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s u r f a c e  i s  w=f (x,y)  
w [ f  non-negative means our  

s u r f a c e  never goes below 

the  xy p lane  s i n c e  w30 

f o r  a l l  ( x , y ) l  

X 

(Figure  I) 

1. 	 We pick  x=xo ( s u b j e c t  on ly  t o  t h e  cond i t ion ,  of course ,  t h a t  our  

choice  i s  i n  t h e  domain of f )  and form t h e  curve CD which i s  t h e  

i n t e r s e c t i o n  of t h e  s u r f a c e  w=f(x,y)  and t h e  p lane  x=xo. 

2.  	 f b  f ( x o , y ) d y  impl ies ,  among o t h e r  t h i n g s ,  t h a t  asyib. 

a 

Hence w e  l o c a t e  ~ ( 0 , a , O )  and B(O,b,O) on t h e  y-axis  and p r o j e c t  

them o n t o  t h e  p lane  x=xo a s  t h e  p o i n t s  P (xo , a ,  0 )  and Q(xo  ,b,O) . 
W e  them p r o j e c t  P  and Q on to  t h e  p o i n t s  and (on t h e  curve CD) 
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whose coordinates a r e  P ( x o , a , f ( x o , a ) ) ,  ~ ( x o , b , f ( x o , b ) ) .  (Notice 

t h a t  the  l i n e  PQ must l i e  i n  t h e  domain of f ) .  

3. 	 In  terms of f ,  the  equation of t he  curve P Q i s  given by 

w = f ( x o , y ) ,  ady<b. [Notice t h a t  s ince  xo is  f ixed ,  f (xo ,y)  i s  

a function of only y, but  what t h i s  function looks l i k e  depends 

on xO. P i c t o r i a l l y  t h i s  means t h a t  t h e  plane x=xo f ixed the  curve 

CD, 	 b u t  i f  we vary xo ( t h a t  is ,  we look a t  -the  plane x=xo, f o r  

d i f f e r e n t  choices xo) the shape of CD va r i e s l . 
4. 	 The por t ion  of t h e  plane x=xo whose v e r t i c e s  a r e  F , P , ~ ,and 

has t he  appearance 

(Figure 2)  

s o  by the results of our study of ca lcu lus  of a s i n g l e  va r i ab l e  

t he  a r ea  of t h e  region bounded above by w=f(xo,y), below by t h e  

xy-plane, on t h e  l e f t  by y=a and on the r i g h t  by y=b i s  

provided only t h a t  w=f(xo,y) i s  piecewise continuous. 
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In  summary, then,  wi th  r e fe rence  t o  Figure  1, 

i s  t h e  a r e a  of t h e  shaded region P P Q c, and once a and b a r e  

f i x e d ,  t h e  r eg ion  (hence a l s o  i t s  a r e a )  i s  completely determined 

by xO. That  i s ,  

W e  have t h a t  f  (x ,y )  i s  continuous on t h e  r e c t a n g l e  asysb,  c d x ~ d ,  

and f o r  c<x<d w e  d e f i n e  g ( x )  by 

(The geometric  meaning of  equat ion  (1) was d iscussed i n  t h e  

previous  e x e r c i s e ) .  

I f  we now look at g (x+Ax), w e  have 

(where Ax must be s u f f i c i e n t l y  smal l  s o  t h a t  (x+Ax,y) i s  i n  the  

domain of f f o r  a l l  a 6 y ~ b ;  and s i n c e  u l t i m a t e l y  w e  s h a l l  l e t  

Ax+O, t h e r e  i s  no l o s s  of  g e n e r a l i t y  i n  choosing Ax t o  be s m a l l ) .  
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From (1) and (2) we s e e  t h a t  

and again  it i s  c r u c i a l  t h a t  w e  r e a l i z e  t h a t  both x  and x+Ax a r e  

a r b i t r a r y  b u t  f i x e d  numbers s o  t h a t  t h e  d e f i n i t e  i n t e g r a l s '  i n  (3)  

a r e  func t ions  of t h e  s i n g l e  v a r i a b l e  y. ( W e  could have used xo 

and xo+h r a t h e r  than x and Ax b u t  w e  p r e f e r  t o  use t h e  more 

g e n e r a l l y  accepted  convention of x and Ax). 

Then, s i n c e  t h e  i n t e g r a l  of  a sum ( d i f f e r e n c e )  i s  t h e  sum ( d i f f e r e n c e )  

of t h e  i n t e g r a l s ,  w e  conclude from (3)  t h a t  

Consequently 

Since Ax i s  a (non-zero) cons tan t  s o  a l s o  i s  -Ax , and a  cons tan t  

f a c t o r  may be moved i n s i d e  t h e  i n t e g r a l  s i g n  (i.e. 

w e  o b t a i n  from (5) t h a t  f o r  a f i x e d  x and f i x e d  Ax f 0, 
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s o  t h a t  

Now i f  w e  a r e  pe rmi t t ed  t o  in terchange t h e  o rde r  of t h e  l i m i t  

and t h e  i n t e g r a l  on t h e  r i g h t  s i d e  of (7 )  [hopeful ly ,  no one f e e l s ,  

e s p e c i a l l y  a f t e r  our  d i scuss ion  of uniform convergence i n  p a r t  

1 of o u r  course ,  t h a t  such a s t e p  is  automat ica l ly  v a l i d ]  w e  would 

o b t a i n  

W e  now observe t h a t  

i s  by d e f i n i t i o n  

[provided t h a t  f x  e x i s t s  a t  t h e  p o i n t s  ( x , y ) ,  aGytb1. 

Thus i f  we  assume t h a t  f x  e x i s t s  [which w i l l  a l low us  t o  r ep lace  

(9 )  by (10) i n  (811  and t h a t  f i s  continuous [which w i l l  a l low 
X 

us  t o  in terchange t h e  o r d e r  of  l i m i t  and i n t e g r a t i o n  i n  ( 7 ) ] ,  we 
o b t a i n  
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which says  ( a s  w e  might have "guessed") t h a t  w e  d i f f e r e n t i a t e  

wi th  r e s p e c t  t o  x  by f i r s t  t ak ing  t h e  ( p a r t i a l )  d e r i v a t i v e  of  

f ( x , y )  wi th  r e s p e c t  t o  x  and then performing t h e  i n t e g r a t i o n .  

In  o r d e r  t o  be a b l e  t o  u t i l i z e  t h e  chain  r u l e ,  w e  th ink  of 

a s  being 

(where x ,  u ,  and v a r e  considered a s  being independent) and then 

l e t t i n g  u=a (x) and v=b (x)  . I n  o t h e r  words, we l e t  

E ( X , U , V )  = /
v 

f (x ,Y)  dy; u=a (XI  , and v=b ( X I  

and w e  wish t o  compute g '  ( x ) .  

[This  i s  a g e n e r a l i z a t i o n  of Exerc ise  3.7.2 i n  which o u r  l i m i t s  

of  i n t e g r a t i o n  w e r e  cons tan t s .  Now our  l i m i t s  of  i n t e g r a t i o n  

may be any d i f f e r e n t i a b l e  func t ion  of x. I n  p a r t i c u l a r ,  

cons tan t s  a r e  d i f f e r e n t i a b l e  func t ions  of  x.]  
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P i c t o r i a l l y ,  t h e  d i s t i n c t i o n  between t h i s  problem and t h e  previous 

ones i s  a s  fo l lows.  

When w e  looked a t  1 f (xo ,y)  dy, (see Figure  1, Exercise 3.7.1) , 
a 

t h e  view i n  t h e  xy-plane was 

(Figure 1) 

That  is ,  g ( y )  was t h e  segment of x=xo between t h e  l i n e s  y=a and 

y=b. 

I f  we  now t h i n k  of  a and b as being func t ions  of x ,  t h e  l i n e s  

y=a and y=b a r e  r ep laced  by t h e  curves y=a(x)  and y=b ( X I .  
Consequently our  view i n  t h e  xy-plane has t h e  form 

(Figure 2) 
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That  is, P and Q s t i l l  denote t h e  end p o i n t s  of  t h e  segment of  

x=xo l y i n g  between t h e  curves y=a (x)  and y=b (x). 
The main d i f f e r e n c e  between Figure  1 and Figure  2 i s  i n  t h e  f a c t  

t h a t  t h e  y-coordinates of  P and Q do n o t  depend on xo i n  Figure  1, 

b u t  i n  F igure  2, they  do. 

I n  t h r e e  dimensions: 

(Figure  3) 

[Comparing Figure  3 he re  wi th  Figure  1 i n  Exerc ise  3.7.1, n o t i c e  

t h a t  i n  both cases  t h e  shape of depends on xo, b u t  i n  Figure  3 
t h e  y-coordinate of P (and Q) a l s o  depends on t h e  choice of x 1. 

0 
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The geometric  i n t e r p r e t a t i o n  i s  supp l i ed  only  t o  show p i c t o r i a l l y  

t h a t  our  new problem is more complicated than our  o r i g i n a l  one. 

A n a l y t i c a l l y ,  w e  a r e  saying t h a t  now our  l i m i t s  of i n t e g r a t i o n  

vary wi th  t h e  choice  of  parameter ,  whereas previous ly  these  l i m i t s  

w e r e  cons tan t s  (wi th  r e s p e c t  t o  both x  and y ) .  

A t  any r a t e ,  w e  have 

o r  t o  emphasize t h e  chain  r u l e  format, 

g ( x )  = F ~ x , u , v )  

u = a ( x ) ,  v  = b ( x )  I 
Applying t h e  chain  r u l e  ta (1 ' )  w e  o b t a i n  

g 1(x)  = F (x ,u ,v)  -dx + F ( x p u , ~ )du + FV(xrurv) dv 
x dx u 

Since u=a(x)  and v=b(x)  where a and b  a r e  d i f f e r e n t i a b l e  func t ions  

o f  X ,  d" - a *  (x)  whi le  -dv 
= b '  (XI.d x - dx 


P u t t i n g  t h i s  i n t o  ( 2 )  y i e l d s  


7 1(x) = F
X 

( x , u , v )  + [Fu  (x ,u ,v )  l a '  (x)  + [Fv(xru ,v )l b '  (x)  

The key s t e p  now l ies  i n  t h e  f a c t  t h a t  

F ( X , U , V )  = / V f ( x I y ) d y  w h e r e u . ~ .  a n d x  


u a r e  independent v a r i a b l e s  


Therefore [from ( 4 )  1 



Solu t ions  
Block 3: P a r t i a l  Der iva t ives  
Unit  7: More on Der iva t ives  of I n t e g r a l s  

3 . 7 . 3  continued 

F ~ ( X , U , V )  means f (x,y )  dy and s i n c e  u  and v a r eI 

independent cons tan t s  a s  f a r  a s  varying x  is concerned, we may 

use o u r  previous  r e s u l t s  concerning cons tan t  l i m i t s  of  i n t e g r a t i o n  

t o  conclude t h a t  

W e  a l s o  see from ( 4 )  t h a t  

and s i n c e  u and x  a r e  cons tan t s  wi th  r e s p e c t  t o  v, we may use t h e  

r e s u l t  

t o  conclude 

S i m i l a r l y  

* 
That i s ,  f ( x , y )  = h ( y )  s i n c e  x i s  c o n s t a n t  w i t h  r e s p e c t  t o  our 


i n t e g r a t i o n .  Then because  h ( ~ )  = f ( x , ~ ) ,  h ( v )  = f ( x , v ) .  
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P u t t i n g  15),  ( 6 )  , and (7 )  i n t o  ( 3 )  w e  o b t a i n  

F i n a l l y ,  r e c a l l i n g  t h a t  u=a (x)  and v=b (x)  w e  see from ( 8 )  t h a t  

o r  remembering t h a t  

w e  f i n a l l y  o b t a i n  

C* /T h a t  i s ,  h ( y ) d y  = - h ( u ) ,  s o  s i n c e  v a n d  x a r e  b e i n g
d u 

u 
t r e a t e d  a s  c o n s t a n t s ,  w e  may l e t  f ( x , y )  = h ( y )  a n d  c = v s o  t h a t  
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[Notice i n  t h e  s p e c i a l  case  f o r  which a (x)  and b (x)  a r e  c o n s t a n t s ,  

a l ( x )  = b ' ( x )  = 0 s o  t h a t  i f  a ( x )  = a and b ( x )  = b equat ion  ( 9 )  

y i e l d s  

which agrees  wi th  o u r  e a r l i e r  r e s u l t . ]  

The impor tant  p o i n t  i s  t h a t  i f  ou r  l i m i t s  of  i n t e g r a t i o n  a r e  

non-constant func t ions  of  x ,  t h e  "cor rec t ion  f a c t o r n  f o r  o u r  

c o n s t a n t - l i m i t  r e s u l t  i s  

a .  Our aim h e r e  i s  t o  p ick  an example wherein 

f b  	f ( x ~ Y )dx 

a 

i s  easy  t o  compute s o  t h a t  w e  may "checkn t h e  r e s u l t  

wi thout  r ecourse  t o  any a b s t r a c t  theory.  


W e  have 


* 

/
Remember, e v e n  though t h e  symbol s u g g e s t s  a v a r i a b l e ,  x i s  b e i n g  

t r e a t e d  a s  a c o n s t a n t  when we compute 1 
f ( x , y ) d y .  

0 
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s o  t h a t  

= x . : x 4  

On t h e  o t h e r  hand, from (1)w e  have t h a t  


4 3 

f x ( x , ~ )= 2 x y  + 5x y 

so t h a t  

whereupon a comparison of ( 3 )  and (4)  e s t a b l i s h e s ,  a t  l e a s t  i n  

t h i s  example, t h a t  

b.  	 I n  p a r t  ( a )  w e  picked a r a t h e r  t r i v i a l  example i n  which it made 

l i t t l e  i f  any d i f f e r e n c e  whether we  f i r s t  computed 

and d i f f e r e n t i a t e d  t h i s  with r e s p e c t  t o  x , o r  whether we computed 
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In  o ther  words there  a r e  times when the  "old" way w i l l  be a t  

l e a s t  a s  easy a s  the  "new" way. On the  o ther  hand there  a r e  times 

where w e  work abs t r ac t l y  with funct ions  of two var iab les  and we 

have no e x p l i c i t  rec ipe  f o r  simplifying f ( x , y ) .  [This i s  much 

the  same a s  using the  formula (a+b)2 = a2 + 2ab + b
2. For 

example, t o  compute t he  s p e c i f i c  number (3+2) we (hopefully) 

would not  r e s o r t  t o  the  rec ipe ,  but  when we had no s p e c i f i c  

values f o r  a and b we would, by necess i ty ,  have t o  use the  

recipe]  . 
Aside from t h i s ,  t he re  a r e  a l s o  times when f ( x , y )  i s  given e x p l i c i t l y .  

bu t  

i s  extremely d i f f i c u l t  (o r  even impossible) t o  compute, while 

is  r e l a t i v e l y  simple t o  compute. (There a r e ,  of course,  many 


times when ne i the r  


jbi ( x , y ~  dy nor f b  fx(x.y) dy 


a a 


a r e  convenient t o  compute). Thus the  aim of p a r t  (b) i s  t o  


emphasize t he  ease  i n  which 


i s  more access ib le  t o  us than i s  
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Notice f i r s t  of a l l  t h a t  t h e  formula s t a t e d  i n  Exerc ise  3 . 7 . 2  

a p p l i e s  s i n c e  s i n ( x e Y )  and i t s  p a r t i a l  wi th  r e s p e c t  t o  x a r e  

continuous f o r  a l l  va lues  of  x and y ( i .e. ,  t h e  r ec tang le  R i n  

t h i s  case  may be drawn wi thout  r e s t r i c t i o n ) .  

W e  have 

2 

x = s i n  (xeYi d~ 

t h e r e f  o r e  

(x) = l2& [ s i n  (xeY) Idy 

and 

Therefore g '  (x)  = /' eY cos  (xey 1dy 


1 


-- s i n (e2x) - s i n ( e x 1  
X 

* 
A g a i n ,  k e e p  i n  m i n d  t h a t  x i s  a c o n s t a n t  w i t h  r e s p e c t  t o  t h e  

i n t e g r a t i o n  w h e r e  t h e  v a r i a b l e  o f  i n t e g r a t i o n  i s  y .  

* * 
T r e a t i n g  x a s  a c o n s t a n t  n o t i c e  t h a t  we c o u l d  h a v e  o b t a i n e d  (2) 

f r o m  ( 1 )  by  t h e  s u b s t i t u t i o n  u=xeY a n d  p r o c e e d e d  i n  t h e  u s u a l  
way f o r  i n t e g r a t i n g  a f u n c t i o n  o f  a s i n g l e  v a r i a b l e .  
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Notice t h a t  ' Js in(cey)dy  i s  not  r ead i ly  evaluated.  Thus i n  t h i s  

example 

i s  e a s i e r  t o  compute than i s  

This is  a new "wrinkle" t o  our p resen t  discussion.  The po in t  i s  

t h a t  

r S  a function of c. That i s ,  we may w r i t e-

* 
To f ind  t he  values of c which produce max-min values f o r  g it i s  

necessary only t o  compute g '  (c)  and gI1(c) and t h i s  i s  much e a s i e r  

than computing g Cc) i t s e l f .  

* 
A s  m e n t i o n e d  i n  t h e  l e c t u r e  t h e r e  i s  no  n e e d  t o  t h i n k  s p e c i f i c a l l y  

i n  t e r m s  o f  t h e  v a r i a b l e s  x and dy .  Thus we may a l s o  w r i t e  
b 


d lbf  ( c P y ) d y  = / f c ( c , y ) d y .  I f  we a r e  i n c l i n e d  t o  t h i n k  o f  c
dc 

a a 
a s  b e i n g  a  c o n s t a n t  n o t i c e  t h a t  o n c e  c h o s e n ,  i t  i s .  T h a t  i s ,  w h i l e  

lbf ( c , ~ ) d y  may v a r y  w i t h  t h e  c h o i c e  o f  c ,  c i s  f i x e d  i n  v a l u e  

a 

i n s i d e  t h e  i n t e g r a n d  o n c e  i t  i s  c h o s e n .  T h i s  i s  p r e c i s e l y  why c 
i s  c a l l e d  a p a r a m e t e r  ( i . e . ,  a " v a r i a b l e  c o n s t a n t " ) .  
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Now, s i n c e  t h e  choice of  c i s  independent of y w e  have t h a t  

2 	 1 
a c [v]= $ [ s i n  cyl = Y - (y)  cos cy 

Since I2Ji" dy guarantees  t h a t  l<y<2 ,  y#O and hence 
1 Y 

(-)1 y = 1. Therefore 
Y 


Applying t h e  r e s u l t  of Exerc ise  3.7.2 t o  equat ion  (1) and using 

r e s u l t  (2) , w e  o b t a i n  

g 1(c)= J 2 
cos  cy dy 

1 

Therefore 

* 
g 1(c) = 1- s i n  cy -- s i n  2c - s i n  c 

c I C 

y = l  

Theref o r e  

g l ( c )  = 0 	 ++ s i n  2c - s i n  c = 0 

++ 2 s i n  c cos  c - s i n  c = 0 

++ s i n  c (2 cos c - 1) = 0 
1 

++ s i n  c = 0 o r  cos  c = -2 

* 
T h i s  e x p r e s s i o n  i s  i n v a l i d  i f  c=O. N o t i c e  t h a t  i f  c=O 

g ( c )  = I2s i n  0y  
dy=O. S i n c e  OSc6-

TT
2 a n d  l ( y 6 2 ,  /I2sin  cy dy is 


l Y Y 

n o n - n e g a t i v e  b e c a u s e  OScy<n -+ s i n  cy>O. Hence g ( c ) = O  mus t  b e  a 


minimum o f  g ( c )  f o r  OScSy
'rr . With  t h i s  i n  mind ,  w e  may u s e  ( 3 )  

w i t h  t h e  u n d e r s t a n d i n g  t h a t  cfO.  
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3.7.5 (L) con t inued  

S ince  t h e  v a l i d i t y  of  (3)  r e q u i r e s  t h a t  cfO w e  have t h a t  f o r  
IT
O<cST , s i n  c#O. W e  have,  however, i n  o u r  p rev ious  f o o t n o t e  

e s t a b l i s h e d  t h a t  c=O y i e l d s  a  minimum, namely 0,  f o r  

IT 1 ITF i n a l l y  f o r  O < C G ~, cos  c = - ++ c = . To see whether  t h i s  
IT
i s  a  max o r  min w e  compute gn(3)  from equa t ion  ( 3 ) .  Th i s  y i e l d s  

g I t ( c )  = c [ 2  c o s  2c - c o s  c l - [ s i n  2c  - s i n  c ]  
2 


C 

Theref  o r e  

IT [2 cos 2IT -
 cos IT -
 [ s i n  -2;
 -
 s i n  -1IT 

A 3
g "  = 2 

I T  

Therefore 

* 
N o t i c e  a l s o  t h a t  we c o u l d  have  " l u c k e d  o u t "  h e r e .  Had we 

i g n o r e d  c=O and equated  g l ( c )  t o  0 i n  ( 3 1 ,  t h e  v a l u e  c=O f o r  a 
minimum would s t i l l  have  " turned  u p . "  
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3.7.5 (L) con t inued  

* 7T
There fo re  g "  (5)< 0 ;  consequent ly  g ( c )  i s  ( a  r e l a t i v e )  maximum 
IT IT
when c = . I n  summary f o r  O s c ~ ~  

l2 dy i s  l e a s t  when c=O 
,T 

g r e a t e s t  when c = 
3 

IT 


The minimum v a l u e  i s  0 and t h e  maximum v a l u e  i s  j2 s i n  5 y 
Y dy 

1 

(which may be  e v a l u a t e d  by series, e t c . ) .  

* 
A c t u a l l y  e q u a t i o n  ( 3 )  i s  e a s i e r  t o  u s e  a n d  i t  would  s p a r e  u s  


t h e  g r i e f  o f  d i s t i n g u i s h i n g  b e t w e e n  a r e l a t i v e  maximum a n d  a n  

IT


a b s o l u t e  maximum a t  x=-. Namely s i n c e  c>O we h a v e  f rom ( 3 )
3 

t h a t  s i g n  [ g f ( c ) ]  = s i g n  [ s i n  2 c  - s i n  c ]  = s i g n  [ s i n  c ( 2  c o s  c - l ) ] .  
IT


S i n c e  O < C ~ ~ ,  c>O, h e n c e  s i g n  [ s i n  c ( 2  c o s  c - l ) ]  = s i g n  ( 2  c o s  c - 1 ) .s i n  
L 

IT IT TTT h e r e f o r e ,  g l ( c )  i s  p o s i t i v e  f o r  O<c<- a n d  n e g a t i v e  f o r  -<c<-. 
3 3 2

IT IT

Hence  f o r  g(?) a n  a b s o l u t e  maximum. 0 6 ~ 6 ~ ~i s  

* * 
When x = l ,  Rn x=O s o  t h a t  o u r  i n t e g r a n d  i s  " w  . I :  S i m i l a r l y  when 

x=O, Rn x=-w s o  t h a t m  x  a g a i n  g i v e s  u s  t r o u b l e .  The p o i n t  i s  t h a t  
bf1 xy-x 

d x  i s  a ( c o n v e r g e n t )  i m p r o p e r  i n t e g r a l  and  r e a l l y  d e n o t e sRn x 

b
l i m  xy-x 
h , k+0 Rn x 

d x  ( w h e r e  t h e  c o n v e r g e n c e  r e q u i r e s  t h a t  
h 




-- 
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Unit 7: More on Derivatives o f  Integrals  

3 .7 .6  continued 

Theref ore 

Since y is  being treated a s  a constant i n  our integrat ion and s ince  

y$-1, we see from (2) that  
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3.7.6 continued 

b. 	 Rn(y+l) is  a r a t h e r  simple func t ion  whose d e r i v a t i v e  wi th  r e s p e c t  

t o  y  i s  -. Comparing t h i s  wi th  ( 3 )  we s e e  t h a t  s i n c e  g  (y)  and 
y + l

Rn(y+l) have i d e n t i c a l  d e r i v a t i v e s  they d i f f e r  by a t  most a 

cons tan t .  Thus 

g ( y )  = Rn(y+lJ + c 

o r ,  	from ( 1 1 ,  

To determine c, w e  l e t  y=b i n  151 t o  o b t a i n  

t h e r e f o r e  

P u t t i n g  t h e  value  of  c ,  a s  i n d i c a t e d  by (6), i n t o  (5) we o b t a i n  

dx = i n  , where y>b>-1 
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3.7.6 continued 

c. I n  p a r t i c u l a r  wi th  y=3 and b=2 ( s o  t h a t  y>b>-1 i s  c l e a r l y  s a t i s f i e d ) ,  

equa t ion  (7)  y i e l d s  

b 

[Notice t h a t  dx i s  d i f f i c u l t  t o  eva lua te .  Thus
JxIn-Xx 
p a r t s  (b)  and ( c )  show us how t h e  r e s u l t  i n  Exerc ise  3.7.2 can be 

u t i l i z e d  t o  e v a l u a t e  

dx; y>b>-1 

a .  Using t h e  " d i r e c t "  approach f i r s t  we have t h a t  

Hence 



s o l u t i o n s  
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3 . 7 . 7  continued 

I f  w e  use t h e  r e c i p e ,  w e  have 

where f (x ,y)  = xy, a ( x )  = x ,  and b ( x )  = x 2. 

Therefore  


Therefore 

Comparing (1) and (2)  w e  see t h a t  g '  (x)  is  t h e  same f o r  both 

methods. 

b. Here w e  have 

* 
Since f ( x Y y )  = xy;  f ( x , t )  = x t  for any number t .  I n  p a r t i c u l a r  

2 2f ( x , b ( x ) )  = f ( x , x  ) = x ( x  ) = x 3  and f ( x , a ( x ) ) = f ( x , x ) = x ( x ) = x  . 2 
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3 . 7 . 7  continued 

a ( x )  = -x t h e r e f o r e  a '  (x)  = -1 

b ( x )  = x t h e r e f o r e  b '  (x)  = 1 

Using t h e  formula 

Theref o r e  

Equation (3)  can be  r e w r i t t e n  t o  u t i l i z e  t h e  d e f i n i t i o n  t h a t  
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3.7.7 continued 

That  i s ,  

2 

-- 4 s i n h  x 

X 

I n  summary 


A l-e-" 
= 4 s i n h  (x21 , xZO
dx Y x 

1 l-e-XY 
(Note: dy i s  an improper i n t e g r a l  s i n c e  OE[-X,XI

Y 
-X 

b u t  t h e  i n t e g r a l  converges s o  no harm i s  done.) 

a .  Given t h a t  y i s  some func t ion  of x such t h a t  

y (x)  = fX 
h ( t )  s i n ( x - t 1 d t  


a  


w e  have 
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3.7.8 (L) continued 

y N  
= /

X a ih (t)s i n  (x-t)] d t  + [h (x) s i n  (x-X) ]
ax dx -

- -da [h(a )  s i n  (x-a) I
dx 
w 
=o 

From ( 2  , 

a dx 
= /X 

[ h ( t )  cos (x-t)  l d t  + 
& 

[h(x)COS(X-X) - I 

- [h ( a )  cos (x-a) I 

X 

From (1)we have t h a t  1 -h (t)s i n  (x - t )d t  = -y (x), so t h a t  equation 

a 

(31 becomes 




- - 

S o l u t i o n s  
Block 3:  P a r t i a l  Der iva t ives  
Unit  7: More on Der iva t ives  of  I n t e g r a l s  

3.7.8 (L) continued 

Theref o r e  

Moreover when x=a, y '  and y a r e  both  0 s i n c e  our  i n t e g r a l  goes 

between a and a a s  l i m i t s .  

Hence y ( x )  i s  determined by t h e  equat ion  

where y (a) = y i  ( a )  = 0.  

b. This  i s  a concre te  i l l u s t r a t i o n  of p a r t  ( a )  

t h e r e f o r e  

t dx xyl (x) = jX& [Ze s i n  (x-t)  d t  + ;r;; I2e s i n  (x-X) I 


0 
 * 12e0 s i n  (x-01 I- dx 

t h e r e f  o r e  
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3.7.8 (L) continued 

a t dx
yll ( X I  = - [2e cos (x-t)  ldt  + a;; [2eX cos b -x )  l-

= -y (x) + 2eX 

theref ore 

and y(0) = y '  ( 0 )  = 0 

therefore 
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3.7.9 continued 

t h e r e f  o r e  


y u ( x )  = ex - y (XI 


t h e r e f  o r e  


yrrtx) + y ( x )  = ex 


and y ( 0 )  = y l ( x )  = 0 [from (1) and (2) 1 


b. 
y ( x )  = -2 

1 (ex - s i n  x - cos x) 

y '  (XI = 
1 

(ex - cos  x + s i n  x)  


yrl (x)  = 
1 (ex + s i n  x  + cos  x) 


Adding (4)  and ( 6 )  y i e l d s  

Moreover, l e t t i n g  x=O i n  ( 4 )  and (5) shows t h a t  

s o  y ( x )  s a t i s f i e s  t h e  cond i t ions  of (3) . 

I n  o t h e r  words, i f  y is def ined by 


then 


y  (x)  = 
1 (ex - s i n  x  - cos  x) 


1 x - s i n  x  - cos  x) would s a t i s f y  [How we determined t h a t  y ( x )  = 2(e  


t h e  given cond i t ions ,  wi thout  s o l v i n g  t h e  given i n t e g r a l  equat ion ,  
-
i s  a s u b j e c t  covered l a t e r  dur ing  our  d i scuss ion  of d i f f e r e n t i a l  

equat ions  i n  Block 7. ] 
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