ,  b u t  conceptual ly  d i f f e r e n t ,  ways of 

looking a t  it. On t h e  one hand, we may imagine t h a t  R i s  l e f t  

unchangedbu t the  elements of a r e a  of R a r e  computed i n  terms of 

t h e  new v a r i a b l e s  u and v  (which i s  how w e  u s u a l l y  th ink  of p o l a r  

coord ina tes ) . "  On t h e  o t h e r  hand, we may view t h e  change of 

v a r i a b l e s  a s  mapping R i n t o  a  region S i n  t h e  uv-plane 

and we then f i n d  t h e  a r e a  of  R. Which of t h e  two methods w e  

use  depends on t h e  change of v a r i a b l e s  a s  w e l l  a s  on t h e  region 

R. The dependence on R s t e m s  from t h e  f a c t  t h a t  S  i s  t h e  image 

of  R and c e r t a i n l y  t h e  shape of S w i l l  depend on t h e  shape of 

R.  I f  t h e  shape of S is  n o t  t o  our  advantage, then c l e a r l y  

t h e r e  i s  no advantage of mapping R i n t o  S. 

I n  any e v e n t ,  i f  w e  now use  t h e  mapping de f ined  by equat ion  ( 1 1 ,  
ou r  g e n e r a l  theory  y i e l d s  

*See also t h e  o p t i o n a l  exercise 5 . 3 . 1 0 .  
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Mow g ( x ( u , v ) ,  y ( u , v ) )  i s  a  func t ion  of u  and v ,  say h ( u , v ) ,  and 

from (1) 

Therefore ,  

2
[which i s  unequal t o  0  s i n c e  x  + y2 = O++ x = y = 0 ,  and 

(0 ,o)  # R l  

P u t t i n g  t h e s e  r e s u l t s  i n t o  (2)  w e  o b t a i n  

Our f i n a l  s i m p l i f i c a t i o n  of t h e  i n t e g r a l  on t h e  r i g h t  s i d e  of 
2

equa t ion  ( 3 )  i nvo lves  us ing equat ion  (1) t o  express  x + y2 i n  

terms of u and v. A s  a quick review, r e c a l l  t h a t  

and t h e r e f o r e ,  

2 2 2 u 2 + v 2 =  (x  + y , 

s o  t h a t  
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(and we must use  t h e  p o s i t i v e  r o o t  here  s i n c e  x 2+ y2  c a n ' t  be 

n e g a t i v e ) .  

Therefore ,  equa t ion  ( 3 )  t a k e s  t h e  f i n a l  form 

Equation ( 4 )  now g i v e s  us  a very s t r o n g  h i n t  a s  t o  what type of 

in teg rands ,  g ( x , y ) ,  w i l l  be converted i n t o  s e p a r a t i o n  of v a r i a b l e s  

by t h e  mapping de f ined  i n  equa t ion  (1). Namely i f  

then  equa t ion  ( 4 )  becomes 

= a l i  
b 

k  (u)  dul 

Reca l l ing  t h a t  h  (u ,v )  = g  ( x , y )  * etc. , w e  may conver t  equat ion  

(5 )  i n t o  t h e  language of x and y  by w r i t i n g  

Summed up, then ,  equa t ion  16) t e l l s  us  t h a t  t h e  most genera l  

in teg rand  g ( x , y ) ,  which i s  converted i n t o  v a r i a b l e s  separab le  

on t h e  r e c t a n g l e  S  de f ined  by t h e  mapping i n  equat ion  (1) i s  

one of  t h e  form 

(x2+ y 2 x (any func t ion  of x 2- y 2 x (any func t ion  of 2xy).  

* T h a t  i s ,  h ( u , v )  = g ( x ( u , v ) ,  y ( u , v ) )  = g ( x , y ) .  I n  o t h e r  w o r d s  
t h e  " h e i g h t "  o f  t h e  s u r f a c e  z = g ( x , y )  a b o v e  t h e  p o i n t  ( x , y )  
i s  t h e  same a s  t h e  h e i g h t  o f  t h e  s u r f a c e  w = h ( u , v )  a b o v e  t h e  
p o i n t  ( u , r )  w h e r e  ( u , v )  i s  t h e  i m a g e  o f  ( x , y )  w i t h  r e s p e c t  
t o  t h e  g i v e n  m a p p i n g .  
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5.3.7 (L) continued 

b. ~ p p l y i n g  our  r e s u l t s  t o  t h e  s p e c i a l  case  

k ( u )  = eU 


m (v) = cosh v  


w e  have 


2 22 2 x -
x + y ) e  cos  h  2xy d~~ = T 

N o t e  t h a t  whi le  t h e  mapping 

always c a r r i e s  R i n t o  S,  u n l e s s  t h e  in teg rand  g ( x , y )  has t h e  

form desc r ibed  above, t h e  new i n t e g r a l  may be a s  d i f f i c u l t  t o  

e v a l u a t e  a s  t h e  o r i g i n a l  i n t e g r a l .  

Our r eg ion  R is  given by x - y  = a  

X 
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and t h e  image of R under t h e  mapping 

i s  t h e  reglon Sf where 

v 


From (1), 

The nega t ive  s i g n  i n  (2)  i n d i c a t e s  t h a t  ABCD has t h e  oppos i t e  

sense  of A ' B ' C ' D ' ,  and w e  a l s o  conclude from ( 2 )  t h a t  

(So t h a t  r a t h e r  than ( I ) ,you might have p r e f e r r e d  

2 2 
u = x - y  

2 2
v = x + y  

The f a c t  t h a t  x f 0 and y  f 0 f o r  every  (x ,y )&R guaran.tees 

t h a t  a (x ,y) /  ~ ( u , v )e x i s t s  a t  a l l  p o i n t s ,  and we conclude from 

(3)  t h a t  



- - - - - -- 
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I n  p a r t i c u l a r  i f  w e  l e t  f ( x , y )  = 8xy, equa t ion  ( 4 )  y i e l d s  

= (d - c )  (b - a). 

5.3.9 ( o p t i m a l )  

Our r eg ion  R is def ined  by 

Notice t h a t  t h e  mapping g iven by 

0
is n o t  de f ined  a t  0 ( 0 , 0 )  s i n c e  i n  t h i s  case v = -0 ' 


The mapping i s  d e f i n e d ,  however, on R wi th  (0,O) d e l e t e d .  


To see what t h e  image of R wi th  (0,O) d e l e t e d  [ i . e . ,  R - ( 0 , 0 ) ]  


i s ,  l e t  u s  observe t h a t  wi th  y  = x,  


y E 1 ( i f  x f 0)

X 
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s o  t h a t  from (1), v = 0. I n  p a r t i c u l a r  t h e  l i n e  OB (with ( 0 , O )  

d e l e t e d )  i s  mapped onto  t h e  l i n e  segment v = 1, with  0 -< u -< 1. 

Also from ( I ) , x = 1 i s  mapped o n t o  u = 1, s o  t h a t  t h e  image of BA 

i s  u = 1 with  v varying from 1 t o  0 ( i . e .  u = 1 x = 1 v = y )  

and on BA y v a r i e s  from 1 t o  0. 

0F i n a l l y ,  y = 0 maps on to  v = 0 (provided x # 0) s i n c e  v = 5 = -. 
X 

Therefore  A0 wi th  0 d e l e t e d  corresponds t o  v = 0 a s  u v a r i e s  from 

1 t o  0 (with 0 excluded) .  

P i c t o r i a l l y  then:  

delete! 
-'1 

(Figure  1) 

That  i s ,  l e t t i n g  R '  = R - (0,O) , t h e  image of R' i s  t h e  u n i t  

square  S with O ' C '  d e l e t e d .  Notice t h a t  O ' C t  i s  p a r t  of t h e  l i n e  

u = 0,  and u = 0 i s  where a (u,v)/a  (x ,y)  = 0. 

The key p o i n t  i s  t h a t  t h e  d e l e t e d  p o i n t s  form sets of zero a rea .  

Namely i n  t h e  xy-plane t h e  d e l e t e d  set i s  t h e  p o i n t  (0 , O )  while 

i n  t h e  uv-plane t h e  d e l e t e d  set  i s  t h e  l i n e  segment O ' C ' .  

S ince  t h e  double i n t e g r a l  i s  e s s e n t i a l l y  concerned only wi th  

a r e a ,  t h e  f a c t  t h a t  t h i n g s  go wrong wi th  t h e  Jacobian on a a r e a  

zero  causes  no change i n  t h e  g e n e r a l  r e s u l t .  

Had w e  wished t o  be more r igorous  we could have de f ined  R2 by 
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and observed t h a t  R2 was mapped by (1)onto  

v 

Considered a s  a  mapping from R2 o n t o  S2, a l l  i s  w e l l  s i n c e  on 

S2, u is  never 0 .  

W e  would then  d e f i n e  

and t h i s  would y i e l d  t h e  proper  r e s u l t .  

Notice t h a t  t h i s  problem occurs  whenever w e  use  p o l a r  coord ina tes  

on a  r eg ion  R which con ta ins  t h e  o r i g i n  ( a s  i n  Exerc ises  5.3.5 and 

5.3.6). W e  j u s t  d i d  n o t  n o t i c e  it then s i n c e  w e  u s u a l l y  do n o t  

S.5.3.32 
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view p o l a r  coord ina tes  a s  mapping R onto  S ,  b u t  r a t h e r  a s  another  

way t o  p a r t i t i o n  R. 

The f a c t  i s ,  however, t h a t  

a (x ,y )  = cos  8 -r s i n  8 I = r  

a ( r 1 8 )  s i n  8 r cos  8 


s o  t h a t  r = 0 i s  a " t r o u b l e  s p o t " .  Indeed wi th  r = 0 ,  8 may 

assume any value  s i n c e  r = 0 denotes  t h e  o r i g i n  r e g a r d l e s s  of 

t h e  va lue  of 8. 

This  d i f f i c u l t y ,  which d o e s n ' t  s e e m  t o  p r e s e n t  i t s e l f  when w e  

view p o l a r  coord ina tes  i n  t h e  t r a d i t i o n a l  manner, may be over-

looked s i n c e  t h e  o r i g i n  and i t s  image ( t h e  l i n e  r = 0 i n  the  

re-plane) both  a r e  sets wi th  zero  a rea .  

A t  any r a t e ,  i f  w e  now t u r n  our  a t t e n t i o n  t o  t h e  o r i g i n a l  


problem, w e  may conclude t h a t  


R 


j u s t  a s  we would have, had w e  neglec ted  t o  n o t i c e  t h a t  u = 0 

was a " t roub le - spo t  " ! 

5.3.10 ( o p t i o n a l )  

We have a l r eady  emphasized how p o l a r  coord ina tes  lend themselves 

t o  two i n t e r p r e t a t i o n s  of change of v a r i a b l e s .  I t  should a l s o  be 

c l e a r  t h a t  l i n e a r  mappings may a l s o  be viewed i n  t h e  same manner. 

That  i s ,  t h e  s u b s t i t u t i o n s  u = ax + by and v = cx + dy a r e  equi-

v a l e n t  t o  p a r t i t i o n i n g  o u r  given region R i n t o  a g r i d  of p a r a l l e l o -  

grams whose s i d e s  belong t o  t h e  f a m i l i e s  of s t r a i g h t  l i n e s  

S.5.3.33 
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ax + by = cons tan t  and cx + dy = constant .  Since w e  know how t o  

compute a r e a s  of para l le lograms,  it is  no t  necessary ,  from a geo-

m e t r i c a l  p o i n t  of view, t o  map t h e  xy-plane i n t o  t h e  uv-plane i n  

o r d e r  t o  e v a l u a t e  t h e  double i n t e g r a l  (although w e  may be more 

comfortable doing t h i s ) .  

With t h e s e  remarks i n  mind, it i s  our  f e e l i n g  t h a t  t h e  only re-

maining loose  th read  i n  terms of viewing double i n t e g r a l s  i n  

terms of a change of v a r i a b l e s  i s  t h a t  w e  have no t  y e t  used 

t h e  change of v a r i a b l e s  i d e a  t o  e x p l a i n  how one may view a change 

i n  t h e  o rder  of i n t e g r a t i o n  a s  a mapping of t h e  xy-plane i n t o  t h e  

uv-plane. The aim of t h i s  e x e r c i s e  i s  t o  exp la in  t h i s .  

Notice t h a t  in terchanging t h e  o rder  of i n t e g r a t i o n  i s  equ iva len t  

t o  in terchanging t h e  r o l e s  of t h e  two v a r i a b l e s  i n  t h e  i n t e g r a l .  

Since t h e  u-axis  i s  viewed a s  t h e  image of t h e  x-axis  and t h e  v- 

a x i s  a s  t h e  image of t h e  y-axis ,  in terchanging x and y is  equi-

v a l e n t  t o  t h e  change of v a r i a b l e s  

Using (1), w e  see t h a t  

s o  t h a t  t h e  mapping def ined by (1) y i e l d s  
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From (1)we a l s o  have t h a t  

(which agrees  wi th  o u r  diagram s i n c e  t h e  mapping does g ive  S 

t h e  oppos i t e  o r i e n t a t i o n  of R ) .  Consequently, 

and s i n c e  we want our  i n t e g r a l  t o  be i n  t h e  o rde r  dxdy (= dvdu) 

we  w r i t e  dAS i n  t h e  form dvdu, and o b t a i n  from ( 2 )  t h a t  

The key p o i n t  i s  t h a t  i n  t h e  d e r i v a t i o n  of equat ion  (3)  w e  used 

a  mapping of t h e  xy-plane i n t o  t h e  uv-plane. We -- a sd i d  n o t ,  i n  

our  e a r l i e r  encounters  wi th  t h i s  type of problem, a c t u a l l y  

" s l i c e  up" R wi th  h o r i z o n t a l  s t r i p s  r a t h e r  than v e r t i c a l  s t r i p s .  

I f  w e  now rep lace  v  by x  and u  by y  i n  t h e  r i g h t  s i d e  of equat ion  

(3), we o b t a i n  

1112 1%'f ( x , y ) d y d x  = f (x ,y )dxdy  

and t h i s  agrees  wi th  o u r  e a r l i e r  method; i . e . ,  
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Thus, i f  w e  s o  d e s i r e ,  changing t h e  o rde r  of i n t e g r a t i o n  can be 

accomplished by mapping ( i .e . ,  change of v a r i a b l e s )  techniques.  

Aside from t h e  f a c t  t h a t  such a r e s u l t  i s  n i c e  from t h e  p o i n t  of 

view of making o u r  theory  complete, it i s  important  t o  p o i n t  o u t  

t h a t  i n  handling m u l t i p l e  i n t e g r a l s  of h igher  dimension ( i n  which 

w e  can no longer  r e l y  on a geometric  model) a l l  our  transforma-

t i o n s  must be handled a n a l y t i c a l l y  ( i .e . ,  i n  terms of a change 

of v a r i a b l e s )  . 
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