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5.8.1(L) 

a. W e  have 

s o  t h a t  p a r a m e t r i c a l l y  C i s  given by 

X = COS t 

0 < t < 2T. 


y = s i n  t I - -

From (1)2 = - s i n  t ,  3 = c o s  t, s o  

P 2
-x ydx + y xdy 

2 2[- cos t s i n  t (- s i n  t) + s i n t Cos t (COS t)1 d t  

0 


= /  2T 2 22 s i n  cos t d t  
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5.8.1(L) cont inued 

2s i n  2 t d t  

0 


-- -1 - cos  4 t  dt
2 f21 2 


-- - 1[t - 7 s i n  4 t l  4 	

2 2

b. 	 W e  have M = -x y and N = y x. 

Hence, 

S ince  Green's  Theorem 

@dx + Ndy = 	 //(E- )dAR ,

2 
where R = (x,y) = x + y2 -< 11. 
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5.8 .1  (L)  cont inued 

The r i g h t  s i d e  of  (1) sugges ts  p o l a r  coord ina tes ,  and we ob ta in  

2- x ydx + y xdy = 12x1(r2)rdrd0 

While t h e  a c t u a l  computations involved i n  t h i s  e x e r c i s e  a r e  

s t r a igh t - fo rward ,  t h e r e  a r e  a few remarks t h a t  make t h i s  

e x e r c i s e  worthy of being a l e a r n i n g  e x e r c i s e .  F i r s t  of a l l ,  

l e t  us observe t h a t  p a r t  ( a )  was s u f f i c i e n t l y  simple s o  t h a t  

t h e  knowledge of Green 's  Theorem was ha rd ly  necessary t o  so lve  

t h e  problem (a l though we r e a d i l y  admit t h a t  t h e r e  w i l l  be t i m e s  

when Green 's  Theorem w i l l  a c t u a l l y  be a g r e a t  computational a i d ) .  

Rather  w e  used p a r t  (b) merely a s  a check, s o  t o  speak, of t h e  

v a l i d i t y  of Green's  Theorem. 

Secondly n o t i c e  t h a t  wi thout  Green 's  Theorem we would be  a b l e  t o  

determine t h a t  

$Mdx + Ndy 

(under t h e  usua l  s u i t a b l e  cond i t ions )  would be  zero  provided t h a t  

Mdx + Ndy was e x a c t .  This  i n  t u r n  means t h a t  M = Nx. Notice,
Y 

however, t h a t  w e  had no way of measuring how "c lose"  Mdx + Ndy 

was t o  being e x a c t  (whatever t h a t  might mean) i f  M # N x -Y 
Green's  Theorem, however, now t e l l s  us what 

9Mdx + Ndy 
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5 . 8 . 1 ( ~ )  continued 

looks  i n  terms of  N - Mx. I n  o t h e r  words, Green 's  Theorem does 
Y 

g i v e  us a  b e t t e r  q u a n t i t a t i v e  i d e a  of how t h e  l i n e  i n t e g r a l  

i s  a f f e c t e d  by how "near ly  equa l "  M and Nx a r e .  
Y 

F i n a l l y ,  n o t i c e  t h a t  Green's Theorem t e l l s  u s ,  once and f o r  a l l ,  

t h a t  t h e  va lue  of 

cannot  depend on t h e  pa ramet r i c  form of C ( a  f a c t  we assumed i n  

t h e  previous  u n i t  and t r i e d  t o  make seem more p l a u s i b l e  through 

t h e  e x e r c i s e s )  . Namely t h e  region R enclosed by t h e  (o r i en ted) * 
curve C i s  independent of t h e  pa ramet r i c  equat ion  used t o  

r e p r e s e n t  C.  Consequently t h e  f a c t  t h a t  

guarantees  t h a t  t h e  l i n e  i n t e g r a l  i s  t h e  same f o r  a l l  para-  

metr ized  forms of  C s i n c e  

]] (Nx - M ) dAR does n o t  depend on C.
Y 

*Again ,  i f  we c h a n g e  t h e  s e n s e  o f  C we c h a n g e  t h e  s i g n  o f  

( j u s t  a s  i n  t h e  u s u a l  d e f i n i t e  i n t e g r a l  where  


a 


What i s  i m p o r t a n t  i s  t h a t  o u r  f o r m  o f  G r e e n ' s  Theorem h i n g e s  
on  t h e  g i v e n  o r i e n t a t i o n ,  w e r e  t h e  o r i e n t a t i o n  r e v e r s e d  t h e  
i n t e g r a n d  on  t h e  r i g h t  s i d e  o f  G r e e n ' s  Theorem would  b e  

(MY - Nx). 
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Hence 

Now i n  pa ramet r i c  form we have 

y = 0 ,  x v a r i e s  from 0 t o  3; t h e r e f o r e .  9dx = 0Cl: 

x = 3,  y v a r i e s  from 0 t o  2; t h e r e f o r e ,  e =dy 0
C2:  

y = 2, x v a r i e s  from 3 t o  0; t h e r e f o r e .  2 = 0C3: 
dx - 0x = 0 ,  y  v a r i e s  from 2 t o  0; t h e r e f o r e  , dy --C 4  : 

P u t t i n g  t h e  r e s u l t s  of (2)  i n t o  (1)we have 

dy/2ydx - 3xdy =J3(zy - 3x -1dx dx (a long cl) 
C 0 

dx - 3x)dy (along C 2 )  

0 

S.5.8.5 
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5.8.2 continued 

(a long C3) 

(along C4) 

NOW i f  w e  use  Green's  Theorem we have M = 2y, N = -3x; hence 

= - 3  andM = 2.Nx Y 
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5.8.2 continued 

In  our  p r e s e n t  case  R = { ( x , y ) :  0 -< x -< 3 ,  0 ( y  2 2 1  . 
Hence, 

5.8.3tL) 

a .  	 Our purpose h e r e  i s  t o  emphasize t h a t  t h e  o rd ina ry  d e f i n i t e  

i n t e g r a l  i s  a s p e c i a l  c a s e  of a l i n e  i n t e g r a l .  Namely, given 

w e  may w r i t e  t h i s  a s  

where C i s  t h e  curve c o n s i s t i n g  of t h e  segment of t h e  x-axis 

from (a,O) t o  (b,O).  That  i s ,  C i s  given by 
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~ - - - ~-

5.8.3 (L) continued 

P i c t o r i a l l y ,  

The curve C.  

X 

I£ w e  now 

have t h a t  

look a t  (1) and l e t  M(x,y) = f (x)  and N ( X , Y ) - 0 w e  

a n d t h i s  c i r c u l a r  c h a i n o f  s t e p s  v e r i f i e s t h a t  f ( x ) d x m a y b e  

viewed a s  a l i n e  i n t e g r a l .  

b. 	 While equa t ion  (1) i s  a  v a l i d  i n t e r p r e t a t i o n  of & b  f ( x ) d x  it 

should be noted  t h a t 4  f  ( x ) d x  i s  a l i n e  i n t e g r a l  even when C 

i s  n o t  r e s t r i c t e d  t o  being a  p o r t i o n  o£ t h e  x-axis .  
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5.8.3 (L)  continued 


I n  p a r t i c u l a r  


/f (x)  dx = I f  (x)  dx + Ody 


C C 

which c l e a r l y  has  t h e  form /Mdx + Ndy wi th  M = f and N = 0. 

For example, i f  w e  wished t o  compute t h e  work done by t h e  p a r t i -  

c l e  P moving from (0.0) t o  (3.9) a long the  curve y = x2 under 

t h e  i n f l u e n c e  of t h e  f o r c e  3 (x,y )  = f ( x ) l ,  w e  would have 

At any r a t e ,  i f  w e  now = 0,l e t  ~ ( x , y )  f ( x )  and ~ ( x , y ) ~  and 

apply Green's  Theorem, w e  o b t a i n  

9 f ( x ) d x  = f ( x ) d x  + Ody = 


c c R 


*Notice that our remarks still make sense if f = f(x,y). That 
is, .f f (x,y) dx is also a well-defined line integral we are con- 
centrating on f f(x)dx since the result we are investigating 

C

in this exercise holds for 


p£(x) dx 

but, in general, not for 
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5.8.3 (L) continued 

(Notice t h a t  our  in teg rand  could n o t  have been i d e n t i c a l l y  zero  

had f  depended on y  a s  w e l l  a s  x  s i n c e  i n  t h a t  case  -a f j! 0) 
ay 

A s i m i l a r  p rocess ,  of  course ,  al lows us a l s o  t o  conclude t h a t  

c. Suppose C i s  g i v e n l p a r a m e t r i c a l l y  by 

then 

[IM~(X,Y)+ M ~ ( ~ [ N ~ ( X ' Y ),y )  ]dx + + N 2  ( x t y ) l d y  

The key p o i n t  i s  t h a t  ( 4 )  i s  a d e f i n i t e  i n t e g r a l  invo lv ing  a  

s i n g l e  r e a l  v a r i a b l e ,  and f o r  t h i s  type  of i n t e g r a l  w e  a l r eady  

know such theorems a s  " t h e  i n t e g r a l  of  a ( f i n i t e )  sum equa l s  

t h e  sum of t h e  i n t e g r a l s " ,  e t c . ,  s o  t h a t  ( 4 )  becomes 
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5.8.3 (L) continued 

I f  w e  now r e c a l l  t h e  pa ramet r i c  form of C from equat ion  ( 3 )  

w e  see t h a t  (5)  i s  e q u i v a l e n t  t o  

[Notice h e r e  t h e  tendency t o  "memorize" formulas i n  t h e  n a t u r a l  

l e f t - t o - r i g h t  order*  may make it e a s i e r  f o r  you t o  s e e  t h a t  (6)  

impl ies  (5)  r a t h e r  than t h a t  (5)  impl ies  (6)  1 

A t  any r a t e  p a r t  ( c )  should convince us t h a t  such f a m i l i a r  

theorems a s  " t h e  i n t e g r a l  of a sum i s  equa l  t o  the  sum of the 

i n t e g r a l s "  apply t o  l i n e  i n t e g r a l s  a s  w e l l  a s  t o  t h e  usua l  

d e f i n i t e  i n t e g r a l .  

*As a m o r e  e l e m e n t a r y  e x a m p l e ,  t h e  a l g e b r a  s t u d e n t ,  g i v e n  
( a  + b ) 2 ,  c a n  u s u a l l y  w r i t e  a t  o n c e  a 2  + 2 a b  f b 2 ,  b u t  g i v e n  
a 2  + 2 a b  + b 2  h e  u s u a l l y  t a k e s  a b i t  l o n g e r  t o  r e c o g n i z e  
t h a t  t h i s  i s  ( a  + b ) 2 .  T h a t  i s ,  h e  t e n d s  t o  remember  (a  + b )  

2 

= a 2  + 2 a b  + b 2  i n  t h e  l e f t - t o - r i g h t  o r d e r .  
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5.8.3 (L) continued 

b. 	 H e r e  aga in  we must g e t  away from t h e  l e f t - t o - r i g h t  format and 

r e a l i z e  t h a t  Green's  Theorem could have been w r i t t e n  i n  t h e  o rde r  

//(Nx - M ) dAR = 9 Mdx + Ndy . 
Y 

R 	 c 

2
Thus, g iven / (x2 + y dAR. t h e  l e f t  s i d e  of  (7)  sugges ts  t h a t  
R 

[al though (8)  i s  n o t  unique; f o r  example, w e  could have assumed 

t h a t  Nx = 2x2 + y2 and M = x2 b u t  l e t  us  n o t  worry about t h i s  
Y 


a t  t h e  p r e s e n t  t ime] 


From equat ion  (8)  we  o b t a i n  by d i r e c t  i n t e g r a t i o n  t h a t  


P u t t i n g  t h e  r e s u l t s  of  (8)  and (9)  i n t o  Green's  Theorem i n  (7)  

w e  o b t a i n  

C; 

By p a r t  (c) t h i s  becomes 

*Recall that for partial derivatives --a F ( x )  - 0 ,  etc. if x 
a Yand 	y are independent variables. 
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5.8.3(L) continued 

Now from p a r t  (b)  we know t h a t  

s o  t h a t  (11)becomes 

3 3- y dx + x dy. 

Note : 

Had w e  used Nx = 2x2 + y2 and M = x 2 ,  w e  would have obta ined 
Y 

whereupon (7) would have y ie lded  

s o  whi le  

2
/j (x2 + y 1dAR i s  a well-defined number, t h e r e  a r e  many 

R 

d i f f e r e n t  in teg rands  f o r  which 

J/(x2 + y 2 ) ~ R  i s  equa l  t o  PMdx + Ndy. 

R C 
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a .  	 Suppose w e  l e t  M(x,y) = -y and N(x,y)  = X I  and then apply Green's 

Theorem. W e  o b t a i n  

B 	- ydx + xdy = // (Nx - My) *dAR 

Hence, a s  a s s e r t e d  

b. 	 The main aim of t h i s  p a r t  of t h e  e x e r c i s e  i s  t o  show t h a t  whi le  

Green's  Theorem was h e l p f u l  f o r  so lv ing  p a r t  ( a )  w e  could have 

obta ined t h e  same r e s u l t  wi thou t  it. 

Without t r y i n g  t o  be extremely r igorous  h e r e ,  t h e  key i d e a  i s  

t h a t  w e  now p ick  a t r i a n g l e  a s  our  b a s i c  element of a r e a .  

Thus, 

* N o t i c e  t h a t  h a v i n g  N ( x , y )  = x and M(x,y)  = -y i s  q u i t e  
c o n v e n i e n t  b u t  u n n e c e s s a r y .  What seems t o  b e  t h e  c r u c i a l  
t h i n g  i s  t h a t  Nx - M i s  a  c o n s t a n t .  

Y 


S.5.8.14 
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5. 8.4 (L) cont inued 

Now from our  knowledge of v e c t o r  geometry, t h e  a r e a  of 

+ -+ 

AOB = 21 

lOB x OAl 


Thus, our  element of a r e a  w r i t t e n  i n  d i f f e r e n t i a l  form i s  

which checks wi th  the  form i n  p a r t  ( a ). 

Again our  main aim i n  p a r t  (b) i s  t o  show t h a t  one could have 

a r r i v e d  a t  

=L$- ydx + xdy
A~ 2 

wi thout  r ecourse  t o  Green's  Theorem, even though Green's  

Theorem i s  convenient .  

5.8.5 


P a r a m e t r i c a l l y  t h e  e l l i p s e  C i s  given by 


x = a cos  t O < t < 2 l T  

y = b s i n  t 
1 
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5.8.5 continued 


Hence by t h e  previous  e x e r c i s e  


% = ; - ydx + xdy 


-
- J ~ ' ( - Y  + x 8)d t ,  

A = 1J27I 
[-b s i n  t ( - a  s i n  t) + a cos  t ( b  cos  t)l d t

R 2 

-- z f2'*(sin 2
t + cos 2t ) d t  

[Had w e  e l e c t e d  t o  so lve  t h i s  problem wi thout  l i n e  i n t e g r a l s  

w e  would have had t o  e v a l u a t e  

which i s  c e r t a i n l y  f a r  from an overwhelming t a s k ,  b u t  our  main 

aim i n  t h i s  e x e r c i s e  i s  t o  emphasize t h e  formula 

P - ydx + xdy = 2 

c R 
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Reca l l  t h a t  a connected region R i s  simply connected (.by d e f i n i t i o n )  

i f  and only  i f  i t s  complement i s  connected. C l e a r l y ,  then ,  the  

r eg ion  R below i s  n o t  simply connected. 

i ,/ L-</ ' 
The shaded region denotes  t h e  complement of R and s i n c e  t h i s  

shaded reg ion  c o n s i s t s  of two d i s j o i n t  p ieces  it i s  n o t  connected. 

Hence, R i s  not .s imply-connected.  

Suppose now w e  s l i t  R by d e l e t i n g  t h e  l i n e  AB. 

Le t  R1 denote t h e  region obta ined when t h e  l i n e  AB i s  d e l e t e d  

from R. C e r t a i n l y  R and R1 a r e  d i f f e r e n t  regions  s i n c e  t h e  

p o i n t s  on AB belong t o  R b u t  n o t  t o  R1. I n  f a c t ,  R I C  R. 
# 

The p o i n t  i s  t h a t  R1 i s  simply connected because i t s  complement i s  

connected. Namely, t h e  complement of R1, s i n c e  AB i s  p a r t  of t h e  

complement, i s  t h e  shaded region.  
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5.8.6 continued 

The p o r t i o n  AB connects  t h e  2 p i e c e s  which were n o t  connected 

when w e  were d e a l i n g  wi th  t h e  complement of  R. 

The key p o i n t  is  t h a t  we may t h i n k  i n  terms of  o r i e n t e d  

boundaries f o r  simply-connected reg ions  q u i t e  e a s i l y .  For 

example wi th  r ega rd  t o  R1 w e  may s t a r t  a t  B fo l low C2 u n t i l  w e  

r e t u r n  t o  B,  then proceed along AB t o  A ,  whereupon w e  fo l low 

C1 i n  t h e  oppos i t e  sense  ( s i n c e  o r i e n t e d  boundaries r e q u i r e  

t h a t  w e  move i n  t h e  d i r e c t i o n  t h a t  keeps t h e  enclosed region 

on our  l e f t )  u n t i l  w e  r e t u r n  t o  A ,  and then w e  c l o s e  o u r  boundary 

by r e t u r n i n g  t o  B along AB. 

To see t h i s  more c l e a r l y  l e t  us  exaggera te  our  r eg ion  R1 by 

pre tending t h a t  AB has th ickness .  That  i s ,  view R1 a s  

keeping i n  mind t h a t  A = A '  and B = B'  (i .e.,  A and A '  

co inc ide  a s  do B and B'  ) . The arrows i n d i c a t e  t h e  o r i e n t e d  

boundary. 

Now s i n c e  Mdx + Ndy i s  e x a c t  i n  t h e  region R1 a s  w e l l  a s  

on i t s  boundary, w e  conclude t h a t  

O M d x  + Ndy = 0 
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5.8 .6  continued 

where C denotes  t h e  boundary of R1 ( n o t  R )  . 

I f  we l e t  C3 denote  t h e  d i r e c t e d  segment AB then BA i s  denoted by 

- C3 and we have t h a t  C = C1 U (-C3) U (-CZ) UC3. 


t h a t  i s  


n o t  C1 s i n c e  i n  t h e  given Iproblem C1 denotes t h e  same 

curve  b u t  wi th  oppos i t e  sense  

Ln t h e  " t r u e "  diagram w e  a r e  saying t h a t  

start,->B 

h e r e  and 

fo l low 

t h e  

arrows 


I n  any e v e n t  w e  have 

D M d x  + Ndy = / Mdx + Ndy + Mdx + Ndy + / Mdx + Ndy 
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5.8.6 continued 

The key s t r u c t u r a l  p roper ty  of l i n e  i n t e g r a l s  which w e  now invoke 

i s  

1Mdx + Ndy = - / ~ d x+ Ndy. 

I n  p a r t i c u l a r  

Mdx + Ndy = - Mdx + Ndyf / 
3 

s o  t h a t  

I Mdx + Ndy + 1Mdx + Ndy = O* 

and 

Combining t h e s e  f a c t s  wi th  (1) and (2) we o b t a i n  

0 = 9Mdx + Ndy = J Mdx + Ndy - Mdx + Ndy, 

C C1 C2 

whence 

* T h i s  i s  t h e  c r u c i a l  s t e p  t h a t  a l l o w s  u s  t o  r e p l a c e  R  b y  R1 f o r  
e v e n  t h o u g h  R # R1 we a r e  i n t e g r a t i n g  a r o u n d  t h e  b o u n d a r y  a n d  C3 
i s  t h e  o n l y  p l a c e  w h e r e  t h e  b o u n d a r i e s  o f  R a n d  R1 a r e  d i f f e r e n t .  
T h e  f a c t  t h a t  t h i s  c o n t r i b u t i o n  t o  t h e  l i n e  i n t e g r a l  v a n i s h e s  
i s  w h a t  a l l o w s  u s  t o  c o n c l u d e  t h a t  n o  e r r o r  i s  i n t r o d u c e d  when 
R1 i s  u s e d  t o  r e p l a c e  R .  



- - 

- -  - 

Solu t ions  
Block 5: Mul t ip le  I n t e g r a t i o n  
Uni t  8: Green's  Theorem 

5.8.7(L) 

The previous  e x e r c i s e  s u p p l i e s  us wi th  a very powerful r e s u l t  

about  e x a c t  d i f f e r e n t i a l s  and l i n e  i n t e g r a l s  (and t h i s  w i l l  come 

again  l a t e r  i n  t h e  c o n t e x t  of complex v a r i a b l e s ) .  With r e f e r e n c e  

t o  t h e  p r e s e n t  e x e r c i s e ,  w e  observe t h a t  t h e  given l i n e  i n t e g r a l  

would be p a r t i c u l a r l y  convenient  t o  e v a l u a t e  had our  o r i e n t e d  

curve been, f o r  example, t h e  c i r c l e  of r a d i u s  1 centered  a t  t h e  

o r i g i n .  

I n  t h i s  e v e n t  we would have 

C1: 	X = COS t )  

y = s i n  t 

Hence : 

dx - dt td t  s i n  t ,  * =  cos 

2 x + y 2 = 1  

Then 

2TI 

2 2 
= J ( s i n  t + cos  t l d t  



Solu t ions  
Block 5: Mul t ip le  I n t e g r a t i o n  
Uni t  8 :  Greens' Theorem 

5.8.7  (L) cont inued 

The t r o u b l e  i s  t h a t  w e  do n o t  want t h e  i n t e g r a l  around C1 b u t  

r a t h e r  around C ,  where 

b u t ,  according t o  t h e  previous  e x e r c i s e ,  s i n c e-
- ydx + xdy 


2 2 

x + Y  


i s  e x a c t  on and between t h e  curves  C1 and C [ r e c a l l  t h a t  

i s  e x a c t  everywhere b u t  a t  (0 ,0 )1 ,  w e  may conclude t h a t  



- - 

- - 

Solutions 

Block 5: Mul t ip le  I n t e g r a t i o n  
Uni t  8: Green's  Theorem 

5.8.7 (L) continued 

Consequently, 

while w e  s h a l l  n o t  be labor  t h e  p o i n t  h e r e ,  it might be worthwhile 

f o r  you t o  t r y  t o  compute 

- ydx + xdyp x 2 + y 2  

d i r e c t l y .  For example you might r e p r e s e n t  C by 

x = a cos t 

y = b s i n  t O < t < 2  

i n  which case  

2 2- ydx + xdy - 2m-ab cos  t - ab s i n  t dt 
- a 2 c o s 2 t  + b 2 s i n2t 

C 0 

- UL 

2 2ab J a 2 c o s 2 t  + b s i n  t0 

and t h e  complexity of t h e  in teg rand  i n  (1) should make it 

c l e a r  why t h e  method used i n  t h i s  e x e r c i s e i s  d e s i r a b l e .  

Therefore ,  



Solu t ions  
Block 5: Mul t ip le  I n t e g r a t i o n  
Uni t  8: Green's  Theorem 

5.8.8 continued 

a N  a M
Comparing (1) and (2)  w e  see t h a t  -ax = -ay excep t  when x = 2 and 

y = 0 ( s i n c e  then n e i t h e r  (1)nor (2)  i s  well-defined i n  t h e  
0 

sense  t h a t  both a r e  forms) . 

I n  summary then 

is  e x a c t  i n  any region R which does n o t  con ta in  t h e  p o i n t  (2,O).  

b. S ince  t h e  r eg ion  enclosed by Cl( inc luding t h e  boundary C1 i t s e l f )  

does n o t  c o n t a i n  ( 2 , 0 ) ,  w e  o b t a i n  from Green's  Theorem, us ing t h e  

f a c t  t h a t  

C. W e  cannot  use Green 's  Theorem t o  e v a l u a t e  



S o l u t i o n s  
Block 5: Mul t ip le  I n t e g r a t i o n  
Unit  8: Green's  Theorem 

5.8.8 continued 

s i n c e  (2,O) i s  inc luded i n  t h e  region enclosed by C2.  We could t r y  

t o  e v a l u a t e  t h e  g iven i n t e g r a l  by "b ru te  f o r c e "  l e t t i n g  C2 be 

w r i t t e n  p a r a m e t r i c a l l y  a s  

x = 4 cos  t 

O < t < 2 
-y = 	4 s i n  t -

and 	w e  could then "hack o u t "  t h e  g iven i n t e g r a l .  eel f r e e  t o  

t r y  t h i s  approach and s e e  how you make o u t . )  

On t h e  o t h e r  hand, we.can t a k e  advantage of t h e  technique of t h e  

previous  e x e r c i s e  and observe t h a t  t h e  o r i e n t e d  curve C3 centered  

a t  t h e  " t r o u b l e  spo t "  (2,O) with r a d i u s ,  s a y ,  1 i s  enclosed by C2 

and our  in teg rand  i s  e x a c t  i n  t h e  region between C2 and C3 a s  we l l  

a s  on t h e  boundaries of t h e  curve.  Hence 

The reason f o r  choosing C3 i s  t h a t  it s i m p l i f i e s  t h e  in tegrand.  

For example , t h e  C a r t e s i a n  equat ion  f o r  C3 i s  (x  - 2)
2 + y2 = 1 

i n  which case  

immediately s i m p l i f i e s  t o  

p	- ydx + ( x  - 2)dy . 

To e v a l u a t e  (5 )  wi thout  t o o  much m e s s ,  t h e  p o l a r  r e p r e s e n t a t i o n  

f o r  	C3 should be used. Namely 

C3: 	 X = 2 + cos  t 


y = s i n  t 




S o l u t i o n s  
Block 5: Mul t ip le  I n t e g r a t i o n  
Uni t  8: Green's  Theorem 

5.8 .8  continued 

P i c t o r i a l l y ,  


Y 


P ( 2  + cos t ,  s i n  t) 

X 

c 2 

Then, 


dx = - s i n  t d t  


dy = cos t d t  


x - 2 = c o s t  


and w e  have 

- ydx + (x  - 2)dy  = J -s i n  t) ( - s i n  t d t )  + cos  t ( c o s  t d t ) 1 
C3 0 

+ cos 2 d t= ~ ~ ' i s i n ~ t  t l  

Combining t h e  r e s u l t s  of ( 4 ) ,  ( 5 ) ,  and (6)  w e  have 



S o l u t i o n s  
Block 5: M u l t i p l e  I n t e g r a t i o n  
Un i t  8: G r e e n ' s  Theorem 

5.8.8 c o n t i n u e d  

Comparing ( 3 )  and ( 7 )  we see t h a t  

- ydx + ( x  - 2 ) d y  - ydx + ( X  - z ) d yf 	 9
2 (X - 2)
2 + y 

2 
+ 

C 
(X - 212 + y2 


2 


d. 	 T h i s  does n o t  c o n t r a d i c t  t h e  r e s u l t  e s t a b l i s h e d  i n  E x e r c i s e  5.8.6 

because  

- ydx + ( X  - 2 ) d y  

2 2


( x - 2 )  + y  

i s  n o t  e x a c t  a t  e a c h  p o i n t  i n  t h e  r e g i o n  e n c l o s e d  between C1 

and C2. 

Summarized p i c t o r i a l l y ,  Y 

) X 

S.5.8.27 




S o l u t i o n s  
Block 5: Mul t ip le  I n t e g r a t i o n  
Unit  8: Green 's  Theorem 

5.8.8 continued 

P i s  n o t  enclosed between C2 and Cj, and Po i s  the only  p o i n t  a t  
0 

which o u r  in teg rand  i s  n o t  e x a c t .  


Hence, 


P i s  enclosed between C1 and C2 and t h e r e f o r e  P need n o t  equa l  

C1 

W e  have from Green's  Theorem t h a t  


a u a (-uYu) 

- u udx + u udy = -

X aY laA, 
C R 

NOW, s i n c e  u  = v - w and v - w  on C ,  we  have t h a t  on C , u - 0  and 

hence 



Solu t ions  
Block 5: Mul t ip le  I n t e g r a t i o n  
Uni t  8: Green's  Theorem 

5.8.9 continued 

Moreover, s i n c e  v + v :0 and wxx + w = 0 i n  R i t  fol lows 
xx YY YY-


t h a t  uxx + u = (vXX- wXX) + ( V  - w 1 

YY YY YY 

S u b s t i t u t i n g  t h e s e  r e s u l t s  i n t o  (1) y i e l d s  

Since u 
X 

+ uY -> 0 ( i . e . ,  t h e  sum of r e a l  squares  i s  non-

nega t ive )  then 

2
//;u: + u )dAR 2 0 and equa l s  0 -

Y 2 + u 2 E o .Y 
R 


Hence from ( 2 )  we conclude t h a t  ux2 + u 2 -= 0 o r ,  i n  t u r n ,  
Y 

Since u :u = 0 impl ies  u  = cons tan t  we know t h a t  u = v - w = 
X Y 

cons tan t .  But v E w on C means t h a t  u = v - w = 0 on C ,  and 

s i n c e  u i s  a cons tan t  t h e  f a c t  t h a t  it i s  0  on C means t h a t  it i s  

C throughout  R. 

Thus v = w throughout R a s  a s s e r t e d .  In  o t h e r  words Green's  

Theorem g i v e s  us  a  proof t h a t  i f  C i s  t h e  boundary of R and 

i f  

i n  R then w is  uniquely determined once w e  know i t s  behaviour 

on t h e  boundary, C ,  of R. 



Solu t ions  
B l o c k  5: Mul t ip l e  I n t eg ra t i on  
U n i t  8: G r e e n ' s  T h e o r e m  

i. W e  are g i v e n  

w h e r e  C  = C  U C 2 U C 3 U C 4 ,  and1 

( a , d) 

P a r a m e t r i c a l l y  w e  have 

C1: y = c,  a <- x <- b ( t h e r e f o r e ,  dy = 0) 

C2: x = b ,  c <- y <- d ( t h e r e f o r e ,  dx = 0) 

y = d ,  x varies f r o m  b t o  a (therefore, dy = 0)C3: 
x = a, y varies f r o m  d t o  c (therefore, dx = 0 )

C4: 

H e n c e  

* s i n c e  e i s  a g i v e n  c o n s t a n t  ( a s  are  a , b ,  and d )  ibM(x,e)dx 
i s  an ord inary  Riemann ( d e f i n i t e )  i n t e g r a l .  



Solutions 

Block 5: Multiple Integration 

Unit 8: Green's Theorem 


5.8.10 continued 


Similarly 


Thus, utilizing results (1) , (2 )  , ( 3 )  , and ( 4 )  we have 

f Mdx + Ndy = Mdx + Ndy 
i= 1 i 


* A l l  we a r e  d o i n g  h e r e  i s  u s i n g  t h e  u s u a l  f a c t  a b o u t  t h e  d e f i n i t e  
i n t e g r a l  t h a t  

A s  w i l l  b e  c l e a r  s o o n  we u s e  t h e  f o r m  jb r a t h e r  t h a n  /ba s o  t h a ta
( 1 )  a n d  ( 3 )  may b e  c o m b i n e d  m o r e  conveniently. 



Solu t ions  
Block 5: Mul t ip le  I n t e g r a t i o n  
Uni t  8: Green's  Theorem 

5.8.10 continued 

Resu l t  (5)  i s  se l f - con ta ined  i n  i t s  own r i g h t ,  b u t  s i n c e  our  aim 

i s  t o  i d e n t i f y  

9 Mdx + Ndy 

wi th  a double i n t e g r a l  w e  observe t h a t  

[ i . e . ,  I -aN dx = N + g ( y )  SO t h a t  dx = N ( ~ I Y )+ g ( y )  -
ax 


[ ~ ( a , y )+ g ( y )1 = N ( ~ , Y )  - N ( a f ~ ) l  


and 

P u t t i n g  t h e  r e s u l t s  of ( 6 )  and (7)  i n t o  (5 )  we o b t a i n  

aM 

Mdx + Ndy = + lb1- l G d ~ l d x f  

aN a M
and i f  w e  now assume t h a t  -ax and - a r e  " s u f f i c i e n t l y  w e l l  ay 

behaved" t o  j u s t i f y  changing t h e  o r d e r  of i n t e g r a t i o n ,  w e  


have 

Mdx + Ndy = jdib dxdy - P ldaWaY dxdy 
c a 



Solutions 

Block 5: Multiple Integration 

Unit 8: Green's Theorem 

- -

5.8.10 continued 


and this establishes Green's Theorem for the special case in which 


R is a rectangle with its sides parallel to the coordinate axes. 


b. We have 


Parametrically we have 


C1: y=f(x) a < x < b- -
y = d, x varies from b to a* IC2: 


C3: x = a, y varies from d to c. 


* S i n c e  b >  a  we c a n n o t  w r i t e  b  5 x 5 a s o  we s a y  "x v a r i e s  f rom b  
t o  a" .  Now t h e  " p u r i s t "  wou ld  p r e f e r  t o  u s e  o n l y  m a t h e m a t i c a l  
s y m b o l s  a n d  f o r  t h i s  r e a s o n  o n e  f i n d s  t h a t  C2 ( o r  any  c u r v e  of t h i s  
n a t u r e )  i s  o f t e n  w r i t t e n  i n  t h e  p a r a m e t r i c  f o r m  

N o t i c e  i n  t h i s  f o r m  a s  t v a r i e s  f rom 0 t o  b - a ,  x v a r i e s  f rom 
b - 0 (= b )  t o  x = b - ( b  - a )  = a ,  and  we o b t a i n  t h e  same r e s u l t  
a s  i n  o u r  v e r b a l  f o r m .  S i n c e  we f e e l  t h a t  "x v a r i e s  f rom b t o  
a "  i s  s u f f i c i e n t l y  p r e c i s e  f o r  o u r  p u r p o s e s ,  we h a v e  n o t  r e s o r t e d  
t o  t h e  more  r i g o r o u s  p a r a m e t r i c  fo rm.  



Solu t ions  
Block 5: Mul t ip le  I n t e g r a t i o n  
Uni t  8: Green's  Theorem 

5.8.10 continued 

I n  any even t  

Mdx + Ndy = Mdx + a Ndy* 

= f Mdx + 4Mdx + l3Mdx + f Ndy .r,NdyC1 C1 + 

b u t  s i n c e  dy = 0 on C2 ( i . e . , y  is  cons tan t  on C 2 )  and dx = 0 on 

C3, w e  have 

$JMdx + Ndy = f L2Mdx + 1 Ndy + l3Ndy. 
Mdx + 

1 1 


From ( 9 )  

and 

J ~ d x= /ba M(x,d)dx 
c7 

s o  t h a t  

*We s p l i t  t h e  l i n e  i n t e g r a l  t h i s  way t o  t a k e  advantage  o f  
t h o s e  p o r t i o n s  o f  C on which dx = 0 or dy = 0. 



Solu t ions  
Block 5: Mul t ip le  I n t e g r a t i o n  
Unit  8: Green 's  Theorem 

5.8.10 cont inued 

I n  a s i m i l a r  way we e v a l u a t e  

b u t  t o  t ake  advantage of  t h e  f a c t  t h a t  dx i s  absen t  from these  

i n t e g r a l s ,  w e  r e w r i t e  C1 p a r a m e t r i c a l l y  a s  

and t h i s  i s  p o s s i b l e  because w e  have r e s t r i c t e d  f  t o  being mono- 

t o r i c a l l y  i n c r e a s i n g  (hence,  1 -11  . 

W e  then  o b t a i n  

Hence, 

Ndy + L3Ndy = - N(a .y ) Idy~ I N ( f - ' ~ y I 1 ~ 1  


1 




- - 

Solu t ions  
Block 5: Mul t ip le  I n t e g r a t i o n  
Uni t  8: Green's  Theorem 

5.8.10 continued 

Combining (11) and (12) w i t h  (10) w e  have 

Mdx + Ndy = -
R 


which proves Green's  Theorem f o r  r eg ions  of  t h e  foxm 

y = c o n s t a n t  

y = f (x) with f monotonic 

x = c o n s t a n t  

The key p o i n t  is t h a t  every  l i n e  i n t e g r a l  o f  t h e  form 

may be  viewed as a sum of  i n t e g r a l s  around reg ions  a s  desc r ibed  

in (a) and Ib). 

For example, 



Solu t ions  
Block 5: Mul t ip le  I n t e g r a t i o n  
Unit  8: Green's  Theorem 

5.8.10 cont inued 

On t h e  d o t t e d  common boundaries t h e  i n t e g r a l s  cancel  s i n c e  each 

boundary i s  t r a v e r s e d  twice ,  wi th  oppos i t e  o r i e n t a t i o n s  and t h i s  

e s t a b l i s h e s  t h e  proof of  Green's  Theorem i n  genera l .  

5.8.11 ( o p t i o n a l )  

Mdr + NdQ = Mdr + NdQ + Mdr + NdQ + Mdr + NdQ 

+ / Mdr + NdQ 

C4 

= Mdr + / Mdr + / Mdr + f i d r  

1 2 C3 C4 

Now ( p o l a r )  pa ramet r i c  forms f o r  C1, C 2 ,  C3 and C4 a re :  



Solu t ions  
Block 5: Mul t ip le  I n t e g r a t i o n  
Unit  8: Green's  Theorem 

5.8.11 (continued) 

C1: 0 = a ,  a -< r -< b ,  ( t h e r e f o r e ,  d0 = 0) 


C2:  r = b,  a -< 0 -< b ,  ( t h e r e f o r e ,  d r  = 0) 


C3: 0 = B ,  r v a r i e s  from b t o  a ,  ( t h e r e f o r e  d0 = 0) 


C4: r = a ,  0 v a r i e s  from Bto a ,  ( d r  = 0) 


Using t h e  r e s u l t s  of  (2)  i n  (1)we have 



-- 

Solu t ions  
Block 5: Mul t ip le  I n t e g r a t i o n  
Unit  8: Green 's  Theorem 

5.8.11 continued 

Under t h e  assumptions t h a t  both -aM and -a N  a r e  (piecewise-)a e a r 
continuous t h e  i n t e g r a l s  i n  ( 2 )  may have t h e i r  o rde r  of i n t e -

g r a t i o n  reve r sed  (and s i n c e  t h e  l i m i t s  of i n t e g r a t i o n  a r e  

c o n s t a n t s ,  t h i s  merely involves  r e v e r s i n g  t h e  i n t e g r a l s ) ,  s o  

t h a t  

f Mdr + NdQ = lyb drdQ - dYb drdQ 

Equation ( 3 )  i s  Green's  Theorem i n  p o l a r  coordinates .  The 

s u b t l e t y  i n  (3 )  l i e s  i n  t h e  f a c t  t h a t  t h e  element of a r e a  i n  

p o l a r  coord ina tes  i s  n o t  drde b u t  r a t h e r  rd rde .  

Thus, i f  we wish t o  rewrite ( 3 )  a s  an i n t e g r a l  involving dAR 

w e  must say 

Mdr + NdQ = 

where w e  ob ta ined  ( 4 )  from (3 )  j u s t  by mul t ip ly ing  and d iv id ing  

t h e  in teg rand  on t h e  r i g h t  by r .  

Since  t h e  l i m i t s  of i n t e g r a t i o n  on t h e  r i g h t  s i d e  of ( 4 )  d e f i n e  

t h e  region R ,  equat ion  ( 4 )  becomes 

Mdr + NdQ = - ( - - -a N  a M  )dAR.I r a r  ae 

A comparison of equa t ions  (3)  and (5 )  seems t o  make t h e  fol lowing 

g e n e r a l i z a t i o n  p l a u s i b l e :  I f  we a r e  us ing u and v a s  coordinates  

where 

i s  i n v e r t i b l e  and i f  C enclosed t h e  coordinate  r ec tang le  bounded 

between t h e  p a i r s  of curves u = a ,  u = b and v = c ,  v = d (where 





Solutions 
Block 5: Mul t ip le  I n t e g r a t i o n  
Uni t  8: Green's  Theorem 

5.8.11 continued 

The p o i n t  i s  t h a t  Green 's  Theorem i n  v e c t o r  language i s  w r i t t e n  

i n  t h e  form 

where 

dg = ds; (t i s  a u n i t  t angen t  v e c t o r  t o  C I  

and 

dR= dA (g t h e  usua l  u n i t  v e c t o r  perpendicular  t o  the  xy-R 
p l a n e ) .  [Notice,  by t h e  way, t h a t  even when o t h e r  coordinate  

+ 
systems a r e  used t o  d e s c r i b e  t h e  xy-plane, k i s  s t i l l  t h e  u n i t  

v e c t o r  pe rpend icu la r  t o  t h e  plane.]  

? x 3 i s  c a l l e d  t h e  c u r l  of 9 and i n  Car tes i an  Coordinates 

s o  t h a t  by d e f i n i t i o n  t h e  o p e r a t o r v i n  Car tes i an  coordinates  i s  

de f ined  by 

+ a'f?f = : + + k - ( t h e  g r a d i e n t  of f )ax a Y a z 

a t a + a -t -t +it $ =  - +ax 1 - +  k - 1  (1 f l  + j f 2  + kf3)  where F = 
ay a z 

-tl f l  + 3f2 + $f3 

a £1- - a f  2+ + -
ax ( t h e  divergence of 6)

ay a z  

( t h e  c u r l  of $1. 



Solu t ions  
Block 5: Mul t ip le  I n t e g r a t i o n  
Unit 8: Green 's  Theorem 

5.8.11 continued 

Note #1 

Do n o t  confuse f x  and f l ,  e t c .  f x  r e f e r s  t o  t h e  p a r t i a l  

d e r i v a t i v e  of a s c a l a r  func t ion  f  (x, y ,z )  while  f r e f e r s  t o  t h e  
-t -+
1-component of a v e c t o r  f u n c t i o n  F (x ,y  ,z )  . 

Note # 2  

I n  p o l a r  coord ina tes ,  f o r  example, n o t i c e  t h a t  the g r a d i e n t  
-+ -+

of f ( r ,Q)is n o t  frur + fguO(+ f (where :,= 2 ) .  Rather 
-+ 1 

w e  saw i n  Block 3 t h a t  i n  t h i s  case  vf = f ;+ fQGQ(+f ,g ) .r r 

Thus, whi le  t h e  d e f i n i t i o n  of $f i s  independent of any coord ina te  
df -+system i . ., iff i s  def ined by t h e  i d e n t i t y  = iff us) i t s  

form does depend on t h e  coord ina te  system. 

I n  summary, t h e ,  r e t u r n i n g  t o  (8) t h e  genera l  form of Green I s  

Theorem i n  v e c t o r  form i s  

Fur the r  p u r s u i t  of  t h i s  t o p i c  i s  l e f t  t o  t h e  i n d i v i d u a l  i n t e r e s t  

of t h e  s tuden t .  
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1. The n o t a t i o n  

i n d i c a t e s  t h e  region i n  which 0 x 3 and f o r  each such x ,  

y v a r i e s  from t h e  curve y = x2 t o  t h e  curve y = 3x. 

Thus, 

(F igure  1) 

To in terchange t h e  o rde r  of  i n t e g r a t i o n ,  w e  r e w r i t e  Figure  1 


us ing a  h o r i z o n t a l  element of a r e a .  


That  i s ,  


(Figure  2) 
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1. continued 

From Figure  2 w e  see t h a t  y  may be  any number such t h a t  0 f y 5 9; 

and t h a t  f o r  a f i x e d  value  o f  y ,  x  v a r i e s  from $- t o  4y. 

Hence, 

i9 4Y 2 
xy d  d = XY dx dy. 

3 

Check: 
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1. continued 

2 .  (a) Our region R is given by 



- - - - 
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2. continued 

and is  de f ined  a n a l y t i c a l l y  by 

R = { ( r ,  8):O < 8 < 2" and f o r  a f i x e d  8 ,  0 < r < 1 + cos  8 )  

We a l s o  know t h a t  t h e  d e n s i t y  of  R a t  any p o i n t  is equal  t o  

t h e  d i s t a n c e  o f  t h a t  p o i n t  from t h e  o r i g i n ;  and us ing p o l a r  

coord ina tes  t h i s  d i s t a n c e  is denoted by r. 

dence, t h e  mass is  given by 

3 21 1  + 3 cos 8 + F(l+ cos 28) + cos B(1-sin 8) Id8  

+ 4 cos 8 + -2 
3 cos 28 - s i n  28 cos B)de 

- - 58 3 1- [ - +  4 s i n  8 + - s i n  2 8 - - s i n
3 2 4 3 
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2. continued 

(b) The volume i s  given by 

which i n  p o l a r  coord ina tes  is  

and t h i s  i s  t h e  same i n t e g r a l  a s  i n  p a r t  ( a ) .  I n  o t h e r  words, 

p a r t  (b)  i s  simply another  i n t e r p r e t a t i o n  of  t h e  i n t e g r a l  i n  
5 .rr

( a ) ;  consequently,  t h e  answer t o  (b)  i s  a l s o  7 . 

( a )  By l i n e a r i t y  t h e  f a c t  t h a t  (2,-1) maps i n t o  ( 1 , O )  impl ies  

t h a t  

(2u, -u) maps i n t o  (u,O) 

whi le  (-3,2) maps i n t o  ( 0 , l )  impl ie s  

(-3v, 2v) maps i n t o  ( 0 , ~ ) .  

Again by l i n e a r i t y ,  	 (1) and (2)  imply t h a t  


(2u,  -u) + (-3v, 2v) maps i n t o  (u.0) + (0,v)  ; 


(2u - 3v, -u + 2v) maps i n t o  ( u , v ) .  

Thus, i f  ( x , y )  maps i n t o  ( u , v ) ,  it fol lows from (3)  t h a t  

Solving ( 4 )  f o r  u and v  i n  terms of x and y  y i e l d s  
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3 .  continued 

I n  o the r  words, our mapping i s  defined by 

(b) Let t ing  u = 2x + 3y and v = x + 2y, we have t h a t  

X X 
u v 
dv du. 

Yu yv 

Hence, by (4). 

[l 2 -3 

e u cos v dv du 
-1 2 

= 64'eu cos v  dv du 

= v dvl lt e u d u l1 lcOs 
= s i n  l ( e l  - eO) 
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4. 	 By symmetry w e  may assume t h a t  t h e  base  of t h e  c y l i n d e r  l i e s  i n  

t h e  xy-plane and t h a t  t h e  c y l i n d e r  i s  c u t  from above by t h e  

hemisphere 

and then double t h e  r e s u l t i n g  s o l u t i o n .  

S ince  our region R i n  t h e  xy-plane i s  t h e  c i r c l e  of r ad ius  a 

centered  a t  t h e  o r i g i n  and s i n c e  our " top"  i s  t h e  s u r f a c e  

W e  have t h a t  t h e  volume i n  ques t ion  i s  given by 

and, i f  we e l e c t  t o  use p o l a r  coord ina tes ,  t h i s  i n t e g r a l  

becomes 

whereupon t h e  answer t o  t h i s  e x e r c i s e  i s  given by 
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4.  continued 

5. ( a )  S ince  

it fol lows t h a t  2xy dx + (x2 + cos y)dy i s  exac t .  I n  p a r t i c u l a r ,  

2 2f x =  2xy + f = x y  + g ( y )  + f = x + g ' f y ) .
Y 


Then, s i n c e  f  must a l s o  equa l  x2 + cos y,  w e  o b t a i n 

Y 


2 
x + g r ( y )  = x2 + cos  y  

g '  (y)  = cos  y. 


Hence, 


g ( y )  = s i n  y + c, 


whereupon 


2 
f = x Y + g ( y )  + 


2
f = x y +  s i n  y  + c. 


That  is, 
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5. 	 cont inued 

2d ( x  y  + 	s i n  y  + c )  = 2xydx + (x2  + cos y)dy.  

(b)  	 S ince  2xydx + (x2 + cos y )  dy i s  exac t ,  


2xydx + (x2 + cos y)dy 


d o e s n ' t  depend on t h e  pa th  which j o i n s  (0,O) t o  (1,l). In  

p a r t i c u l a r ,  us ing  (1), ( 2 )  becomes 

I(111) 
2d ( x  y  + s i n  y  + c )  


(0,O) 


2 
= ( x  y  	+ s i n  y  + c) 

= (1+ s i n  1 + c) - (0 + 0 + c) 


= 1 + s i n  1 


and t h i s  answer a p p l i e s  t o  any pa th  which jo ins  (0,O) t o  (1,l). 


. ( a )  	 The path  c l  may be  expressed pa ramet r i ca l ly  a s  

Y = 	 t v a r i e s  from o t o  1.1 
x = t  


Hence, y = x = t and dy = dx = d t ;  t h e r e f o r e ,  


= 1( s i n  t - t 3d t  + (t3- e t ) d t  
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6. continued 

-- - cos t - et I 
t = O  

- ,- cos 1 - e 1) - ( - cos 0 - e 0 ) 

-- - c o s l - e + 2 .  

(b) c2 is  given, f o r  example, by 

t va r i e s  from 0 t o  1. 
x = t  

Hence, dx = d t  and dy = 2 t  d t .  Consequently, 

3( s i n  x - y )dx  + (x3 - eY)dy 

2 
s i n t - t 61d t  + (t3- et ) 2 t d t  

2 
( s i n  t - t6 + 2 t4  - 2tet  ) d t  

(c) The answers t o  (a)  and (b) a r e  d i f f e r e n t  which implies 

t h a t  

( s i n  x - y 3)dx  + (x3 - eY)dy 
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6 .  continued 

is  n o t  exac t .  Had (1) been e x a c t ,  w e  would have t o  ob ta in  t h e  

same answer f o r  ( 6 )  a s  w e  d i d  f o r  ( a )  s i n c e  then t h e  i n t e g r a l  does 

n o t  depend on t h e  pa th  which jo ins  t h e  given p o i n t s  (0,O) and 

(lrl). 


7. By Green's  Theorem, w e  know t h a t  

PMdx + Ndy = // ( E - 6 1 %R 

where R i s  t h e  region enclosed by c. 

I n  t h i s  p a r t i c u l a r  example, 

3
M[ = M(x,y)l  = s i n  x  - y 

Hence, 

and 

Consequently , 

Moreover, s i n c e  c i s  t h e  c i r c l e  of r a d i u s  1 centered  a t  t h e  

o r i g i n ,  R is  t h e  reg ion  de f ined  by 

o r ,  i n  p o l a r  coord ina tes ,  
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7. continued 

Thus (1)becomes 


P ( s i n  x  - y 
3

) d x  + (x3 - eY)dy 


which, i n  t u r n ,  becomes by t h e  use  of  p o l a r  coordinates  
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