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Study Guide 
Block 3: P a r t i a l  Der iva t ives  

Uni t  4:  (Opt ional )  The D i r e c t i o n a l  Der iva t ive  i n  n-Dimensional Vector 
Spaces 

1. Preface:  

A s  you may a l ready  have no t i ced ,  t h e  concept of c o n t i n u i t y  and 

d i f f e r e n t i a b i l i t y  of rea l -valued func t ions  of n r e a l  v a r i a b l e s  i s  

q u i t e  d i f f i c u l t  even f o r  n = 2. For many s t u d e n t s ,  it w i l l  be 

s u f f i c i e n t l y  d i f f i c u l t  t o  absorb even t h e  m a t e r i a l  of Units  2 and 

3 which d e a l t .  a lmost  e x c l u s i v e l y  (except  f o r  a  few i l l u s t r a t i o n s )  

wi th  t h e  case  n = 2 .  Moreover, i n  many ordinary  phys ica l  a p p l i c a t i o n s ,  

t h e  case  n = 2 o r  even n = 3 u s u a l l y  s u f f i c e s .  

On t h e  o t h e r  hand, t h e r e  a r e  t imes when w e  a r e  d e a l i n g  with func t ions  

of more than t h r e e  independent v a r i a b l e s ,  i n  which case  t h e  g r a d i e n t  

and t h e  d i r e c t i o n a l  d e r i v a t i v e  a r e  s t i l l  important  even though 

they do n o t  lend themselves t o  t h e  simple i n t e r p r e t a t i o n  t h a t  w e  
o b t a i n  geomet r i ca l ly  f o r  n = 2 o r  n = 3 .  Thus, it i s  p o s s i b l e  

t h a t  t h e  s t u d e n t  who f e e l s  he has mastered t h e  m a t e r i a l  of t h e  

preceeding u n i t s  might l i k e  t o  s e e  a more genera l  t rea tment  of 

d e r i v a t i v e s  i n  n-dimensional space.  

Moreover, while t h e  approach i n  t h e  t e x t  was good and allowed us  

t o  u t i l i z e  our  i n t u i t i o n  i n  terms of t h e  geometric approach, t h e  

f a c t  i s  t h a t  w e  have dev ia ted  from t h e  s p i r i t  i n  which we were 

p lay ing  t h e  game of mathematics. I n  p a r t i c u l a r ,  it seems t h a t  i n  

terms of our  game, we a r e  almost bound t o  t r y  t o  d e f i n e  f '  (a) by 

l i m  [ f  (g+npzL-f ( a )  
f '  (5)= ax+o - I-

Our aim of t h i s  u n i t  i s  t o  show what would have happened had w e  t r i e d  

such an approach and how t h e  r e s u l t s  we would have obta ined a r e  

r e l a t e d  t o  those  ob ta ined  i n  t h e  t e x t .  

While it i s  t r u e  t h a t  one can proceed with a s tandard  elementary 

t r ea tmen t  of func t ions  of s e v e r a l  v a r i a b l e s  wi thout  recourse  t o  

t h i s  u n i t ,  it i s  o u r  f e e l i n g  t h a t  t h e  r eader  can i n c r e a s e  h i s  depth 

and h i s  g rasp  of t h e  s u b j e c t  by t r y i n g  t o  master t h i s  u n i t .  Thus, 

it i s  our  recommendation t h a t  u n l e s s  you have d e f i n i t e  reasons  f o r  
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no t  doing so,  you t r y  t o  work through t h i s  un i t .  I f  it i s  too 

d i f f i c u l t  f o r  you o r  i f  you l a t e r  p r e f e r  t o  abandon it i n  order  

t o  continue on with the  mainstream of the  course, f e e l  f r e e  t o  

do so. No problems on the  quiz w i l l  be drawn from t h i s  u n i t ,  of 

course. 

2 .  Read, Supplementary Notes, Chapter 5. 

3.  Exercises: 

3.4.1 

a. Describe the  l i n e a r  a lgebra ic  equation f o r  which 15 
( 4  ,3,2 11)  

i s  

the  so lu t ion  s e t .  

b. Describe t he  vector ,  15 
----------0 

c. Generalize p a r t s  (a )  and (b) t o  cover the  more general  case 
C 

( a l ~ a 2 , a 3 t a 4 )  

CShow t h a t  i f  -x and y a r e  both members of t h a t  -x+y need no t  be. 
-

CUnder what condi t ion(s )  w i l l  x+y a l s o  belong t o  7 ? 
-

C 
a .  In  the  case t h a t  (1)a=(al ,a2)  o r  ( 2 )  %(al ,a2,a3) show what a -

means from a geometrical po in t  of view. 

b. I n t e r p r e t  Exercise 3.4.2 i n  terms of p a r t  ( a )  (1). 

3.4.4 
C 

In  the  case a= (al ,a2)  , explain  geometrically how the  s e t  5 i s  
-

r e l a t e d  t o  the  vector  . -
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For any v e c t o r  space of dimension n ,  d e f i n e  a func t ion  f  by 

= [kg2. 
a .  	 Compute f V u ( a ) .  

-
b. 	 With n = 5  and f a s  above, u t h e  u n i t  v e c t o r  i n  t h e  d i r e c t i o n  

of (1,3,4,-1,2) and a t h e  p o i n t  (n-tuple)  ( 1 , 2 , 5 , 3 , 1 ) ,  compute 

-
c .  	 With f  and -a a s  i n  ( b ) ,  compute f v u ( a )  i f  2 i s  t h e  u n i t  vec to r  i n  

t h e  d i r e c t i o n  (2 ,1 ,2 ,1 ,2 )  . 
d.  	 Check t h e  r e s u l t  of p a r t  ( a )  by t r a n s l a t i n g ' t h e  problem i n t o  n- 

t u p l e  n o t a t i o n  and then f i n d i n g  t h e  d i r e c t i o n a l  d e r i v a t i v e  a s  

desc r ibed  i n  t h e  t e x t .  

Using t h e  r e s u l t  of Exerc i se  3.4.5, p a r t  ( a ) ,  deduce t h a t  

IlfVu(g)ll6 2 l l a l l  and t h a t  e q u a l i t y  holds  when u- i s  i n  t h e  d i r e c t i o n  

of a. From t h i s ,  deduce t h e  value  of -f v  ( a ) .  

3.4.7 

Another d e f i n i t i o n  of d i f f e r e n t i a b i l i t y  i n  n-dimensional space is  

t h e  fol lowing:  W e  say  t h a t  f  is  d i f f e r e n t i a b l e  a t  -a i f  t h e r e  

e x i s t s  a neighborhood N(=) of -a such t h a t  f o r  each p o i n t  -a+h- i n  

N(a), t h e r e  i s  a c o n s t a n t  -C,  which depends on f and -a b u t  not on 

-h , such t h a t  

f (a+h)- -f ( a )  - - - lirn k =  0.- - = ~*h+kl lh l l ,where 
llh Il+o 

U s e  t h i s  d e f i n i t i o n  of t h e  d e r i v a t i v e  t o  show t h a t  i f  f is 

d i f f e r e n t i a b l e  a t  -a then C must be f ' (5). 
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