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2.5.1(L) 

a .  	 The concept  of a t angen t  l i n e  can be expressed e n t i r e l y  i n  terms 

of a curve wi thout  any r e f e r e n c e  t o  a coord ina te  system. W e  s i m -

p l y  look a t  t h e  l i m i t i n g  p o s i t i o n  ( i f  such a p o s i t i o n  e x i s t s )  o f  a 

chord drawn between two p o i n t s  on t h e  curve  a s  t h e  two p o i n t s  a r e  

allowed t o  approach one another  t o  an a r b i t r a r y  degree of 

"c loseness ."  

What is  t r u e  i s  t h a t  w e  o f t e n  e x p l o i t  a p a r t i c u l a r  coord ina te  

system i n  t h e  sense  t h a t  w e  p i c k , a s  a parameter f o r  measuring t h e  

d i r e c t i o n  of  a t angen t  l i n e ,  something t h a t  i s  r e l a t i v e l y  easy  t o  

compute i n  t e r m s  of t h e  v a r i a b l e s  a s s o c i a t e d  wi th  the  p a r t i c u l a r  

coord ina te  system. I n  C a r t e s i a n  coord ina tes ,  it was p a r t i c u l a r l y  

convenient  t o  measure d i r e c t i o n  i n  t e r m s  of  t h e  angle  t h e  tangent  

l i n e  made wi th  t h e  p o s i t i v e  x-axis .  Indeed, when the  curve i s  

expressed i n  t h e  Car tes i an  form y = f (x)  , f ' (x) expresses  t h e  

d i r e c t i o n  of  t h e  t angen t  of  t h i s  ang le  very n i c e l y .  

Notice,  however, t h a t  t a l k i n g  about  the "rise" of a curve ve r sus  

i t s  "run" seems t o  presuppose t h a t  w e  a r e  t a l k i n g  i n  terms of 

Car tes i an  coord ina tes .  Suppose, i n s t e a d ,  t h e  curve were expressed 

i n  p o l a r  coord ina tes .  I n  such a c a s e ,  t h e r e  is no longer any 

g r e a t  geometric  s i g n i f i c a n c e  t o  t h e  v e r t i c a l  d i r e c t i o n .  Rather ,  

it s e e m s  t h a t  ang les  should be measured r e l a t i v e  t o  t h e  l i n e  t h a t  

jo ins  o u r  o r i g i n  ( i . e . ,  pole)  t o  t h e  p o i n t  on t h e  curve. That i s ,  
-+

t n e  r a d i u s  v e c t o r  R i s  a n a t u r a l  r e f e r e n c e  l i n e  when we d e a l  i n  

p o l a r  coordinates .  

In  t e r m s  of this new parameter ,  l e t  us re-examine t h e  concept of a 

tangent  l i n e .  W e  have a curve C and a p o i n t  ( r o , O o )  on C.  We 

denote t h i s  p o i n t  by Po, and w e  now look a t  a "near-by" p o i n t ,  P, 

on t h e  curve.  Diagramat ica l ly ,  
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Notice here  t he  
complete absence 
of any reference 
t o  Car tes ian 
coordinates 

Figure 1 

A s  P approaches Po, the  l i n e  POP approaches the  pos i t ion  of the  

tangent l i n e ,  and i n  t h i s  respec t ,  the  angle i n  the  l i m i t  be-

comes the  angle $ between the  tangent l i n e  and the  rad ius  vector .  

I f  we now develop the  geometry indicated i n  Figure 1, we obta in ,  

(i) In the  r i g h t  t r i a n g l e  OPQ, 

= s i n  A8 = (ro+Ar)sin A e  

-
oQ = @ cos A8 = (ro+Ar) cos A e  

(ii) = W - mo = ( r o + A r )  cos A0 - r 
0 

(iii)I n  the  r i g h t  t r i a n g l e  POQP, 

tan  	iJ = -PO--
( r o + A r )  s i n  ae 

PoQ (ro+Ar) cos A e  - ro 
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Notice t h a t  equat ion  (1) te l l s  u s  e x p l i c i t l y  how t o  compute J, f o r  

given values  of rot A e ,  and A r .  The problem is  t h a t  w e  w i l l  

even tua l ly  want t o  compute l i m  t a n  v ,  which i s  e q u i v a l e n t  t o  
P+Po 


l i m  t a n  T. 

A0+0 


Keeping t h i s  i n  mind and r e c a l l i n g  t h a t  w e  have a l r eady  developed 
s i n  A0 ( 'OS -l i m  -hB- = 1 and l i m  A e ) = 0 (and n e i t h e r  of t h e s e  

A0+o A0+o 
r e s u l t s  r equ i red  any s p e c i a l  coord ina te  sys tem),  w e  now d i v i d e  

.both  numerator and denominator of (1)by he, where, of  course ,  

A e  # O . *  This  y i e l d s  

[(ro+8r) 

t a n  iJ = sin 


[ro(COS - + cos ne] 


* N o t i c e  t h a t  had  we b e g u n  t h e  s t u d y  of  c a l c u l u s  w i t h  p o l a r  c o o r d i -
n a t e s  r a t h e r  t h a n  w i t h  C a r t e s i a n  c o o r d i n a t e s ,  t h e  k e y  p h i l o -  
s o p h i c a l  t o p i c s  wou ld  h a v e  r e m a i n e d  i n t a c t .  F o r  e x a m p l e ,  t h e  
a s s u m p t i o n  t h a t  Po P g u a r a n t e e s  t h a t  A8 # 0, o n l y  i f  we r e s t r i c t  
o u r  s t u d y  t o  s i n g l e - v a l u e d  f u n c t i o n s .  F o r  e x a m p l e ,  i f  t h e  p o l a r  
g r a p h  o f  r = f ( 0 )  l o o k s  l i k e  

we a r e  i n  t r o u b l e  s i n c e  P  # P1 # P2 y e t  0 = O o  ( i . e .  A 0  = 0 )  f o r  
0

a l l  t h r e e  p o i n t s .  

A g a i n ,  a s  i n  o u r  e a r l i e r  s t u d y ,  we c a n  v i ew  m u l t i - v a l u e d  c u r v e s  
a s  t h e  u n i o n  of  s i n g l e - v a l u e d  c u r v e s .  Of c o u r s e ,  t h e  g e o m e t r i c  
p r o c e d u r e  f o r  d o i n g  t h i s  i s  d i f f e r e n t  f rom t h e  C a r t e s i a n  c a s e ,  
s i n c e  now we d e t e r m i n e  " b r a n c h  p o i n t s t t  f o r  a smoo th  c u r v e  b y  
w h e r e  t h e  r a d i u s  v e c t o r  i s  t a n g e n t  t o  t h e  c u r v e .  I n  o u r  a b o v e  
d i a g r a m ,  t h e  p i e c e s  o f  o u r  c u r v e  b e t w e e n  A  a n d  B ,  B a n d  C ,  a n d  
C a n d  D ,  a r e  a l l  s i n g l e  v a l u e d  f u n c t i o n s  of  0 .  
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where the  denominator of (2) comes from 

( r o + A r )  cos A0- r  
0 

r 
0 
cos A0 + A r  cos A0-r 

O 
ro(cos  A8-l)+Ar cos A0-- = 

A 0 A 0 	 A0 

A r  	cos A0 
A e 

zipplying our l i m i t  theorems t o  ( 2 )  , w e  obtain  

l i r n  (ro+Ar) l i m  s i n  A0 


l i m  tan 7 = A 8+0 A8+0 A 0 


A0+0 r l i m  (COS A O - 1  
) + l i m  - l i m  cos A0


0 A 0A0+0 	 A0+o A ~ + o  

Since we a r e  assuming t h a t  r is  a d i f f e r e n t i a b l e  function of 0 ,  it 

follows t h a t  l i m  A r  = 0 and l i m  . Moreover, 
A0+o A0+o 

O=eO 
-


l i r n  cos A0 = cos 0 = 1, whereupon (3) takes  t he  form 

A0-m 


- r (1)
l i m  t an  JI = -

r 

l i m  tan T = 0 


d rA0+0 

Equation ( 4 )  y i e ld s  a r a t h e r  convenient formula f o r  f ind ing  the  

angle between the  tangent l i n e  and the  radius  vector  when the  

curve i s  given i n  the  po la r  form r = f ( 0 )  where f is d i f f e r e n t i -
d rable .  Namely, we need only divide r by =. 

Fina l ly ,  it is conventional t o  denote t he  l im i t i ng  pos i t ion  of T 
by $. That is ,  J, i s  the  angle between the  tangent l i n e  and the  

radius  vector .  With t h i s  i n  mind, ( 4 )  becomes 

tan  J, = -r 
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wnere, i n  ( 5 ) ,  it i s  understood t h a t  $ i s  evaluated  a t  t h e  p o i n t  

(r ,8) on t h e  curve. 

b.  	 While ( a )  was an important  e x e r c i s e  t o  show t h a t  t h e  study of 

curves i n  p o l a r  coord ina tes  i s  n o t  dependent on any r e s u l t s  of 

c a r t e s i a n  coord ina tes ,  t h e  f a c t  remains t h a t  i n  many r e a l  l i f e  

s i t u a t i o n s ,  any o t h e r  coord ina te  system w e  happen t o  be  d e a l i n g  

w i t h  was ob ta ined  from some change of  v a r i a b l e s  app l i ed  t o  Carte-  

s i a n  coord ina tes .  For t h i s  reason,  w e  o f t e n  have much information 

a v a i l a b l e  t o  us i n  t h e  form of Car tes i an  equa t ions ,  and, i n  addi-  

t i o n  t o  t h i s ,  w e  o f t e n  f e e l  more a t  home i n  t e r m s  of Car tes i an  

coord ina tes .  S t i l l  another  t h i n g  is  t h a t  i n  many cases  where t h e  

equat ion  of a  curve is  given i n i t i a l l y  i n  t e r m s  of p o l a r  coordi-  

n a t e s ,  w e  s t i l l  want t o  know where t h e  curve has  a  g r e a t e s t  h e i g h t  

r e l a t i v e  t o  our  h o r i z o n t a l  r e f e r e n c e  l i n e .  I n  o t h e r  words, t h e r e  

a r e  cases  i n  which w e  might l i k e  t o  use  p o l a r  information t o  ob- 

t a i n  Car tes ian- type  r e s u l t s ,  and v i c e  v e r s a .  

In  t h i s  e x e r c i s e ,  w e  show how t h e  formula f o r  t a n  $ could have 

been de r ived  from our  previous  knowledge of Car tes i an  coordinates .  

vJe 'know t h a t  

x = 	r cos  8 

y = 	r s i n  8 I 
Assuming, a s  i n  ( a ) , t h a t  r is  a d i f f e r e n t i a b l e  func t ion  of 8 ,  w e  
may apply t h e  product  r u l e  t o  ( 6 )  t o  o b t a i n  

8 d r  = -r s i n  0 + cos  dB 

d r3 = r c o s  0 + s i n  e -d8 

Using t h e  chain  r u l e  on ( 7 ) ,  w e  o b t a i n  

ay r cos 8 + s i n  8 d r  
ay.=--de -	 3 3
dx dx 	 d r  

TiB - r s i n 0 + c o s e Td 
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I t  is worth r e f l e c t i n g  on equation (8) f o r  a while before  we con-

t inue . * y i e l d s  the s lope of the  l i n e  tangent t o  the  curve o r ,  dx 
more simply, what we"ve defined a s  t he  slope of t h e  curve. Since 

equation (8) is an i d e n t i t y  f o r  expressing 9dx i n  terms of r and 8 ,  

it follows t h a t  the  r i g h t  s i d e  of (8) is a formula f o r  s lope  ( i n  

the  o r i g i n a l  sense) i n  terms of polar  coordinates a s  w e l l .  That 

is ,  we must no t  f e e l  t h a t  the  t r a d i t i o n a l  d e f i n i t i o n  of s lope does 

no t  apply i n  po la r  coordinates,  bu t  r a the r ,  a s  should be obvious 
, 

from ( 8 ) ,  the  formula is r a the r  complicated i n  polar  coordinates.  

his would se rve  a s  another motivation f o r  inventing the angle + 
had we proceeded from the  po in t  of view of p a r t  ( b ) .  That is, 
recognizing t h a t  2d looked extremely complex i n  po la r  form, we 

might want t o  f i n d  a r e l a t e d  angle whose tangent was more r ead i ly  

computed i n  po la r  coordinates.  Of course, had we proceeded from 

t h i s  po in t  of view, it i s  not  c l e a r  t h a t  w e  would have discovered 

t h a t  + was the  angle t h a t  s impl i f ied  things  f o r  us ( a s  compared 

with our  approach i n  p a r t  (a)  where it was almost se l f -evident  

t h a t  w e  should pick J, a s  our reference angle ) .  

Quite a p a r t  from anything e l s e ,  t h i s  discussion again focuses our  

a t t e n t i o n  on how the  bas i c  concepts a r e  q u a l i t a t i v e l y  independent 

of any coordinate system, while quan t i t a t i ve ly ,  t he  ease of com-

pution w i l l  depend on the  choice of coordinate system. 

A t  any r a t e ,  re turning t o  our immediate problem, w e  observe t h a t  

9 is  tan  $, where $ and + a re  r e l a t ed  a s  below. dx 

po la r  coordinates 

(x,y) + i n  Car tes ian coordinates 

Figure 3 
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From Figure  3 ,  we see t h a t  

whereupon 

t a n  J , =  t a n ( $  - 8 ) .  

using the  i d e n t i t y  f o r  tan(A - B ) ,  (9)  becomes 

t a n  Q, - t a n  0 

tan '= 1 + t a n  4 t a n  8 


By d e f i n i t i o n ,  *= t a n  4 .  Hence (10) becomes dx 

9 - t a n  8dxt a n  J, = 

1 + % t a n e o  


(Notice t h a t  our  u l t i m a t e  aim i s  t o  express  t a n  J, a s  a  func t ion  of 

r and 0 .  For t h i s  r eason ,  t h e r e  i s  no need t o  make a s u b s t i t u t i o n  

f o r  t an  8  i n  e i t h e r  (10) o r  (11) s i n c e  t h i s  t e r m  i s  a l ready  ex- 

pressed i n  t h e  proper  v a r i a b l e s . )  

W e  now p u t  t h e  r e s u l t  of equa t ion  (8)  i n t o  equat ion  (11), and w e  

ob ta in  

r cos 8 + s i n  0 d r-de 

8 d r  - t a n  8 

-r s i n  0 + cos dB
t a n  J, = 


r cos  0 + s i n  0 d r  -

1 + d r  t a n  0 


-r s i n  0 + cos  8 -

- dB, 

Wri t ing  t a n  0 = -sin ' e '  equat ion  (12) becomes 
COS 



-- 
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r cos 6 + s i n  8 d r-
d8 - -s i n  8 

-r s i n  8 + cos 8 -d r  cos 8 

t an  3) = de "1r 0 s  0 s i n  de s i n  8l +  
[-r s i n  8 + cos e * .OSde 


r cos 26 + s i n  0 cos 8 -d r  + r s i n
2

0 - s i n  8 cos 8de 
cos 8 [-r s i n  8 + cos 8 r 

--
-r s i n  cos 8 + cos2e dr + r s i n  0 cos e + s in2, ,'I ra?i 35 

cos 8 (-r s i n  8 + cos 8 d r  z7) 

2 2 r ( s i n  8 + cos 8) 
d r  cos 6 [-r s i n  f3 + cos 0 =] 

- U w-
2 2( s i n  8 + cos 8) 

cos 6 [-r s i n  8 + cos 8 d r  
d ~ l  

Notice t h a t  while (b) was independent of (a), the amount of "dog 

workn involved i n  going from (12) t o  (13) e t c .  shows t h a t  we can 

obtain  t he  co r r ec t  answer mechanically, although we may be s ac r i -  

f i c i n g  any f ee l i ng  a s  t o  what i s  r e a l l y  going on i n  t he  procedure. 

P a r t  ( a ) ,  on the  o t h e r  hand, while providing us with no connection 

between po la r  coordinates and Cartes ian coordinates,  allows us t o  

develop tan  + i n  a meaningful way. 

One f i n a l  note f o r  those of us who have become 'touchy" about d i -  

v iding by 0 .  The v a l i d i t y  of the  l a s t  s t e p  i n  going from ( 1 2 )  t o  

(13) requi res  t h a t  

cos 8 [-r s i n  €I + cos 8 d r  # 0 .  

The only way t h i s  could equal zero would be 

S.2.5.8 
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(i) cos 0 =  0 

(ii)-r s i n  8 + cos  8 -drd 8 = 0. 

TI TI
I f  (i)a p p l i e s ,  then 8 = and JI = $ - 2. I f  (ii)a p p l i e s ,  then  

r s i n  8 = cos 8 - 0. 

r --- cos 8 
d r  s i n  8 ' 

(in) 

t a n  JI = c o t  8 = t a n  (x- 8)2 

Therefore ,  

TIThis corresponds t o  @ (= JI + 8) = q, whence t h e  t angen t  l i n e  is  

p a r a l l e l  t o  t h e  y-axis .  

c .  The main aim of this p a r t  of t h e  e x e r c i s e  i s  t o  g ive  you a b e t t e r  

f e e l i n g  f o r  how we use  JI t o  t r a c e  a curve i n  po la r  coord ina tes  i n  

a manner analogous t o  t h e  way w e  use @ t o  t r a c e  a curve i n  Carte-

s i a n  coord ina tes .  I n  t h i s  example, w e  s h a l l  make no a t tempt  t o  

t r a c e  t h e  curve b u t  r a t h e r  we s h a l l  l o c a t e  one s p e c i f i c  tangent  

l i n e  a t  one s p e c i f i c  p o i n t  on t h e  curve.  I t  is  hoped t h a t  the  

r e a d e r  w i l l  be a b l e  t o  extend t h e  i d e a  t o  l o c a t i n g  o t h e r  tangent  

l i n e s  t o  t h e  curve ,  and w e  s h a l l  provide some experience i n  t h i s  

r e s p e c t  i n  the l a t e r  e x e r c i s e s .  

For now, w e  have t h a t  our  curve has  a s  i t s  p o l a r  equa t ion ,  
2 r = s i n  8 + 1, from which w e  deduce t h a t  = 2 s i n  8 cos 8 = 

s i n  28. Hence, our formula f o r  t an  JI y i e l d s  

t a n  JI = sinLO + 1 
a$ = s i n  20
(ae' 
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To compute tan ) a t  (;,:I , w e  need only use (14 )  w i t h  6 = *g. This 
y i e ld s  

($1 + 1 r3 5 - 5 atan JI = -- - - - - -
s i n  -71 1.~6 2 4 3  6 -3 2 

Thus, t an  $ x 1.44. 

5 8
The construct ion proceeds a s  follows. W e  know t h a t  Po(T,c) is a 
po in t  on C. P i c t o r i a l l y ,  

Figure 4 

-+ 
We next  r e c a l l  t h a t  J, measures the  angle (measured with OPo a s  our 

+ 
reference l i n e )  between the  tangent t o  C a t  Po and OPo. In  o the r  
words, with Po a s  ver tex,  we want t o  cons t ruc t  the angle I) so  that 

t an  I/J + 1.44,* and one s i d e  of JI l i e s  along <po. 
-f

One way of doing t h i s  is t o  proceed along OP 1 u n i t  from Po, 
0 


c a l l i n g  t h i s  po in t  Q. A t  Q ,  we cons t ruc t  a l i n e  a t  r i g h t  angles  

-+ 

t o  OPo i n  the d i r ec t i on  "outside" the  angle,  and loca te  R on this 

l i n e  so  t h a t  = 1 . 4 4  ( t o  be prec i se ,  5JS . This guarantees 


t h a t  a RPoQ is $. Again, p i c t o r i a l l y ,  


*We emphasize t h e  s i g n  o f  tan I/J t o  i n d i c a t e  t h a t  f o r  p o s i t i v e  v a l u e s  
o f  tan $, JI i s  measured+ia the  p o s i t i v e  ( counter  c l o c k w i s e )  
d i r e c t i o n  r e l a t i v e  t o  Of , If  tan JI i s  n e g a t i v e ,  w e  c o n s t r u c t  $ 
w i t h  the  o p p o s i t e  s e n s e .  

0 
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By cons t ruc t ion ,  

5J3 . 5 f it a n  	3 RPoQ = -6 ;1 = -6 .  

Therefore ,  $ RPoQ = $. 

Figure  5 

A t  any rake ,  t h e  s t r a i g h t  l i n e  determined by Po and R is  t h e  l i n e  

tangent  t o  C a t  Po. 

To r e l a t e  t h i s  d i scuss ion  t o  t h e  d i scuss ion  i n  p a r t  (b), w e  have 

extended t h e  l i n e  PoR t o  i n t e r s e c t  t h e  x-axis  a t  S .  The l i n e  t h a t  

w e  have  found makes an angle  of 9 wi th  t h e  p o s i t i v e  x-axis where 

t a n  9 = 2. 
d.  	 Here, w e  a r e  simply t r y i n g  t o  demonstrate t h e  equivalence ,  con-

c e p t u a l l y  - n o t  computat ionally - of t h e  methods of  p a r t  ( a )  and 

p a r t  (b)  i n  f i n d i n g  tangent  l i n e s  t o  p o l a r  curves.  I n  (c), w e  

maintained t h e  philosophy of p a r t  ( a ) .  I n  ( d ) ,  w e  s h a l l  mainta in  

t h e  philosophy of (b)  . 
From equat ion  (8)  , w e  have 

r cos  0 + s i n  0 -d r  
dy = 	 d0 ' dx -r s i n  0 + cos  0 d r  

ZJ 

I n  our p r e s e n t  example, r = s i n2 0 + 1 and = s i n  2 0 .  his p a r t  

is t h e  same, of  course ,  a s  i n  (c)]. P u t t i n g  t h i s  i n t o  ( 8 ) ,  y i e l d s  

9 = ( s i n
2

0 + 1) cos  9 + s i n  0 s i n  2 0  .
dx - ( s i n 2 0  + 1) s i n  0 + cos  0 s i n  2 0  
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2.5.1 (L) continued 

We wish t o  compute $ a t  Po, which corresponds t o  equation (16) 

with 8 = $." We obtain:  

What we do now i s  loca te  Po j u s t  a s  before.  W e  then mark of f  a 
+ 

hor izonta l  segment POP1. A t  Q1, we move i n  the  d i r ec t i on  of t h e  
-k + 

pos i t i ve  y-axis t o  dl such t h a t  = 7fi1PoQll. The l i n e  joining 

Po t o  R1 is the  required tangent l i n e .  

P i c t o r i a l l y ,  

Y 

+, a s  wel l  a s  the  
point  S,  a r e  the  
same i n  Figures 5 
and 6. 

: XS 

Figure 6 
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2.5.1 (L) continued 

Our c la im is (and w e  hope t h i s  i s  q u i t e  c l e a r )  t h a t  t h e  l i n e s  SPo 

i n  Figures  5 and 6 co inc ide  i f  these  two f i g u r e s  a r e  superimposed. 

Doing t h i s  w e  f i n d :  

Figure  7 

Hopefdlly,  F igure  7 i n d i c a t e s  t h a t  the methods of  p a r t s  ( a )  and 

(b) a r e  two d i f f e r e n t  computat ional  techniques f o r  f ind ing  t h e  

same p i e c e  o f  information.  I t  is  important  t h a t  you t r y  t o  l e a r n  

t o  be  f l e x i b l e  and b e  a b l e  t o  use  e i t h e r  the Car tes i an  o r  the  Po la r  

forms, depending upon which l ends  i t s e l f  b e s t  t o  t h e  computation 

you a r e  t r y i n g  t o  make. 

The main aim of t h i s  e x e r c i s e  is  two-fold: (1) W e  want t o  r e -

emphasize that % s t i l l  e x i s t s  conceptual ly ,  even when w e  a r e  

d e a l i n g  wi th  p o l a r  coord ina tes ,  and (2)  we would l i k e  t o  r e i n f o r c e  

t h e  technique  o f  Exerc i se  2 . 4 . 4  (b) , by showing how we can now add 

s l o p e  t o  o u r  graphing techniques .  

I n  Exerc ise  2 . 4 . 4  ( b ) ,  we p l o t t e d  t h e  graph of r = s i n  2 8 .  One 

way of g e t t i n g  a f u r t h e r  check of our  ske tch  i s  t o  check t h e  s lope  

a t  some i n d i c a t e d  po in t .  
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2.5.2 (L) continued 

This i s  what we a r e  going t o  do i n  p a r t  (a)  of t h i s  exercise .  We 
1 IT on r s i n  28. choose a s  our check point  P (-aIc) = 

0 2 

a .  From the previous exerc i se ,  we have t h a t  

r cos 8 + s i n  8 d r* =  dB ' dx -r s i n  '8 + cos 0 -d r  
d0 

d rIn  tnis problem, r = s i n  28 and -
d 8 

= 2 cos 20. Putt ing t h i s  i n t o  

(1) y ie lds  

a = s i n  20 cos 8 + 2 s i n  8 cos 20 
' dx -sin 28 s i n  8  + 2 cos 8  cos 28 

1 IT
A t  the po in t  P ~ ( ~ I ~ , ; )we f ind  i n, by l e t t i n g  8 = ( 2 )  . 
heref fore, 

Graphically, t h i s  means 

Here, "att r e f e r s  t o  an 
a r b i t r a r i l y  chosen length.  
The key i s  t h a t  

5
Tfia  
tan $J = -a -- $3. 
Theref ore ,  PoQ i s  tangent 
t o  r = s i n  28 a t  
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2.5.2 (L) continued 

Thus, we can now "shape" r = s i n  28 e x a c t l y  a t  Po. W e  have i l l u s -  

t r a t e d  t h i s  i n  Figure  3 of Exerc i se  2.4.4. 

b. 	 W e  a l s o  sense  i n  our  ske tch  of Figure  1 i n  Exerc ise  2.4.4 t h a t  t h e  

maximum h e i g h t  a t t a i n e d  by r = s i n  28 i n  t h e  f i r s t  quadrant  occurs 

a t  a p o i n t  f o r  which 8 l ies  between 45' and 60'. W e  may now 
a =0.sharpen t h i s  r e s u l t  by us ing equat ion  (2)  t o  see where dx 

For a f r a c t i o n  t o  equal  0,  i t s  numerator must equal  0. ~ p p l y i n g  

t h i s  t o  (2) , w e  f i n d  t h a t  rg is  0 provided 

s i n  28 cos 8 + 2 s i n  8 cos  20 = 0 .  

Rewriting ( 3 )  with  s i n  20 = 2 s i n  0 cos  0 and cos 28 = 

2 2 
cos 	8 - s i n  8 ,  w e  o b t a i n  

2 	 2 2
2 s i n  8 cos 8 + 2 s i n  0 (cos 8 - s i n  8)  = 0 

2 22 s i n  8 (2 cos  8 - s i n  8) = 0. 

Obviously, t h e  case  s i n  8 = 0 i n  ( 4 )  i s  n o t  of importance i n  o u r  

p resen t  q u e s t .  Rather ,  the information w e  d e s i r e  comes from 

2 22 cos  8 - s i n  8 = 0.  

There a r e  a number of ways t o  s o l v e  (5) ( f o r  example, r ep lace  
2 2 2s i n  8 by 1 - cos  8 t o  g e t  an equat ion  involving only cos 8 ) ,  b u t  

perhaps the  q u i c k e s t  is  t o  d i v i d e  both  s i d e s  of  (5)  by cos 28. 

(This  i s  pe rmiss ib le  except  when cos 0 = 0. Since cos = 0 a t  
8. = 	E

2 ' t h i s  va lue  of 8 i s  n o t  nea r  t h e  p o i n t  w e  a r e  seeking he re . )  

W e  then o b t a i n  

2 
2 = -s i n  8 

L 

cos 	8 

t a n  	8 = +n. 
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2.5.2 (L) continued 

Since we a r e  i n  L!e f i r s t  quadrant, tan 8 is  pos i t ive ;  hence, (6) 
ind ica tes  t h a t  

tan 8 = fi 

To obtain  a b e t t e r  numerical f ee l i ng  f o r  8, we approximate fl by 

1 . 4 1 4  and use tan  t ab l e s  t o  conclude 

Moreover, ,using the  reference t r i a n g l e  

r = 	s i n  28 = 2 s i n  8 cos 8 = 2 - - - - @ 4 0.94.a I 
4 3 4 3  

Thus, t he  po in t  we seek is ,2 tan-'^^) , o r ,  approximately 

(0.94, 54.7O). Notice t h a t  t h i s  po in t  i s  higher than (1, 45O) 

even though its r-value is less. 

c .  	 For f u r t h e r  d r i l l ,  we now compute the  po in t  i n  the  f i r s t  quadrant 

a t  which r = s i n  28 has a v e r t i c a l  tangent (i.e. the  po in t  a t  

which the  curve r i s e s  the  most r ap id ly ) .  

In  t h i s  case ,  9 = w (= tan 90.) and i n  terms of equation (2),dx 

t h i s  means our denominator is 0. Thus, 


-s in  2 0  s i n  8 + 2 cos 8 cos 28 = 0 

his 	means 



-- 
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2 . 5 . 2  	(L) continued 


2 2 2
-2 s i n  8 cos 8 + 2 cos 8 (coS 8 - s i n  8) = 0 

2 22 cos 	 8 (COS 8 - 2 s i n  8) = 0 .  

The so lu t ion  of (9) obtained from cos 8 = 0 ,  s o  t h a t  8 = f, indi-

ca t e s  t h a t  t he  curve is tangent t o  the  y-axis a t  (0,O) as  it 

en t e r s  the  four th  quadrant from the  f i r s t .  i.e. 

The other  f ac to r  of (9) y i e ld s  

2 2
2 s i n  8 = cos 0 

to s i n  8 = cos 8 


Therefore, 


s i n  8 - +- 1 

cOS 8 -JZ 

Theref o re  


tan 8 = - -- 1 0.707 

JI 


( s ince ,  again,  0 is  i n  the  f i r s t  quadrant) . 

When tan 8 = --,1 we have 


Jz 
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2 . 5 . 2 ( L )  continued 

1 ~ J Zr = s i n  2 0  = 2  s i n  0 cos 0 = 2 ---
, 6 4 3  3 

Thus, the o ther  point  we seek i s  

2 -1 	1($2, t an  	 -)

"'2 


o r  l e t t i n g  -1 = 0.707, we have approximately 
JZ 


[which is symmetric t o  (0.94,53.7O) with respec t  t o  0 = :I. 
dIn  any event,  it should now be c l e a r  how 2 (slope) can be used t o  

he lp  us sketch polar  curves. 
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- _- - . I <  

Here w e  want t o  emphasize t h a t  p o l a r  coord ina tes  do n o t  r e q u i r e  

r e fe rence  t o  C a r t e s i a n  coord ina tes  and a l s o  t o  have you see t h a t  

some c a l c u l a t i o n s  a r e  e a s i e r  t o  make i n  p o l a r  form than by con-

v e r t i n g  t o  Car tes i an  form. 

W e  have a l r eady  seen t h a t  

t a n  JI = I-d r-
de 

1 = t a n  20 .  

Equation (1)now al lows us t o  c o n s t r u c t  t h e  t angen t  l i n e  t o  

r = s i n  20  a t  any p o i n t  ( r , 8 )  wi thou t  e v e r  r e f e r r i n g  t o  the angle  
1

41. Again, by way of review, i f  w e  again  p ick  , w e  may ob- (el;) 
t a i n  from (1)wi th  8  = z7 

t a n  JI = 
1 t a n  - - 0.866.- 2 -

Thus, 

r 


Again, "an  r e f e r s  t o  an 
a r b i t r a r i l y  chosen l eng th ,  
s o  t h a t  

t a n  + = 0.866a 
a 

Figure  1 
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2-5.3 continued 

Notice how our construct ions  a r e  made with respec t  t o  -tR and Po and 

make no reference t o  Car tes ian coordinates. 

Now, keep i n  mind t h a t  t a n  $ e x i s t s  independently of any concept 

of s. I n  our  p resen t  context  

s o  that 

4 =  ( % + * I  

whence 

tan 8 + tan J1t an  4 = t an  (8 + $) = 1 - tan 8 tan JI ' 

From (1), t h i s  becomes 

t an  8 + 21 t an  28 
t an  cp = ' 

1 - - i t a n  8 t an  28 

I n  o ther  words, a s ide  from the  f a c t  t h a t  is  a n a t u r a l  angle i n  

po l a r  coordinates,  the  po in t  is t h a t  i f  w e  even need t an  $, it is 

e a s i l y  obtained from t a n  t), a s  shown i n  our der iva t ion  of equation 

(2) -
For example, with 8 = 5, (2) y i e ld s  

a 1 IT 2- + +?3 
tan 9 = 

tan + 2 tan 5 = fi -- 2 + 3  
IT IT
1 - + t a n g t a n  5 1 - lLfi  2 6  (;I

6 
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2.5.3  continued 


a s  i n  the  previous  e x e r c i s e .  


a .  	 F r o m r  = s i n20 ,  w e  have t h a t d r  - 2 s i n  0 cos  0 = s i n  28.a-

Theref o r e ,  

t a n  	JI = 2-= si n L0 
d r  s i n  28 ' 


a
When 0 = -h, equat ion  (1) becomes 


s i n2 a 


tan 	JI = a 
= f -- Z 

1 

s5.n 


Tneref o r e ,  


JI = 	t a n-'$ z 26.5O. 

1 	 1 ab. 	 From ( a ) ,  t a n  @ = =. Hence, a t  

1-

= Theref o r e ,  @ 	 6E f lo~.  

tan JI = 5,  a s  r equ i red .  

@ Therefore ,  P,R i s  tangent  t o  

2 
r = 	s i n  0 a t  p 0 ( ~ , $ ) .  

F igure  1 

c. 	 From Figure  1, (I = 45' + $ Z 45' + 26.5O Z 71.5O. Therefore,  

t a n  (I =: 3 .  
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2.5.4 continued 

More ana ly t i ca l l y ,  

@ = e + J I + t a n ~ , =tan  ( 0  + $1 = tan + tan $J

1 - t an  B t an  I$ 

TIpicking 0 = a and using (2) y i e l d s  

A 1tan - + - 11 + -
tan (p = 4 2 ---- 2 - 3

11 - -2 

(exact ly ,  no t  approximately!) 

2.5.5 (L) 

Our aim here is t o  show how a r c  length is  computed i n  po la r  coor-

d ina tes .  An " i n t u i t i v e *  proof i s  suggested by our diagram i n  

Exercise 2.5.1 (L), namely, 

where f o r  small dB, rde 
approximates 

Figure 1 

A s  drawn, Figure 1 y ie ld s  

rdB detan $ = r =  r(-) - r 
r d r  - ar

'a) 

which checks with the  "rigorous" answer obtained i n  Exercise 2.5.1. 

I f  we accept Figure 1, t r i a n g l e  P QP y i e ld s
0 
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2.5.5 (I,) continued 

d r
and i f  our  curve i s  i n  t h e  form r = f ( B ) ,  s o  t h a t  df3 - i s  convenient  

t o  compute, (1) t a k e s  t h e  form 

2
where (2)  was ob ta ined  from (1)by d i v i d i n g  through by (dB) . 
From (21,  

The t r o u b l e  wi th  (3)  i s  t h a t  it was obta ined by t a k i n g  l i b e r t i e s  
0wi th  "small" amounts. I n  P a r t  1 of our  course ,  w e  saw t h a t  t h e  

form o f t e n  e n t e r e d  i n  s u b t l e  forms and a s  a r e s u l t ,  ope ra t ions  

which seemed "obvious" w e r e ,  i n  f a c t ,  f a l s e .  So (3) was der ived 

under r a t h e r  nebulous cond i t ions .  

On t h e  o t h e r  hand, t o  d e r i v e  ( 3 )  r igorous ly  is a d i f f i c u l t  chore 

( j u s t  a s  it was when w e  t a c k l e d  it under t h e  heading of  c a r t e s i a n  

coord ina tes  i n  P a r t  1). 
Thus, t h e  aim of p a r t  ( a )  of t h i s  e x e r c i s e  is t o  show how w e  can 

conver t  informat ion  i n  Car tes i an  coord ina tes  i n t o  corresponding 

information i n  p o l a r  coord ina tes ,  t h u s  u t i l i z i n g  f a m i l i a r  know- 

ledge  t o  o b t a i n  t h e  unfami l i a r .  I t  i s  impor tant  t o  n o t i c e ,  how-

e v e r ,  t h a t ,  whi le  t h i s  approach i s  conceptual ly  s imple ,  u l t i m a t e l y ,  

t h e  s e r i o u s  s t u d e n t  would l i k e  t o  v e r i f y  t h a t  c e r t a i n  p r o p e r t i e s  

of curves can be expressed i n  any coordinate  system wi thout  r e f e r -  

ence t o  any o t h e r  system. 

a .  W e  a l r eady  know from Car tes i an  coord ina tes  t h a t  

I n  our  problem, r i s  given a s  a func t ion  of 8 ;  hence, x and y may 

a l s o  be  viewed a s  func t ions  of  8. That  i s ,  w e  may d i f f e r e n t i a t e  

both  x = r cos  8 and y = r s i n  8 i m p l i c i t l y  wi th  r e s p e c t  t o  8 ,  

and a s  i n  equat ion  ( 8 )  of Exerc i se  2.5.1, w e  would o b t a i n  
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2.5.5 (L) continued 

Squaring (6) y ie ld s  

2 d r  2 d r  2 
2 r2 cos 0 + 2r  s i n  0 cos 0 -+ s i n  0 (=) 

= de 

2 2 d r  2 
r2 s i n  e - 2r  s i n  8 cos e + cos 8 (=) 

whereupon 

2 d r  
2 

(r2 sin2e - 2r  s i n  0 cos + cos ede 

2 2 2 d r  2,+ s i n  e ( j+ r cos 0 + 2 r  s i n  0 cos 8 
3-- 2 

1 + ( = 
I 

2 dr 2 
(r2 sin2e - 2r  s i n  cos + cos e (=I 

2 L 

- r + -
s i n  e + cos e d r  

a3-

Put t ing  (7)  i n t o  (5) y ie ld s  

d s  -- - J.2 + (%I 
dX (-r s i n  0 + cos e d r  

dB 

By the  chain ru l e ,  -ds = -ds -dx and, s ince  we have already seen t h a t
d0 dx dl3 

d rdx = -r s i n  0 + cos 0 -, we see  from (8)  t h a t?IF de 
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2.5 .5  (L) continued 

* 
ds  - ds dx -
a - d x d B - -r s i n  0 + c o s . 0  d r  

Therefore,  

and t h i s  agrees  wi th  (3) . 

d r 
b. I f  r = s e c  0 ,  then a = 	s e c  0 t a n  0. Therefore ,  applying (9) 

IT
t o  t h e  curve  r = s e c  0,  0 4 	 0 < -, y i e l d s
4 

ds  Lec2 0 + sec 2 0 t a n2 0 
= 

= sec 8*** 

and s i n c e  1 + t a n2 0 = s e c  2 
0 ,  w e  f i n a l l y  ob ta in  

@ = s e c  2 0
d0 

Theref o r e ,  

* I n  o b t a i n i n g  ( 7 ) ,  we l e t  -r s i n  0 + c o s  8 d e n o t e  t h e  s q u a r e  r o o t  o f  

22 	 d r 2 d r
r2 s i n  8 - 2 r  s i n  0 c o s  0 -d 0  	+ c o s  0 (=). We c o u l d  j u s t  a s  l e g a l l y  

d rh a v e  c h o s e n  r s i n  0 - c o s  0 n. The e f f e c t  of t h i s  wou ld  b e  t o  

c h a n g e  t h e  s i g n  i n  ( 9 ) .  I n  t h i s  e v e n t ,  we would  h a v e  u s e d  a b s o l u t e  
v a l u e s  anyway s i n c e  we t h i n k  o f  s i n c r e a s i n g  a s  0 s w e e p s  t h r o u g h  
t h e  p l a n e .  

* * E a r l i e r ,  we m e n t i o n e d  t h a t  a l l o w i n g  r t o  b e  n e g a t i v e  c a u s e d  some 
n a s t y  c o n s e q u e n c e s  i n  p o l a r  f o r m s  o f  c u r v e s .  One v e r y  n i c e  r e s u l t  

i n  ( 9 )  i s  t h a t  r a l w a y s  a p p e a r s  a s  r 2 ,  whe reby  we may n e g l e c t  

w o r r y i n g  a b o u t  w h e t h e r  we a r e  d e a l i n g  w i t h  r o r  -r  s i n c e  r a ( - r  
21. 

* * * T e c h n i c a l l y ,  we s h o u l d  w r i t e  l s e c  81 s i n c e  ds 	 I n-d o  i s  n o n - n e g a t i v e .  

t h i s  p r o b l e m ,  no  h a r m  i s  done  s i n c e  0  4 8 < 4-IT i m p l i e s  s e c  0 > 0 .  
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2.5.5 (L) continued 

= l isec 8 d8 

= tan 8 I: 

The more a s t u t e  s tudent  may have not iced t h a t  we rigged t h i s  prob- 

l e m  i n  t he  sense t h a t  the  po la r  equation r = sec  8 represents  the  

l i n e  x = 1 i n  Cartesian coordinates.  We did t h i s  so  t h a t  we would 

have a n i ce  example t o  show t h a t  equation ( 9 )  r e a l l y  does y i e l d  

a r c  length i n  the  usual sense. Namely, 

That is, (10) represents  the  length of AB and the  above diagram 

shows t h a t  (10) is  t r i v i a l l y  t rue .  
b 


While t h i s  i s  no t  meant a s  a l ea rn ing  exerc i se ,  there  is  a chance 

t h a t  you f e l l  i n t o  a t r a p  t h a t  confuses you. ( I f  you d i d n ' t ,  take 

the  following note l i g h t l y . )  
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d r
Since r = 1 + cos 8, -d0 = - s in  8. Hence 

2 d r  2 2 
r + ( = (1 + cos 812 + ( -s in  8) 

= 1 + 2 cos 0 + cos 29 + s i n20 

= 1 + 2 c o s e + 1  

= 2 + 2 cos 8. 

0 

Since our curve i s  t raced ou t  exac t ly  once a s  8 va r i e s  continu- 

ously from 0 t o  2a, w e  may use (1)and w r i t e  

s = 42 + 2 cos 0 d0 = cos 0 dB.iZn f i  d2' 41 + 

To handle ( 2 ) ,  we r e c a l l  t h a t  cos 3
€I 

= + $ ys . Notice t h a t  
+ 

here  the  ambiguous s ign  i s  necessary s ince ,  f o r  example, i f  

a 6 0 4 2a, then a < 7 
L 

0 
6 a ,  i n  which case  cos 7-e i s  negative. 

Thus, i f  you, a s  w e  s o  o f t en  do, merely wrote cos = 

o r  A cos 2 = + cos 0 ,  equation (2) would have become 

1
2a 

cos -8 do = 4 s i n  82 0 = o 

which i s  obviously incor rec t .  

What we should have done, remembering t h a t  a r c  length was non-

negative,  was t o  w r i t e  (3) a s  

s = 1 cos ,Iae.2 J~~ 0 

Notice t h a t  ( 4 )  i s  compatible with ( 2 )  i n  t he  sense t h a t  s ince  

41 + cos 0 means the  pos i t i ve  square roo t ,  t he  integrand i n  ( 2 )  i s  

never negative. 



Solutions 
Block 2: Vector Calculus 
Unit 5: Polar  Coordinates I1 
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I t  i s  possible  t h a t  you avoided t h i s  p i t f a l l  by "lucking out."  

That 	is, i f  you had used symmetry and computed s by 

s = z n h + 2 c o s 0 d 0  

0 cos - dB = 4 2 

= 8 s i n  -Z" I: 

you would have obtained t h e  co r r ec t  answer. The reason is t h a t  
0 8 0 n

f o r  o 6 0 < n ,  cos z =  lcos z 1  s ince  o ( 
( z. 

A s  a 	f i n a l  note,  observe t h a t  ( 4 )  and (6 )  a r e  equivalent  s ince  
0 0 8 0lcos -1 = cos - i f  0 6 0 r n ,  while lcos = -cos , i f  w 4 0 6 2,.2 2 


Hence, ( 4 )  would become 


2n 
s 0 - cos T d0 1 

Theref ore ,  

71 


s = 214" cos 
dB + 171 

and s ince  x: cos 2 de = fcos 0 dB (they a r e  lengths  of congru-

e n t  curves) ,  it follows t h a t  
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a s  asser ted  i n  ( 6 ) .  Notice a l s o  t h a t  had (6) not  been derived,  

t he  co r r ec t  answer would have followed from ( 7 ) .  
. ? 

The main caution is  t o  beware where t h e  integrand i s  a lgeb raPka l~y  

negative when adding pos i t i ve  quan t i t i e s .  

2.5.7 


1 
a. Obviously, we know t h a t  s ince  w e  have a c i r c l e  of radius  21 t he  

71 
answer i s  c l e a r l y  6. P i c t o r i a l l y ,  

Figure 1 

The warning i s  t o  remember how 0 i s  measured! To obtain  the  curve 

i n  Figure 1, 0 need only vary from 0 t o  T .  Indeed, with t h i s  ob- 

se rva t ion ,  we ob ta in ,  a s  expected, 

IT

2 2r d 0 = - s i n  0 do:/O 



S ~ l ~ t i b n S  
Block 2: Vector Calculus 
Unit 5: Polar  Coordinates I1 
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~bwever, had w e  mechanically wr i t t en  

we would have obtained 

A = 	1 (8 - s i n  8) 

which i s  twice t he  desi red answer. ( In  terms of our  opt ional  

supplementary notes,  t he  back-map of r = s i n  8, 0 6 8 4 ZIT, covers 

t h e  c i r c l e  t w i c e . )  I f  w e  de s i r e  t o  use ( 2 )  a s  t he  co r r ec t  answer, 

w e  must imagine t h a t  each time the  curve is t raced  o u t , i t  i s  

covered with a t h i n  sh i e ld  and the  next copy is made on the  sh ie ld .  

I n  our present  example, a s  8 va r i e s  from 0 t o  2 r ,  two c i r c l e s ,  

which happen t o  be congruent, a r e  t raced out. 

b. 	 J u s t  a s  i n  t h e  Cartes ian case,  we must know where t h e  curves in-

t e r sec t .  In  t h i s  case,  

We note t h a t  S i s  t h a t  por t ion of C1 between 8 = 0 and 8 = -71 4 ' 
Thus, 

r 4 s i n  8 d8 (s ince f o r  C1, r = s i n  8 ) .  
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TI TI
On the other hand, R is that portion of C2 between 9 = and 9 = 3. 
Therefore, 

i 
Therefore, 


" 	 2
A = 	f 4 sin 9 do + t ticos 9 do 

-

1 1 	 1 

= ,(9 - 3 sin 29) I: + ,(9 . + sin 29) 

. 

9 
c. 	 From Exercise 2 . 4 . 6  (b), we have that the graph of r = sin 

is given by 
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and we desire the area of the shaded region. 


Now we must be careful of where we are. We notice that C1 was 

a
traced out as 0 went from 0 to 2. Thus, the area enclosed by C, 

in the first quadrant is given by 

( i . e .  for C1 as well as C2, r = sin -)
4 
0 . 

5a
On the other hand, C2 was traced out as 0 went from 2a to -2-. 
Hence, the totaf area enclosed by C2 in the first quadrant is 

and since the region we want is inside C2 but outside C1, our 


answer is given by 
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5 a  

=, 
1 ( 8  - 2 sin 0 - 1 

( 8  - 2 sin 
2 a  

5 a  1 a -= ;[(F- 2 sin T )- (271 - CI)] - ,[(f - 2 sin 01 
. -

- - 2 - 1 - 2 ($A)]- T  [.Z [;:-
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