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a .  	 S ince  t h e  domain of T is  t h e  d i s c  x2 + y2 1. w e  f i r s t  observe 

t h a t  f o r  p o i n t s  (x ,y)  on t h e  boundary of t h e  d i s c  ( i . e . ,  a t  

those  p o i n t s  f o r  which x 2 + y2 = 1). w e  cannot t a l k  about T  

being cont inuously  d i f f e r e n t i a b l e .  Namely, any neighborhood 

of a p o i n t  on t h e  boundary i s  n o t  contained i n  t h e  domain of 

T. P i c t o r i a l l y ,  
Y 

de f ined  on t h e  shaded 

I f  w e  l i m i t  ou r  a t t e n t i o n  t o  t h e  i n t e r i o r  of t h e  d i s c  ( i .e . ,  

x 2 + yZ  <1)w e  have t h a t  T  i s  a continuously d i f f e r e n t i a b l e  

f u n c t i o n  of x and y  everywhere i n  t h e  i n t e r i o r .  Hence T can 
a t t a i n  maximum and/or minimum va lues  i n  t h e  i n t e r i o r  of our  

p l a t e  only  a t  those  p o i n t s  (x,y)  f o r  which both Tx and TY = 0. 

Since  T = x 2 + 2y2 - x 

w e  have t h a t  

and 

From (2)  and ( 3 )  w e  see t h a t  Tx = T = 0  i f  and only  i f  x = 
Y 1 

1/2 and y  = 0. A t  t h i s  s t a g e  we know t h a t  T(Z,O) i s  e i t h e r  a 

r e l a t i v e  maximum f o r  T  i n  t h e  i n t e r i o r  of  t h e  d i s c ,  o r  a 

r e l a t i v e  minimum, o r  a saddle  p o i n t .  We nex t  look a t  p o i n t s  
1"nearn  (2,0) and compute 
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4.7.1 	(L) continued 


1 1
T(z + h ,  0 + k )  - T ( ~ ~ 0 )  a r ewhere h and k small .  

-	 ( 2 + h )  + 2k2T(I1 + h,  k )  = (T1 + h12 + 2k 1 = -
T 
' + h 2  

Therefore,  

C l e a r l y  h2 + 2k2 i s  non-negative f o r  a l l  h and k ( s i n c e  n e i t h e r  

h2 nor k2 can be n e g a t i v e ) .  ' Moreover h2 + 2k2 i s  zero  only when 

h = k = O .  

Hence, a s  long a s  n o t  both h and k a r e  zero,  we s e e  from ( 5 )  

t h a t  T ( Z
1 + h,  k )  - T(T,

1 0) i s  p o s i t i v e ,  s o  t h a t  i n  any neighbor- 

hood of 1 0) . T 1 0) i s  a minimum value  of T. 

I n  summary, i f  T = x2 + 2y2 - x and dom T = {(x ,y)  = x2 + y2 < l )  
1

then T has  a r e l a t i v e  ( i n  f a c t ,  abso lu te )  minimum a t  ( Z , O ) ,  and 
1t h i s  minimum value of T i s  - T .  


Note :
-

I n  o r d e r  t o  be a b l e  t o  check our  r e s u l t ,  we  "cheatedn a l i t t l e  

and chose a problem which could be  worked o u t  r a t h e r  simply 

by t h e  use  of  elementary a lgebra .  Namely, given 

w e  complete t h e  square t o  o b t a i n  
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Equation ( 6 ) ,  al though e q u i v a l e n t  t o  Equation (1), suggests 'why 
7

I 	 I
t h e  minimum value  of T(x ,y)  i s  --4 and occurs  a t  (T, 0 ) .  I n  

p a r t i c u l a r ,  both  ( x  - -)2 
1 2  + 2y2 a r e  non-negative, s o  ( 6 )  t e l l s  

1 u s  t h a t  T(x ,y )  2 0 + 0 - 1= - Moreover, (x  - i)2= 0 and .-. 	 4 1..# 

2yL 	= 0 i f  and only i f  x = A2 and y = 0. 

Equation ( 6 ) ,  however, t e l l s  us  much more than t h i s .  I t  t e l l s  

u s  t h a t  T(x ,y )  can be made a s  l a r g e  a s  w e  choose simply by 

p icking both x and y ( i n  f a c t ,  w e  can again  t a l k  about t h e  

magnitudes of x and y s i n c e  both v a r i a b l e s  appear a s  squares  

i n  Equation (6) ) t o  be s u f f i c i e n t l y  l a r g e .  That i s ,  i f  x i s  

l a r g e  i n  magnitude (x - ) i s  a l a r g e  p o s i t i v e  number and i f  

y i s  l a r g e  i n  magnitude 2y2 i s  a l a r g e  p o s i t i v e  number. 

This  obse rva t ion  l e a d s  u s  t o  p a r t  (b)  of t h i s  e x e r c i s e .  

Notice t h a t  when w e  set Tx and T equal  t o  zero ,  we go t  t h e  
Y 

s i n g l e  candidate  (1/2,0) which turned o u t  t o  y i e l d  a minimum 

value  f o r  T ( x , y ) .  W e  g o t  no c a n d i d a t e ( s )  f o r  maximum values .  

b. 	 What we propose t o  i l l u s t r a t e  he re  i s  a coun te rpa r t  of t h e  


theory  of max/min f o r  c a l c u l u s  of a s i n g l e  v a r i a b l e .  We 


mentioned then t h a t  i f  f ( x )  was continuous on a c losed 


i n t e r v a l  ( i .e . ,  one which contained i t s  endpoints )  then f 


a t t a i n e d  both  a maximum and a minimum value  i n  t h e  i n t e r v a l .  


Thus, i f  t h e  extreme value  d i d  n o t  occur i n  the  i n t e r i o r  of 


t h e  i n t e r v a l  ( i .e . ,  t h e  open i n t e r v a l )  then it occurred a t  


one of t h e  endpoints  of t h e  i n t e r v a l .  


Without going i n t o  t h e  theory  of what happens i n  t h e  case  

o f  two independent v a r i a b l e s ,  it t u r n s  o u t  t h a t  t h e  counter-

p a r t  of  a c losed  i n t e r v a l  i s  a region which con ta ins  i t s  

boundary, whi le  a region wi thout  i t s  boundary corresponds 
2 

t o  an open i n t e r v a l .  I n  o t h e r  words, t h e  region x2 + y < 1 

i s  t h e  i n t e r i o r  of t h e  u n i t  c i r c l e .  I ts  boundary i s  t h e  

circle x2 + y2 = 1. ~ h u s ,  i f  w e  r e f e r  t o  { ( x , y ) : x 2  + y 
2 

< 11 
we a r e  t a l k i n g  about an open region.  On t h e  o t h e r  hand, 

{ (x ,  y )  :x2 + y 2-< 1 3  i s  c a l l e d  a c losed region.  A t  any r a t e ,  
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4.7.1 (L) continued 

t h e  theory  says  t h a t  i f  f ( x , y )  i s  continuous on a c losed region 

R ,  it a t t a i n s  i t s  maximum and minimum va lues  i n  R. 

Accepting t h e  t r u t h  of t h e  theory ,  w e  s e e  t h a t  s i n c e  T(x ,y )  

does n o t  a t t a i n  a maximum value  i n  t h e  i n t e r i o r  of t h e  d i s c  -
x 2 + y 2 2 I, and s i n c e  i t  must a t t a i n  i t s  maximum somewhere on 

t h e  d i s c  (because T i s  continuous on t h e  [ c losed]  d i s c ) ,  it must 

be t h a t  t h e  maximum value  i s  a t t a i n e d  on t h e  boundary of t h e  d i s c .  

Since t h e  boundary of t h e  d i s c  i s  x 2 + y2 = 1, it follows t h a t  

when t h e  domain of T is  r e s t r i c t e d  t o  t h e  boundary of t h e  p l a t e ,  

T i s  given by 

where (7)  i s  obta ined by rep lac ing  y 2 by 1 - x2 i n  (1). This  

s u b s t i t u t i o n  i s  pe rmiss ib le  because t h i s  i s  how x and y a r e  

r e l a t e d  i n  t h e  boundary. Notice t h a t  i n  (7), x and y a r e  no 

longer independent because (x ,y)  was chosen t o  be on t h e  curve 

( c i r c l e )  x 2 + y2 = 1. That i s ,  on t h e  boundary 

From equat ion  ( 8 ) ,  we have t h a t  

1
Theref o r e ,  g ' (x)  = 0- x = --.:,s o  s i n c e  g" (-$ = -2' 0, we s e e  

t h a t  x = -Z1 corresponds t o  a maximum va lue  of T. 

Since x and y a r e  r e l a t e d  by xZ + yL  = 1, x = - -I 2 impl ie s  t h a t  
2 1 3y 2 = 1 - x  or 

1 1Then s i n c e  g ( -  T ), from (8), equa l s  2 - (-2) - - = 
1 1  92 + - 7 = w e  have t h a t :  
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T(x ,y )  has 19 a s  i t s  maximum value  a n  t h e  c losed d i s c  x 
2 -2 + y < l .  

1 1
and t h i s  va lue  occurs  a t  t h e  boundary p o i n t s  ( - 21 T a)and 

(- 2,1 - 21 , e l .  

Notice t h a t  equa t ions  (9) t e l l  us  t h a t  g ( x )  has no minimum on 

x 2 + y2 = 1 f o r  -1 -<x -<1. ~t t h e  endpoints .  we have 

Equations (10) t e l l  us  t h a t  t h e  minimum value  of T on--t h e  c i r c l e  

X2 + y2 = 1 i s  o and t h i s  occurs when x = 1, t h a t  i s I a t  t h e  

p o i n t  ( 1 , O ) .  This  minimum value  exceeds - TT1 which w e  saw was 
1
t h e  va lue  of T a t  ( 110 )  i n  t h e  d i s c .  Thus, t h e  minimum value  

1 1
of T over  t h e  whole d i s c  i s  - a a t  (2.,0). 

I n  summary, i f  dom T = { ( x , y ) : x 2  + y2z11 then 

Note : 

2 2 
I n  t h i s  p a r t i c u l a r  example, w e  can express  T on { (x .y ) :x  + y = 1 )  

ve ry  convenient ly  i n  terms of p o l a r  coordinates .  Namely x = 8COS 

and y = s i n  8 ,  0 (0 5 2 7 ~ .  This  s u b s t i t u t i o n  conver ts  

i n t o  


T(r .8)  = cos2 43 + 2 s i n 2  8 - cos  0 


= - ( c o s 20 + cos  0 - 2) 
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2 1 9 = - ( c o s  0 + cos 0 + z- -1 

9 
Since (cos 0 + $1 21 0,  w e  s e e  from (11) t h a t  T ( r ,8 )  -< with  

1 2  1
e q u a l i t y  holding i f  and only i f  (cos 0 + T )  = 0,  o r  cos 0 =--2 ' 

I IBut cos 0 = -2 means x = -Z s i n c e  x = cos 0 ,  while y = s i n  8 
1then impl ies  t h a t  y = -+ fi, s o  t h a t  we have an a l g e b r a i c  

v e r i f i c a t i o n  of our  previous work. 

Our main aim here  i s  t o  show how messy it can be t o  compute 

f ( a  + h. b + k) - f ( a , b )  [where f x ( a , b )  = f y ( a f b )  = 01 This.  

i n  t u r n ,  w i l l  s e rve  a s  mot ivat ion  f o r  us  t o  explore  t h e  

e x i s t e n c e  of more convenient  formulae. 

W e  have t h a t  

Hence, 

Thus, t h e  requirement t h a t  f x ( x , y )  = f ( ~ I Y )= 0 y i e l d s ,
Y 

from ( 2 )  , t h e  r e s u l t  t h a t  

1 1 2 2Therefore  y = -(-y ) 
1 4 

3 3 n Y 

4Therefore  y - 27y = 0.  
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Therefore  y ( y  3 - 27) = 0, s o  e i t h e r  y = 0 o r  y = 3. 

From t h e  second equat ion  i n  ( 2 ) ,  y = 0 impl ie s  x = 0 ,  while 

y = 3 impl ies  x = 3. Therefore ,  t h e  only  candidates  f o r  max/min 

p o i n t s  are (0,O) and ( 3 , 3 ) .  

To check (3 ,3)  w e  must look a t  f ( 3  + h ,  3 + k)  - f ( 3 , 3 ) .  From 

(1) we have 

So, from ( 4 )  and (51, 

Now t h e  a l g e b r a  problems begin! Notice t h a t  s i n c e  h and k can 

be e i t h e r  p o s i t i v e  o r  nega t ive ,  etc. ,  it i s  n o t  easy  t o  analyze 

t h e  s i g n  of  9h2 + h3 + 9k2 + k3 - 9hk f o r  a l l  s u f f i c i e n t l y  

smal l  va lues  of  h and k. 

I f  w e  a r e  good a t  a lgebra  we may n o t i c e  t h a t  
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Now [ ( h  - k12 + 73 k2
] > 0,  and equa l s  0 only i f  h = 1 k and -

k = 0,  which i n  t u r n  means only  when h = 0,  k = 0. Since w e  

a r e  i n t e r e s t e d  i n  p o i n t s  (3  + h ,  3 + k )  nea r  (3 ,3 ) , w e  exclude 

t h e  case  h = k = 0, s i n c e  then (3  + h ,  3 + k )  = ( 3 , 3 ) .  So i f  

n o t  both  h and k a r e  zero,  t h e  f i r s t  f a c t o r  on t h e  r i g h t  s i d e  

of (7)  i s  p o s i t i v e .  The second f a c t o r  can be p o s i t i v e ,  nega t ive ,  

o r  zero  depending on how h and k a r e  chosen - however - w e  a r e  

i n t e r e s t e d  only  i n  what i s  happening "near" ( 3 , 3 ) .  That i s ,  w e  

may assume t h a t  h and k a r e  a s  smal l  a s  w e  wish ( i n  magnitude) 

except  t h a t  a t  l e a s t  one must be unequal t o  zero. Under t h i s  

cond i t ion ,  h + k + 9 may be assumed t o  be pos i t ive .*  

I n  summary, t h e  r i g h t  s i d e  of (7)  i s  p o s i t i v e  whenever h and k 

a r e  s u f f i c i e n t l y  small .  I n  s t i l l  o t h e r  words, combining (6) and 

( 7 1 ,  f ( 3  + h,  3 + k )  - f ( 3 , 3 )  i s  p o s i t i v e  whenever ( 3  + h ,  3 + k )  

i s  s u f f i c i e n t l y  c l o s e  t o  (3 ,3 )  [ t h e  d i f f e r e n c e  i s  zero when 

h = k = 0, s i n c e  then w e  a r e  computing f  (3 ,3)  - f  (3,311. 

Therefore ,  f ( x , y )  has a r e l a t i v e  minimum a t  (3 ,3 )  and t h e  value 

of t h i s  minimum i s  f  (3 ,3)  = 0. 

A s  f o r  checking ( 0 , 0 ) ,  w e  must look a t  f  (h ,k)  - f  (0,O) = 

(h3 + k3 - 9hk + 27) - 27 = h3 + k3 - 9hk. 

I f  we l e t  h = k i n  ( 8 ) .  w e  o b t a i n  f ( h , h )  - f(O.0) = 2h3 - 9h
2 = 

h2 (2h - 9 ) .  

For smal l  va lues  of  h ,  2h - 9 i s  nega t ive  whole h2 is  p o s i t i v e .  

Consequently, f o r  smal l  h (# 0) , 

f (h ,h )  - f  (0,O) i s  negat ive .  

On t h e  o t h e r  hand, i f  w e  l e t  k = -h i n  (81, w e  o b t a i n  

f ( h ,  -h) - f (0 ,O)  = h3 + (-h13 - 9h(-h) = 9h2 

*See note at the end of this exercise. 
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s o  t h a t  i f  h # 0, 

W e  may now combine r e s u l t s  (9)  and (10) t o  conclude t h a t  i n  any 
neighborhood of (0,O) t h e r e  a r e  va lues  of h and k such t h a t  

f  (h ,k)  - f  (0 , O )  i s  p o s i t i v e  and o t h e r  va lues  of h and k such 

t h a t  f  ( h , t )  - f (0,O) i s  negat ive .  P i c t o r i a l l y  

1. Think o f  t h i s  a s  a smal l  
c i r c l e ,  blown up s o  t h a t  
w e  can see it b e t t e r .  I.e., 
it i s  t h e  c i r c l e  2 .  f ( h , h )  - f(0,O) = h2 (2h - 9 ) < 0  

2 2 f o r  our  " s u f f i c i e n t l y  smal l"  choice  
x + y 2 = E  of h.a T. 
where E > 0 i s  

Therefore (0,O) is  a saddle-point  s i n c e  i n  every neighborhood 

of (0,O) we can f i n d  p o i n t s  (x ,  y )  such t h a t  f  (x ,  y)  > f  (0,O) and 

o t h e r  p o i n t s  (x ,y)  such t h a t  f  ( x , y ) <  f  (0,O).  

Our main aim i n  so lv ing  t h i s  problem i s  t o  i l l u s t r a t e  t h a t  even 

f o r  t h i s  r a t h e r  simple func t ion  [ i . e . ,  t h e r e  a r e  c e r t a i n l y  more 

complicated f u n c t i o n s  from E~ t o  E than  f  (x ,y )  = x 3 + y3 - 9xy 

+ 271, t h e r e  was a cons ide rab le  amount of a l g e b r a i c  manipulat ion 

necessary  i f  w e  w e r e  t o  determine t h e  behaviour of f ( a  + h ,  

b + k)  once w e  knew t h e  p o i n t s  ( a r b )  f o r  which f x ( a , b )  = 

f ( a , b f  = 0. 
Y 

What w e  s h a l l  develop i n  t h e  nex t  e x e r c i s e  i s  a formula i n  

terms of f x x ( a , b ) ,  f ( a , b ) ,  and f  ( a r b )  t h a t  t e l l  us whether 
YY XY 

f ( a , b )  i s  a r e l a t i v e  maximum, minimum o r  saddle  p o i n t  once we 

know t h a t  f x ( a , b )  = f ( a , b )  = 0. The nex t  e x e r c i s e  a c t u a l l y  is  
Y 

a r e p e t i t i o n  of Sec t ion  18.5 i n  t h e  Thomas t e x t ,  b u t  wi th  t h e  

chunks broken up i n t o  smal l e r  p ieces .  
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Note : 

When we say  t h a t  h + k + 9 i s  p o s i t i v e  when both  h and k a r e  

s u f f i c i e n t l y  smal l ,  it might be h e l p f u l  i f  w e  were s u r e  t h a t  

we understood t h e  f u l l  meaning of " s u f f i c i e n t l y  s m a l l n .  For 

example, i f  w e  l e t  h = -5 and k = -6 ,  h + k + 9 i s  then 

c l e a r l y  negat ive .  But f o r  t h i s  choice  of h and k ,  t h e  p o i n t  

(3  + h ,  3 + k )  i s  (-2,-3) and c e r t a i n l y  w e  probably sense  t h a t  

t h i s  p o i n t  i s  n o t  " s u f f i c i e n t l y  c lose"  t o  ( 3 , 3 ) .  

There i s  an i n t e r e s t i n g  geometric  way t o  handle t h i s  problem. 

Namely, s i n c e  w e  want h + k + 9 t o  be p o s i t i v e .  it fol lows t h a t  

I f  w e  now look a t  t h e  hk-plane, w e  see t h a t  t h i s  i s  t h e  region 

which l ies above t h e  l i n e  h + k = -9. That i s ,  

(Figure 1) 

With r e s p e c t  t o  Figure  1, when w e  t a l k  about smal l  va lues  of 

h and k ,  w e  a r e  r e f e r r i n g  t o  a  smal l  neighborhood of  (0,O) 

s i n c e  i n  t h i s  graph (0,O) names h = 0,  k = 0. W e  may choose 

t h i s  neighborhood any way w e  want, and provided only t h a t  t h e  

neighborhood never extends  on o r  below t h e  l i n e  h + k = - 9 ,  
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we can be sure that h + k + 9 is positive for all points in that 
neighborhood. For example, 

flh
h + k + 9  0 

, . &for all (h,k) 
\ , O )  I b 1 1  in here + h  

(Figure 2 )  \ 

Suppose, we want the largest (circular) neighborhood of (0,O) 


that permits us to conclude that h + k + 9 is positive for 
every point (h,k) in this neighborhood. We need only compute 


the perpendicular distance of the origin to the line. That is 


In other words, if R is the region h2 + k2 < T81 then h + k + 9 

is positive for every (h,k) ER. 
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Returning t o  t h e  o r i g i n a l  problem, t h i s  means t h a t  i f  w e  draw a  

c i r c l e  i n  t h e  xy-plane of r a d i u s  9 /2 wi th  (3 ,3)  a s  c e n t e r  

then f  (x ,y)  - f  (3 ,3)  i s  p o s i t i v e  f o r  every  p o i n t  (x ,y)  i n  t h e  

i n t e r i o r  of t h i s  c i r c l e .  C l e a r l y  f ( x , y )  - f ( 3 , 3 )  may be 

p o s i t i v e  f o r  some p o i n t s  (x ,y)  o u t s i d e  t h e  c i r c l e ,  b u t  

f (x ,  y )  - f  (3 ,3)  cannot be non-posi t ive i n s i d e  t h e  circle. 

Again p i c t o r i a l l y ,  

(Figure 4 )  

f o r  a l l  (x ,y)  i n  t h e  d i s c  ( X  - 3) 2 + (y  - 3)2 < -812 ' 
f (x ,y)  - f ( 3 , 3 )  i s  p o s i t i v e .  

1. f  (-2,-3) - f  (3 ,3)  i s  nega t ive  b u t  t h i s  i s  okay s i n c e  (-2,-3) 

i s  o u t s i d e  t h e  neighborhood i n  ques t ion .  

2. For example f  (0,O) - f  (3 ,3)  is  p o s i t i v e  s i n c e  h  = k = 9 > 0 

when h  = k = -3. Notice t h a t  (0,O) i s  i n  t h e  c i r c l e .  

There a r e  p o i n t s  (x ,y)  o u t s i d e  t h i s  c i r c l e  f o r  which f  (x ,y) -
f ( 3 , 3 )  is  g r e a t e r  than zero.  For example i f  h  = 10 and k  = 5 

then h  + k + 9 = 24. h = 10,  k  = 5 corresponds t o  (13 ,8 ) .  

Thus f  (13,8)  - f  (3 ,3)  i s  p o s i t i v e .  However, i f  w e  took t h e  

c i r c l e  cen te red  a t  (3 ,3)  pass ing through (13,8) then t h e r e  

would be p o i n t s  (x,y)  i n  t h i s  circle f o r  which f ( x , y )  - f ( 3 , 3 )  

would n o t  be p o s i t i v e .  The e a s i e s t  way t o  see t h l s  IS t o  no te  
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4.7.2 (L) continued 

i n  Figure  1 t h a t  t h e  c i r c l e  centered  a t  (0,O) pass ing through 

(10,5)  does n o t  l i e  above t h e  l i n e  h  + k = -9. Those p o i n t s  of 

t h e  c i r c l e  l y i n g  below t h e  l i n e  h  + k = -9 y i e l d  p o i n t s  (h ,k)  

f o r  which h  + k + 9 i s  That i s ,  t h e r e  a r e  p o i n t s  on 

t h e  c i r c l e  h2 + k2 = ( = 125 f o r  which h  + k + 9 i s  

negat ive .  These p o i n t s  correspond t o  p o i n t s  (x ,y )  i n  t h e  xy- 

p lane  which l i e  i n  t h e  c i r c l e  (x  - 3) 2 + (y  - 312 = 125. I n  

p a r t i c u l a r  (-2 ,-3) l i e s  i n  t h i s  c i r c l e  and f  (-2,-3) - f  (3 ,3)  i s  

negat ive .  

a .  	 Perhaps t h e  h a r d e s t  p a r t  o f . t h i s  problem i s  t r y i n g  t o  f i g u r e  o u t  

where o r  how w e  managed t o  i n v e n t  t h e  func t ion  F  (t)= f  ( a  + h t ,  

b + k t ) ,  0 -c t  -c 1  o t h e r  than by saying t h a t  it was i n  t h e  book. 

The key p o i n t  i s  t h a t  i n  a neighborhood of any p o i n t  ( a r b )  f o r  

which f x ( a , b )  = f {a ,b )  = 0 ,  w e  want t o  look a t  
Y 

To t a c k l e  t h i s  problem w e  ( f o r  t h e  t i m e  being) a r b i t r a r i l y  

choose an h  and k ,  s u b j e c t  only t o  t h e  cond i t ion  t h a t  n o t  both 

h  and k  equa l  zero .  Otherwise t h e r e  a r e  no r e s t r i c t i o n s ;  h 

and/or k may be nega t ive  and e i t h e r  h  o r  k  can be zero  provided 

t h e  o t h e r  i s  no t .  

P i c t o r i a l l y ,  w e  have: 

(Figure  1) 
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4.7.3 (L) continued 

Since w e  u l t i m a t e l y  a r e  i n t e r e s t e d  i n  p o i n t s  nea r  P ( a , b ) ,  we 

draw t h e  l i n e  segment m. Since  PQ = h? + k j  and s i n c e  (a ,b )  

i s  a known (given)  p o i n t ,  t h e  equat ion  of t h e  l i n e  determined by 

P and Q i s  

The segment PQ is obta ined from ( 2 )  and ( 2 ' )  by r e s t r i c t i n g  t t o  

t h e  range 0 -<t-<1, s i n c e  when t = 0 (x ,y)  = ( a ,b )  = P and when 

I n  summary, then 

F ( t )  = £ ( a  + h t ,  b + k t ) ,  0 <t<1 

d e f i n e s  f (x,y)  -i f  t h e  domain of f i s  r e s t r i c t e d  t o  t h e  l i n e  

segment m. Again p i c t o r i a l l y ,  

(Figure  2) 

1. The curve ST c o n s i s t s  of the p o i n t s  (x ,y , f  ( x , ~ ;  ) where ( x ~ Y )  

belongs t o  t h e  l i n e  segment PQ. 

2. Another form of t h i s  curve i s  t h e  s e t  of p o i n t s  ( a  + h t ,  

b + k t ,  f ( a  + h t ,  b + k t ) )  where 0 -< t 5 1. 



- - 
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4.7.3 (L) continued 

3. That  i s ,  w = F { t )  = f  ( a  + h t ,  b + k t ) ,  0  -<t-<1, i s  an 

equa t ion  f o r  t h e  curve ST. 

Th i s ,  then ,  i s  where 

~ ( t )= f ( a  + h t ,  b + k t ) ,  0 t <1 

comes from. I n  t h e  "extreme" cases  t = 0 and t = 1, we o b t a i n  

s o  t h a t  from ( 4 )  w e  see t h a t  

Since w e  s h a l l  be i n t e r e s t e d  i n  t h e  s i g n  of £ ( a  + h ,  b + k )  -
f ( a , b )  i n  s u f f i c i e n t l y  smal l  neighborhoods of those  p o i n t s  ( a , b )  

f o r  which f x  ( a r b )  = f ( a , b )  = 0 ,  we see from equat ion  (5) t h a t
Y 


w e  may i n s t e a d  s tudy t h e  s i g n  of  F  (1) - F (0)  . 


b, 	The f a c t  t h a t  F ( t )  = f ( a  + h t ,  b + k t )  f o r  0 5 t 5 1 can 


be r e s t a t e d  a s  fo l lows i n  terms of t h e  chain  r u l e :  


L e t  	w = F ( t )  0 < t < . 1  then 

Since  w e  a r e  assuming t h a t  f ( x , y )  is  continuously d i f f e r e n t i a b l e  

a t  ( a , b )  , w e  may use  t h e  chain  r u l e  t o  conclude 

Since  h  and k  a r e  a r b i t r a r i l y  chosen c o n s t a n t s ,  we s e e  from (6) 

t h a t  dx/dt  = h and dy/dt  = k. P u t t i n g  t h e s e  r e s u l t s  i n t o  (7 )  

y i e l d s  
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4.7.3 (L) continued 

o r  w r i t i n g  f i n  terms of t [from (6)  1, w e  have 

F 1 ( t )  = h f x ( a  + h t ,  b + k t )  + kf ( a  + h t ,  b + k t ) ,  0 < t < 1. 
Y 

( 8 ' )  

I n  p a r t i c u l a r  w e  s e e  from (8)  [o r  (8 '  ) 1 t h a t  F1' (t)e x i s t s  f o r  

a l l  t such t h a t  0 < t < 1 ( a s  usua l  w e  d o n ' t  t a l k  about  

d i f f e r e n t i a b i l i t y  a t  t h e  end p o i n t s  of  a c losed i n t e r v a l ) ,  

while t h e  c o n t i n u i t y  of f ( x , y )  i n  t h e  region R guarantees  t h e  

c o n t i n u i t y  of ~ ( t )[ t h a t  i s ,  i f  f i s  continuous throughout R 

it i s ,  i n  p a r t i c u l a r ,  continuous along any curve which i s  

conta ined i n  R l  . 

Thus w e  may use t h e  mean va lue  theorem f o r  func t ions  of  a 

s i n g l e  v a r i a b l e  t o  conclude t h a t  t h e r e  e x i s t s  a number tl, 

where 0 < tl < 1, such t h a t  

S u b s t i t u t i n g  t h e  r e s u l t s  of ( 5 )  and ( 8 ' )  i n t o  ( 9 ) , w e  see t h a t  

t h e r e  e x i s t s  a number tl, 0 < tl < 1, such t h a t  

Equation (10) is  known a s  t h e  mean va lue  theorem f o r  func t ions  

of two independent  v a r i a b l e s .  I n  summary, i f  f ( x , y )  is  con-

t inuous ly  d i f f e r e n t i a b l e  i n  some neighborhood R of ( a ,b )  and 

( a  + h ,  b + k )  i s  any o t h e r  p o i n t  i n  R ,  then  t h e r e  e x i s t s  a 

number tl, 0 < t < 1 such t h a t  
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4.7.3 (L) continued 

P i c t o r i a l l y ,  us ing  t h e  same diagram a s  i n  Figure  2 ,  t h i s  means 

(Figure 3) 

-1. Slope of t h e  l i n e  ST i s  equa l  t o  Aw/At  = £ ( a  + h ,  b + k )  

f ( a , b ) / l  - 0 = £ ( a  + h ,  b + k )  - £ ( a , b ) .  

2 .  I n  t h e  twl-plane t h e r e  i s  a p o i n t  P on t h e  curve ST a t  which 

t h e  s lope  of t h e  curve equa l s  t h e  s lope  of t h e  l i n e  ( t h e  

"ordinary"  mean va lue  theorem) . 

3 .  The p o i n t  p1 is  t h e  image under F of-some p o i n t  P1 on t h e  

l i n e  segment PQ. 

4 .  This  p o i n t  P1 has  t h e  name ( a  + h t l ,  b + k t1) = F ( t l )  f o r  some 

0 < tl < 1. 

5. F' (tl)= hfx  ( a  + h t l .  b + k t l )  + kfy  ( a  + h t ,  b + k t l )  

[from equa t ion  (8' 1 1 . 

6 .  Equating t h e  two s l o p e s  y i e l d s  equat ion  ( 1 0 ) .  

S.4.7.17 
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4.7.3 (L) continued 

c. 	 So f a r ,  h  and k  a r e  a r b i t r a r y  cons tan t s .  I f  w e  now restrict our  

a t t e n t i o n  t o  s u f f i c i e n t l y  sma l l  v a l u e s  of h  and k  w e  have t h a t  

t h e  p o i n t s  ( a  + h t ,  b + k t ) ,  0 < t < 1 must be nea r  ( a ,b )  s i n c e  

a l l  t h e s e  p o i n t s  l i e  on t h e  l i n e  segment @ which j o i n s  (a ,b)  t o  

( a  + h ,  b + k ) .  I n  p a r t i c u l a r ,  s i n c e  f x  and f  a r e  continuous
Y 

a t  ( a , b ) ,  f x ( a  + h t ,  b + k t )  and f x ( a , b )  must have t h e  same s i g n  

u n l e s s  f x ( a , b )  = O.* S i m i l a r l y ,  u n l e s s  f  ( a , b )  = 0,  w e  have t h a t  
Y 

f ( a  + h t ,  b + k t )  and f  ( a ,b )  have t h e  same s i g n .  Consequently,
Y 	 Y 

u n l e s s  both  f x  ( a ,b )  = 0 f ( a r b )  = 0 ,  we have from (10) t h a t  
Y 

s i g n  [f  ( a  + h ,  b + k )  - f  ( a r b )  1 = s i g n  [hfx  ( a ,b )  + kf  ( a ,b ) 1 (11)
Y 

[For example i f  f x ( a , b )  = 0  b u t  f  ( a r b )  # 0, w e  can make
Y 

f x ( a  + h t ,  b + k t )  as n e a r l y  e q u a l  i n  magnitude (al though n o t  

n e c e s s a r i l y  i n  s i g n )  t o  0  a s  w e  wish,  whereupon t h e  s i g n  of 

f  ( a  + h t ,  b + k t )  - f ( a ,b )  is  determined by t h e  s i g n  of kf ( a ,b ) 1. 
Y 


Hence, 

f ( 1 , l )  = 8 and f (1,l)= - 3 ,  s o  from equa t ion  (11)
Y 

s i g n t f  (1+ h ,  1 + k )  - f  ( 1 , l ) l  = s ign[8h  - 3kl .  

In p a r t i c u l a r  (1.01, 1.02) i s  of  t h e  form (1+ h ,  1 + k) with  

h = - 0 1  and k  = -02 ,  s o  (12) becomes 

* G r a p h i c a l l y  i f  f i s  c o n t i n u o u s  a t  x = a ,  and  f ( a )  > 0 we 
h a v e  

f  ( a )  + E 

f ( a )  -

a c 
1. P i c k  E s o  t h a t  f ( a )  - e >  0 
2 .  Then f ( x )  > O  f o r  a l l  x ~ [ b , c ]  

A s i m i l a r  a r g u m e n t  a p p l i e s  i f  £ ( a ) <  0 .  But i f  f ( a )  = 0 ,  any  
n e i g h b o r h o o d  of  £ ( a )  may c o n t a i n  b o t h  n e g a t i v e  and  p o s i t i v e  
v a l u e s  s o  we c a n n o t  b e  s u r e  o f  t h e  s i g n  of f ( x )  f o r  X E  [ b , c ] .  
I n  g e n e r a l  we a r e  s a y i n g  t h a t  i f  f i s  c o n t i n u o u s  a t  x = a  t h e n  
i n  a s u f f i c i e n t l y  s m a l l  n e i g h b o r h o o d  N o f  x = a ,  f ( x )  and  £ ( a )  
h a v e  t h e  same s i g n  f o r  a l l  X E N  e x c e p t  p o s s i b l y  when f ( a )  = 0. 

S.4.7.18 
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s i g n [ f ( l . O l ,  1.02) - f  ( l , l ) ]  = s i g n  [8( .01) - 3 ( . 0 2 ) ]  

= s i g n  [0.02] , which is  p o s i t i v e .  

S ince  f (1 .01 ,  1.02) - f ( l , l )  is  p o s i t i v e  

Notice t h a t  equat ion  (11) does no t  t e l l  us  t h e  s i z e  of 

f (1.01, 1 .02) ;  it is a very quick way [compared wi th  computing 

f  (1.01, 1.0211 f o r  determining whether o r  n o t  f (1.01, 1.02) 

exceeds f  (1,l). 

e. I n  t h e  even t  t h a t  f x l a , b )  = f ( a r b )  = 0 , we have a l ready seen
Y 

t h a t  equat ion  (11)does n o t  apply. This  i s ,  t o  say  t h e  l e a s t ,  

a  b i t  d i s t r e s s i n g  s i n c e  we a r e  p a r t i c u l a r l y  i n t e r e s t e d  i n  t h e  

s i g n  of [f ( a  + h ,  b + k) - f  ( a r b )  l when we have a p o i n t  ( a r b )  

a t  which f x  ( a , b )  = f ( a r b )  = 0. To overcome t h i s  problem w e  
Y 

use  t h e  extended mean va lue  theorem ( o r  T a y l o r ' s  Theorem wi th  

remainder [ f o r  review see Sec t ion  18.4, Thomas]), which says  

t h a t  i f  F ( t )  t o g e t h e r  with i t s  f i r s t  n = 1 d e r i v a t i v e s  a r e  

continuous on an i n t e r v a l  con ta in ing  0 and 1, then t h e r e  e x i s t s  

a  number tl, 0 > tl > 1 such t h a t  

L e t t i n g  t = 1 i n  (13) y i e l d s  

F ( 1 )  - F ( 0 )  = F ' ( 0 )  + ... + r (n)( 0 )  
+ ~ ( " + l \ t l l  , some t, where 

0 < t l <1. n! (n + 1): (14) 

P a r t  (c) was t h e  s p e c i a l  case  of ( 1 4 )  where n = 0. We nex t  t r y  

t o  see what happens when n = 1. When n = 1, equat ion  ( 1 4 )  t e l l s  

us  t h a t  t h e r e  i s  a number 0 < tl < 1 such t h a t  

http:sign[f(l.Ol
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From equat ion (8) w e  have a l ready  shown t h a t  FF(t)= hfx + kfy  

where x = a + h t ,  y = b + k t .  Using t h e  chain r u l e  again,  

t h i s  t i m e  on F' (t), w e  ob ta in  

P u t t i n g  these r e s u l t s  i n t o  (15) and r e c a l l i n g  t h a t  F(1) - F ( 0 )  = 

f ( a  + h,  b + k) - f (a&), w e  see: 

+ Zhkf (a + htl ,  h + ktl) 
xy 


Then, s i n c e  f x ( a I b )  = f y ( a , b )  = 0 ,  W e  ob ta in  

+ Zhkf ( a  + h t l  I b + k t l )  
xy 


W e  now invoke t h e  c o n t i n u i t y  of fxXI  f and fYY a t  (a ,b)  t o  
XY' 


conclude t h a t  i f  h and k a r e  s u f f i c i e n t l y  small and i f  -a t  


l e a s t  one of t h e  numbers f x x ( a . b ) ,  f ( a r b ) ,  f  (arb) i s-- XY YY 
unequal t o  zero ,  then t h e  r i g h t  s i d e  of (16: has t h e  same 
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4 . 7 . 3  (L) cont inued 

2s i g n  as h  f x x ( a , b )  + 2hkf ( a r b )  + k2f ( a , b )  [ i f  f x x ( a , b )  = 
XY YY 

f ( a , b )  = f ( a , b )  = 0 w e  would have t o  t r y  n = 2 i n  T a y l o r ' s  
XY YY 

Theorem wi th  Remainder, e t c . ] .  

I n  o t h e r  words, i f  f x  ( a ,b )  = f ( a r b )  = 0, t hen  u n l e s s  
2  Z Y  

h  f x x ( a , b )  + 2hkf ( a , b )  + k  f  ( a ,b )  = 0 
XY W 

2 

( a  + h ,  b + k )  - f ( a , b ) l  = s i g n  [h  f x x ( a , b )  + 2hkf XY f a , b )  

[ I f  h2fxx + 2hkf + k 2 f y j a , b ) =  0  w e  must look a t  t h e  t e r m  
XY 

invo lv ing  f " '  (t)e t c .  j u s t  a s  i n  t h e  c a s e  of a s i n g l e  v a r i a b l e ] .  

f ,  From t h e  r e s u l t  i n  p a r t  ( e ) ,  w e  would l i k e  t o  ana lyze  t h e  s i g n  

2 2
of h  f x x ( a , b )  + 2hkf ( a , b )  + k  f  ( a , b ) .  

XY YY 

[Keep i n  mind t h a t  h  and k  are t h e  "unknowns". f x x ( a , b ) ,  
f ( a , b )  and f  ( a ,b )  a r e  f i x e d  c o n s t a n t s  determined by f  and 

XY YY 

( a r b )I .  


2L e t  g(h .k)  = h  fxx (a .b )  + 2hkf ( a , b )  + k2f ( a r b ) .  
xy YY 

Then 

* A g a i n  we h a v e  e m p l o y e d  t h e  u s u a l  t r i c k  o f  c o m p l e t i n g  t h e  
s q u a r e .  
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4.7.3tL) continued 

On t h e  r i g h t  s i d e  of (18) w e  see t h a t  our  f i r s t  term, being a 
p e r f e c t  square ,  cannot be negat ive .  Hence t h e  r i g h t  s i d e  of 

(18) must be p o s i t i v e  a s  soon a s  [ f x x ( a , b ) f  ( a ,b )  - f ' ( a .b ) l  i s
YY XY

p o s i t i v e .  

W e  now analyze  (18) by cases .  

I n  t h i s  even t  t h e  r i g h t  s i d e  of (18) i s  p o s i t i v e .  Namely 

[hfxx(a ,b)  + kf ( a ,b )12 .  being a square.  i s  non-negative, k2 
YY 

i s  non-negative. Hence i f  k # 0 w e  have 

I f  k = 0 then  h # 0 s i n c e  ( a  + h ,  b + k )  # ( a , b ) ,  s o  i n  t h i s  case  

t h e  r i g h t  s i d e  of (18) i s  [h fxx(a ,b ) l  2 
which i s  p o s i t i v e  un less  

fxx(a ,b )  = 0. But i n  Case 1 f (a ,b )  cannot  be zero  s i n c e  i n  

t h a t  even f x x ( a , b ) f  (a.b) - f
XX2

(a ,b )  equa l s  -f ' ( a ,b )  which i s
YY XY xy

non-posi t ive,  c o n t r a r y  t o  our  assumption t h a t  f x x ( a , b ) f  ( a , b )  -
YY 

f 2 ( a , b )  > 0. 
XY 

So i n  Case 1 t h e  r i g h t  s i d e  of (181, under any circumstances,  

must be p o s i t i v e .  Hence, s o  a l s o  must t h e  l e f t  s i d e  of (18) be 

p o s i t i v e .  

2 2Now t h e  s i g n  of g ( h , k )  [=h f x x ( a , b )  + 2hkf ( a ,b )  + k f  ( a , b ) l  
xy YY 


i s  t h e  same a s  t h e  s i g n  on t h e  l e f t  s i d e  of  (18) (i .e. ,  p o s i t i v e )  

provided fxx(a ,b )  i s  p o s i t i v e ;  it i s  negat ive  i f  f x x ( a , b )  i s  

nega t ive ,  and t h e  case  f x x ( a , b )  = 0 ,  a s  w e  mentioned e a r l i e r ,  

cannot  occur.  

When g ( h , k )  i s  always p o s i t i v e ,  s o  a l s o  i s  £ ( a  + h ,  b + k )  -
f  ( a , b )  [ t h i s  fo l lows from (1711 and i n  t h i s  case  f  ( a , b )  i s  a 

minimum. S i m i l a r l y  i f  g ( h , k )  i s  always negat ive  s o  a l s o  i s  

f  ( a  + h,  b + k )  - f  ( a r b ) ,  s o  i n  t h i s  case  £ ( a , b )  i s  a maximum. 

I n  summary of Case 1, then 
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4.7.3 (L)  continued 

I f  f x ( a , b )  = f Y ( a r b )  = 0 and f x x ( a l b ) f y y  ( a r b )  - f XY2 ( a , b ) >  0  

then f ( a , b )  i s  a  maximum i f  f x x ( a , b ) >  0 and minimum i f  f  

0  [ t h e  p o s s i b i l i t y  t h a t  f x x ( a , b )  = 0 is  excluded by t h e  premis 

t h a t  f x x ( a , b ) f y y ( a . b )  - f XY' ( a , b ) >  01. 

Case 2: f x x ( a l b ) f y y ( a l b )  - f XY' ( a , b )  < 0 

Now t h e  l a s t  term on t h e  r i g h t  s i d e  of (18) i s  negat ive  while 

t h e  f i r s t  term i s  p o s i t i v e .  Hence t h e  sum may be e i t h e r  

p o s i t i v e  o r  nega t ive  depending on t h e  magnitudes of the  

i n d i v i d u a l  terms. For example, wi th  k = 0 ,  t h e  r i g h t  s i d e  of 

(18) i s  [hf,(a,b)12 which is p o s i t i v e .  On t h e  o t h e r  hand t h e  

f i r s t  term on t h e  r i g h t  s i d e  of (18) is zero  i f  

Not both f x x ( a , b )  and f  ( a r b )  can be ze ro ,  a l s o  

f x x ( a , b ) f  (a .b)  - f 2;:tb) could n o t  be negat ive .  So i f  
YY XY 

w e  p ick  h and k t o  obey t h i s  r a t i o  (and n o t i c e  t h a t  holds  

f o r  smal l  va lues  of h  andk) t h e  r i g h t  s i d e  of ( I f )  i s  

nega t ive .  

I n  o t h e r  words, when Case 2 a p p l i e s  £ ( a  + h ,  b + k ) - f ( a , b )  

t a k e s  on both  p o s i t i v e  and nega t ive  va lues  i n  any neighborhood 

of ( a , b ) .  That  i s  

IIf f x ( a , b )  = f Y ( a ,b )  = 0 and f x x ( a l b ) f  YY ( a ,b )  - f XY2 ( a , b ) >  0  

then ( a r b )  is  a sadd le  p o i n t  of f .  

A s  a p a r t i a l  check n o t i c e  t h a t  our " i n t u i t i o n "  i n d i c a t e s  a 

sadd le  p o i n t  i f  f x x ( a , b )  and f  YY ( a , b )  have oppos i t e  s igns .  
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4 . 7 - 3  (L) continued 

Namely, the  " s l i ce"  x  = a  y ie lds  a  minimum (maximum) a t  (a ,b)  

but  the  " s l i c e "  y  = b yie lds  a  maximum (minimum) a t  ( a r b ) .  

Notice i n  t h i s  case t h a t  fxx(a ,b) fyy(a .b)<  0 so  t h a t  fxx (a Ib )  

f (a ,b)  - f 2 ( a , b ) <  0, as  it should be. 
YY xY 

A word of caut ion,  however, no t ice  t h a t  even though fxx(a ,b)  

and f  (a.b) may have the same sign [so t h a t  f  ( a ,b ) fyy (a ,b )>  01
YY XX 

it may happen t h a t  f  ( a r b )  i s  s u f f i c i e n t l y  large so  Ulat 

fxx (a ,b ) f  (a ,b)  - f xy2 ( a r b )  i s n o t p o s i t i v e .  Thus,merely
YY XY 

knowing the s igns  of fxx(a ,b)  and f  ( a r b )  is  not s u f f i c i e n t  t o  
YY 

determine the  s ign  of f l a  + h,  b + k) - f ( a , b ) .  

The only remaining p o s s i b i l i t y  i s  when f  (a ,b)fyy(a .b)  - f (a ,b)
XX XY 

= 0 [of which a  spec ia l  case i s  fxx(a ,b)  = f (a,b) = f ( a r b )  = 03. 
YY XY 

I n  t h i s  case 

sign ( fxx(a ,b)  [f  ( a  + h, b + k) - f  (a ,b)  1) = sign I [hfxx(aIb)  

s ign[  Af3 = [sign fxx(a ,b) l  unless hfxx(a ,b)  + kf YY 
(a ,b)  f 0. 

Choosing h and k  so t h a t  hf= (a ,b)  = kf (a ,b)  = 0 means t h a t  
YY 


w e  cannot determine the s ign of Af. In summary 


If f x ( a I b )  = i (a,b) = 0 and f x x ( a I b ) f  ( a rb ) - fxy2(a Ib )= 0 we 
Y YY 


cannot conclude whether f ( a , b )  i s  a  maximum o r  a  minimum. 


4 . 7 . 4  (opt ional)  

a .  Let t ing F (t)= f  (a  f h t ,  b $. k t )  , 0 5 t r 1, we already have 

t h a t  

F' (t)= hfx + kf where a l l  p a r t i a l s  
Y 

a r e  computed a t  
2(t)= h fxx + 2hkfxy + k2fyy (a  + h t ,  b + k t )  
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4 . 7 . 4  continued 

+ k[h2f  + 2hkf + k2f 
xXY XYY YYY 

- 3 + 3h2kf * + 3hk2f * + k3f- £xxx xXY XYY YYY 


Theref o r e ,  


F" '(1)= h3f ( a ,b )  + 3h2kf ( a , b )  + 	3hk2f 1a.b)
XXX 	 XXY XYY 

+ k3f ( a , b ) .
YYY 

b .  	 Therefore s i n c e  £ ( a  + h ,  b + kf - f (a ,b l  = F ( 1 )  - F(O)  1 we 
F"'(0)F"(0) + -+ ...have F(1)  = F ( 0 )  + F' (0) + 3. 

+ 3hk2f + k 3 f  ( a , b ) l +.... 
XYY YYY 

[Notice t h a t  t h e  t e r m s  sugges t  t h e  binomial c o e f f i c i e n t s  

ob ta ined  by expanding (h + k )  and each term i s  m u l t i p l i e d  by 

a mixed p a r t i a l  d e r i v a t i v e .  The d e r i v a t i v e  i s  obta ined by 
-. -

*If all this partial derivatives exist it is customary to write, 
say, fxg to denote f , f . In other words the results 
about mixed partials gxfendxx?o any order derivative. 
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4.7.4 cont inued  

d i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  x a number of terms e q u a l  t o  

t h e  exponent  o f  h wh i l e  we d i f f e r e n t i a t e  w i t h  r e s p e c t  t o  y 

t h e  number of  t e r m s  e q u a l  t o  t h e  exponent  of  k.  For  example, 

t h e  	4 t h  degree  term would be  

4
h f ( a , b )  + 4h3kf ( a ,b )  + 6h2k2f ( a , b )  + 4hk3f ( a , b )  + k2f ( a , b )  1 

XXXX X'=Y XXYY XYYY YYYY 

where w e  a r e  assuming, of  c o u r s e ,  t h a t  t h e  neces sa ry  c o n t i n u i t y  

i s  p r e s e n t  t o  a l l ow u s  t o  d i f f e r e n t i a t e  i n  t h e  o r d e r  w e  p l e a s e .  

c .  	 f ( x , y )  = e X cos  y 


f = e X 
c o s  y ,  f v  = -e Xs i n  y 


X 

(0,O) = 1, f -(o,o) = 0 ,  fyy  (0.0) = -1xx 
X XY X X X 

fxxx = e c o s  y ,  = -e s i n  y ,  = - e cos  y ,  f = e s i n  y 
=Y 	 ~ Y Y  YYY 

(0,O) = 1, f (0,O) = 0 ,  f (0,O) =-1, f (0,O) = 0. xxx XXY XYY YYY 


The re fo re ,  


+ k 3 f  (0 ,O)I .
The re fo re ,  YYY 


e hc o s  k - 1 = [ l h  + Ok] + [ l h 2  + O(2hk) - l k21 

2 !  

Theref  o r e ,  
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a .  W e  have t h e  s u r f a c e  w = f  (x ,y )  where 

Then 

S e t t i n g  fx and f e q u a l  t o  z e r o  i n  (2 )  and ( 3 )  y i e l d s
Y 


S u b s t i t u t i n g  (8 )  i n t o  ( 7 )  w e  o b t a i n  

2 
There fo re ,  y(27y3 - 8) = 0 ,  t h e r e f o r e  y = 0 or y = -3 ' 

From ( 8 ) ,  y = 0 i m p l i e s  x = 0 w h i l e  y = 32 
i m p l i e s  X = --23 -

Hence t h e  on ly  c a n d i d a t e s  f o r  max/min p o i n t s  of  f ( x , y f  a r e  

(x ,y )  = (0.0) and (x.y) = - , $1. 

From ( 4 ) ,  (51,  and (6)  w e  have 

f (0,O) = -2, fxx(O,O) = 0 ,  f (0,O) = 0.  
XY YY 

2 2
There fo re  fxx(OIO)f  (0,O) - fxy  (0,O) = 0 - ( - 2 )

YY 
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4.7.5 continued 

Hence by t h e  c r i t e r i o n  of Exerc ise  4 .7 .3(L) ,  f has a saddle  p o i n t  

a t  (0,O). From (1). f (0 ,O)  = 6. Hence t h e  s u r f a c e  w = f ( x , y )  = 

x3 - y3 - 2xy + 6 has  a saddle  p o i n t  a t  (0.0.6) .  

~ l s ofrom ( 4 ) .  ( 5 1 ,  and (6)  w e  have 

Hence 

2 2 This coupled wi th  t h e  f a c t  t h a t  fxx(-jr5) < 0,  tel ls  u s  t h a t  f 

has a maximum a t  2 2 Since w = x 3 - y 3 - 2xy + 6,  a t  2 2 

3 3 
-2 2 + 6

W = (a)- (f) - *(-3-) 

Hence, t h e  s u r f a c e  has a r e l a t i v e  maximum (high p o i n t )  a t  

- 2 2 170 [There i s  no a b s o l u t e  maximum. For example, i f  w e  

l e t  y = 0 (i .e.  t h e  i n t e r s e c t i o n  of our  s u r f a c e  and t h e  xz-plane) 

w e  o b t a i n  t h e  curve  

s o  t h a t  w i n c r e a s e s  wi thout  bound a s  x i n c r e a s e s  wi thout  bound.] 



- - 
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4 .7 .5  con t inued  

b. With w = f ( x , y )  = x3 + y3 + 3x2 - 3y2 + 8 ,  we have 

f (x,yJ = 6y - 6. 
W 


From (1) a n d  (21 

From (6 )  w e  s e e  t h a t  f x ( x , y l  and f t x ,y )  a r e  s imu l t aneous ly  
Y 

z e r o  * x = 0 and y = 0,  o r  x = 0 and y = 2, o r  x = -2 and y = 0 ,  

o r  x = -2 and y = 2. That  i s ,  t h e  o n l y  c a n d i d a t e s  f o r  max/min 

p o i n t s  o f  f a r e  (0,O) , ( 0 , 2 ) ,  (-2,01 and ( -2 ,2) .  

From (31, (41 ,  and (51,  w e  have 

The re fo re ,  (0,O) i s  a s a d d l e  p o i n t  of  f .  Moreover, f ( 0 , O )  = 8, 

s o  t h e r e f o r e  (0 ,0 ,8 )  i s  a s a d d l e  p o i n t  on o u r  s u r f a c e .  f x x ( 0 , 2 )  
2 2

fyy(0.2)  - f (0.2) = (6)  (6)  - 0 = 36 > 0 ,  and fxx(O12) = 
XY 

6 > 0-
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4.7.5 continued 

Therefore (0,2) i s  a r e l a t i v e  minimum poin t  f o r  f 

Therefore (0,2,4) i s  a l oca l  low poin t  on our surface 

and 

Therefore (-2,O) i s  a r e l a t i v e  maximum of f 


f(-2,O) = (-2) 3 + 0 + 3(-2)2  - 3(0)2+ 8 = 1 2 ,  


( - 2 , 0 , 1 2 )  is  a r e l a t i v e  ( l oca l )  high point  on our surface.  


fxx(-2,2)f  (-2,2) - f (-2.2) = (-6) (6) - 0 = -36< 0

YY XY 


f ( -2 ,2)  = -8 + 8 + 12 - 1 2  + 8 = 8 


Therefore (-2,2,8) is a saddle po in t  on our surface.  

4.7.6 (L) 

The main aim of t h i s  exerc i se  i s  t o  help  you see how our theorems 

involving the  chain r u l e  and i m p l i c i t  functions may be used t o  

s impl i fy  t he  computations which a r i s e  i n  t he  so lu t ion  of max/min 

problems. 

We f i r s t  solve t he  problem using "brute  force".  Let t ing x and y 

denote t he  dimensions of the  base of t he  box, and z i t s  height ,  

we have t h a t  
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4.7.6 con t inued  

and s u b j e c t  t o  t h i s  c o n s t r a i n t  we  wish t o  maximize t h e  f u n c t i o n  

f  where 

We may s o l v e  e q u a t i o n  (1) e x p l i c i t l y  f o r  z i n  terms of  x and y  

(be ing  c a r e f u l  t o  observe  t h a t  i n  more complicated problems, w e  

might  by n e c e s s i t y  have t o  u se  i m p l i c i t  d i f f e r e n t i a t i o n  s i n c e  

it w i l l  n o t  always be p o s s i b l e  t o  s o l v e  f o r  z  e x p l i c i t l y  i n  

t e r m s  of x and y )  t o  o b t a i n :  

provided ,  of  c o u r s e ,  t h a t  x + y # 0. [ I f  x + y = 0 ,  t hen  

e q u a t i o n  (1) would become 

which i s  an obvious  c o n t r a d i c t i o n  s i n c e  -x 
25 0.1 

I n  o t h e r  words, t h e n ,  i f  equa t ion  (1) i s  s a t i s f i e d ,  equa t ion  

(3 )  ho lds .  That  i s ,  e q u a t i o n s  (1) and (3 )  a r e  e q u i v a l e n t .  

I f  we  now r e p l a c e  z i n  e q u a t i o n  (2 by i t s  va lue  i n  e q u a t i o n  ( 3  

w e  o b t a i n  

where f  (x ,y ,  z )  i s  now a f u n c t i o n  of x and y  a l o n e ,  s i n c e ,  from 

( 3 ) ,  z i s  a f u n c t i o n  of  x and y.  [ P a r a l l e l i n g  t h e  n o t a t i o n  of 

t h e  l e c t u r e ,  f  ( x , y , z )  a s  d e f i n e d  by e q u a t i o n  ( 4 )  w i l l  be  

denoted  by h ( x , y )  . I  

Tha t  i s  
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4.7.6 (L) continued 

and hence, t h e  maximum ( o r  minimum) values  of h occur when 

hx (x ,y)  and hy (x,y)  a r e  s imultaneously zero.  

From equat ion  ( 4 ' )  w e  have t h a t  

s o  t h a t  

++2y[(x + y )  (108 - 2xy) - ( 1 0 8 ~- x 
2
y ) ]  = 0 

Therefore ,  from equat ion  (5)  w e  have t h a t  hx (x,y = 0 i f  and 

only  i f  e i t h e r  y = 0 o r  108 - x2 - 2xy = 0. C l e a r l y  y = 0 

corresponds t o  a minimum capac i ty ,  s o  it must be t h a t  

S ince  equat ion  ( 4 ' )  i s  symmetric i n  x and y ,  w e  may use  t h e  

r e s u l t  of  equa t ion  (6) t o  conclude t h a t  h (x ,y)  = 0 ++

Y 

Equating (6) and (7) y i e l d s  
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4.7.6(L) continued 

and s i n c e  x and y  a r e  non-negative, it fol lows t h a t  x  = y. 

With x = y.  equa t ion  (6) [or  (7)1 becomes 108 - 3x2 = 0 o r  

x  = 6. 

Therefore y  = 6 ,  and from equat ion  (31, z = 
108 

2 
-
4 

36 = 3. 

Consequently t h e  box has  a 6" by 6" base and a h e i g h t  of 3". 

Note #1 

If w e  s o l v e  t h i s  problem us ing t h e  format of our l e c t u r e  we 

have 

and 

g ( x , y , z )  = 0 where g(x,y, ,z)  = xy + 2x2 + 2yz - 108. 

Assuming t h a t  equa t ion  (8)  determines z a s  a d i f f e r e n t i a b l e  

func t ion  of x and y ,  say  z = k ( x , y ) ,  w e  have 

Hence by t h e  chain  r u l e  
I 


while  g ( x , y , z )  = 0 
1 

J
Using t h e  f a c t s  t h a t  f  ( x , y , z )  = xyz and g ( x , y , z )  = xy + 2x2 + 
2yz - 108, equa t ions  ( 9 )  and (10) become 
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4 .7 .6  (L) continued 

\ 

and 


so that 


Accordingly hx = h = 0 then become 
Y 
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4.7.6(L) continued 

and s i n c e  x  = 0  o r  y  = 0  impl ies  t h a t  h ( x , y )  i s  minimum, 

equa t ion  (12) t e l l s  u s  t h a t  22 - x = 22 - y = 0; o r  x  = y = 22 

whereupon w e  o b t a i n  x = 0,  y = 6,  z = 3 from equat ion  (1). 

Notice t h a t  t h i s  method i s  t h e  i m p l i c i t  e q u i v a l e n t  of t h e  

technique used i n  t h e  s o l u t i o n  of t h i s  e x e r c i s e .  

There i s  a r a t h e r  n i c e  " t r i c k "  t h a t  i s  sometimes h e l p f u l  i n  

s impl i fy ing  t h i s  type  of problem. The " t r i c k "  i s  known a s  t h e  

method of Lagrange M u l t i p l i e r s .  

Note #2. Lagrange M u l t i p l i e r s  

I n  Note #1we w e r e  seeking max/min va lues  f o r  f  (x ,  y ,  z )  s u b j e c t  

t o  t h e  c o n s t r a i n t  t h a t  g  (x,y,  z) = 0. From equat ions  ( 9 )  and 

(10) w e  could conclude t h a t  

provided g z  # 0. 

I f  w e  now l e t  hx = h = 0  i n  equat ion  (13) it fol lows t h a t  
Y 

added t o  which w e  have a s  a t r i v i a l i t y .  

I n  n- tuple  n o t a t i o n ,  equa t ions  ( 1 4 )  , (15), and (16) may be 

combined t o  y i e l d  

I n  o t h e r  words t h e  p o i n t s  a (a l , a2 ,a3 )  a t  which f  (x ,y , z )  can 

have maximum o r  minimum va lues ,  s u b j e c t  t o  t h e  c o n s t r a i n t  
S.4.7.35 
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4.7.6 (L) continued 

g ( x , y , z )  = 0 must s a t i s f y  

+ + f Z  (g)
Vf ( a ) =  AVg ( a )  where A = -. 

(There i s  a n i c e  geometric  i n t e r p r e t a t i o n  of (18 ' )  which i s  

d i scussed  i n  d e t a i l  i n  Sec t ion  15.11 of Thomas. It should be 

noted ,  however, a s  w e  s h a l l  soon s e e ,  t h a t  our  approach works 

f o r  any number of  v a r i a b l e s  while t h e  geometric  i n t e r p r e t a t i o n  

does n o t  apply f o r  more than t h r e e  v a r i a b l e s )  

I f  w e  now use  h i n d s i g h t  and begin wi th  our  r e s u l t  i n  ( 1 4 ' 1 ,  w e  

may in t roduce  t h e  concept of a Lagrange M u l t i p l i e r  a s  fol lows:  

To maximize o r  minimize f ( x , y , z )  s u b j e c t  t o  t h e  c o n s t r a i n t  

g ( x , y ,  z )  = 0, c o n s t r u c t  t h e  func t ion  

K ( x , y , ~ t X )= f  ( x t y t z )  - Ag(x,y,z) 

and f i n d  va lues  of x ,y , z ,  and f o r  which kx, k k Z ,  and 
y r  

a r e  s imultaneously zero. 

(I.e.,  kx = 0 says  f x  - hgx = 0 o r  f x  = Agx, e t c .  while kX = 0 

simply r e p e a t s  t h e  c o n s t r a i n t  t h a t  -g (x ,y , z )  = 0 [which i s  t h e  

same a s  g ( x , y , z )  = 01) 

More g e n e r a l l y ,  suppose w e  want t o  maximize o r  minimize 

f (x l , . . . , xn )  s u b j e c t  t o  t h e  c o n s t r a i n t  t h a t  g(xl , . . . ,xn)  = 0. 

Our previous  theory  works p r e c i s e l y  a s  before .  Namely, 

assuming t h a t  g ( x l ,  ...,x n  ) = 0 d e f i n e s  xn a s  a continuously 

d i f f e r e n t i a b l e  func t ion  of xl ,  ...,xn ( and t h i s  w i l l  happen 

provided g # 0) , say ,  xn = 4 (xl , .  ..,xn-l) . 
xn 
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4.7.6 (L) continued 

Then, s u b j e c t  of t h i s  c o n s t r a i n t ,  our  func t ion  t o  be maximized 

( o r  minimized) i s  

f ( x l I .  -.Ixn,lt 4 (xl. .  .. x ~ - ~ ) '= h ( x l I .  .. n- 11 

whence 

a 4and w e  then f i n d  - by d i f f e r e n t i a t i n gaxl'"" 
axn- 1 

t o  o b t a i n  

s o  t h a t  

Using (15) and ( 1 7 ) ,  t h e  cond i t ions  t h a t  hx = ...=h = 0 
1 xn 

become 

} These come from (19) and ( 2 1 )  
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4.7.6 (L) continued 

x 

f + f x  ( - -n ) = 0 This  i s  j u s t  an i d e n t i t y .  

xn n 
 xn 


Theref o r e ,  

C 

f 

So l e t t i n g  X = -xn and us ing  n-tuple n o t a t i o n  w e  have 

'xn 

j u s t  a s  be fo re  [equat ion  (18 ' )  1. 

Lagrange m u l t i p l i e r s  sometimes s impl i fy  o u r  computations, b u t  


n o t  always. 


Applying t h i s  technique t o  t h e  p r e s e n t  e x e r c i s e  we  have 


k ( s 1 y I z , h )  = f ( x t y t z )  - Ag(x,y,z) 


= xyz - X(xy + 2x2 + 2yz - 108) .  


Hence 


The system of equa t ions  (22) i s  r e l a t i v e l y  easy  t o  s o l v e .  For 

example w e  may mul t ip ly  t h e  f i r s t  equat ion  by x and t h e  second 

by y t o  o b t a i n  
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4 . 7 . 6 ( L )  continued 

So that with  X # 0,  

whereupon 

S i m i l a r l y ,  mul t ip ly ing  t h e  l a s t  equat ion  of ( 2 2 )  by 2 ,  w e  o b t a i n  

xyz - Az(2x + 2y) = 0  and comparing t h i s  wi th  xyz - Xx(y a 22) = 0 

y i e l d s  x = 22. 

Not ice ,  a t  l e a s t  i n  t h i s  example, t h a t  t h e  method of Lagrange 

M u l t i p l i e r s  was less computat ionally involved than t h e  more 

d i r e c t  methods. 

4 .7 .7  


Le t  


[We use  x,y,z,w,  r a t h e r  than x l rx2,x3,x4,  SO t h a t  our n o t a t i o n  

f o r  p a r t i a l  d e r i v a t i v e s  w i l l  n o t  be t o o  combersome.] 

Our c o n s t r a i n t  i s  t h a t  

x + y + z + w = cons tan t .  

L e t t i n g  g (x ,y ,z ,w)  = x + y + z + w ,  w e  have t h a t  gwE 1, SO 

w i s  a cont inuously  d i f f e r e n t i a b l e  func t ion  of x ,y ,  and z 

S.4.7.39 
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4.7 .7  continued 


everywhere. 


NOW from (2) 


s o  t h a t  

NOW l e t t i n g  h ( x , y , z )  = f ( x , y I z 1 w ( x ~ y ~ z )  x ~ z [ w ( x ~ ~ , ~ ) l= 

hx = xyzwx + yzw 

Y = x y z w ~ + x z w  


h Z = x y z w  + x y w 

Z 

s o  from ( 3 1 ,  

Since  x , y , z ,  o r  w = 0 imply t h a t  xyzw i s  n o t  a maximum, w e  may 

assume t h a t  x , y , z ,  and w a r e  each unequal t o  zero ,  whereupon 

when w e  l e t  hx = h = hZ = 0 (4) becomes 
Y 
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4.7.7 continued 

x = y = z = w, a s  requi red .  

4,7.8(L) 

W e  wish t o  f i n d  t h e  extreme va lues  of f (x,y.z)  = x 
2 + y2 + z 2 

s u b j e c t  t o  t h e  two c o n s t r a i n t s  

and 

That  is ,  w e  l e t  S = { ( x , y , z )  = x 
2+ 2y2 + z2 = 1 and x  + y = 11 

2
We then  want t h e  g r e a t e s t  and l e a s t  va lues  of x2 + y2 + z 
s u b j e c t  t o  t h e  cond i t ion  t h a t  ( x , y ,  z  ES. 

One approach i s  by d i r e c t  s u b s t i t u t i o n .  From ( 2 )  , i f  (x ,y , 2 ) ES 

then  y = 1 - x. Hence t h e  p o i n t s  of S have t h e  form (x l , l -x , z ) .  

Now from (1)any p o i n t  (x ,y , z )  , i n  S s a t i s f i e s  u 
2 + 2y2 + z 2 = 1; 

hence i f  ( x , l - x , z )  S it fol lows t h a t  
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4 . 7 . 8  (L) continued 


Hence t h e  p o i n t s  of S have t h e  form 


So i f  we restrict our  a t t e n t i o n  t o  S,  

Now 

Hence g ( x )  has  a maximum when x = 1. When x = 1, then 1 - x = 0,  

and 4x - 1 - 3x2 = 0,  s o  t h e  p o i n t  (x ,  1 - x ,  +-
of S which is f u r t h e s t  from t h e  o r i g i n  i s  

How about  t h e  p o i n t  of S which i s  n e a r e s t  form t h e  o r i g i n ?  

Since f i s  cont inuously  d i f f e r e n t i a b l e  on S,  it must assume i t s  

minimum somewhere on S. 

But g '  (x )  = 0 ++ x = 1 yie lded  a maximum. Hence t h e  minimum 

must occur  a t  an end p o i n t  of t h e  i n t e r v a l  upon which g i s  

def ined.  What l i m i t s  t h e  domain of g? Well,  s i n c e  

(x,  1-X,-+ L/4x - 1 - 3x2) i s  t o  be r e a l ,  i n  p a r t i c u l a r  4x - 1 -

2
3x must be non-negative. Thus, 
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4.7.8 ( L )  continued 

and t h i s  means t h a t  (3x - 1)and  (x - 1) must e i t h e r  be zero o r  

e l s e  have oppos i t e  s i g n s  

I n  o t h e r  words, g i s  de f ined  on i 1 1  and hence assumes i t s  

minimum e i t h e r  when x = -1 o r  x = 1. But we have a l ready seen3 
t h a t  x = 1 y i e l d s  a maximum . for  g. Therefore g assumes i t s  

-+= '-minimum when x = -.1 When x = -,1 1 - x = 33 
 3 and = 
-+ m),-+ = 0. Hence t h e  p o i n t  of S, (x ,  1 - x ,  

$,which i s  n e a r e s t (:,i st h e  o r i g i n  0 ) .  


A second approach i s  through p a r t i a l  d e r i v a t i v e s .  W e  assume t h a t  

our  two c o n s t r a i n t s  a r e  c o n s i s t e n t  and independent s o  t h a t  we may 

view x 2 + y2 + z 2  a s  a func t ion  of x a lone  ( t h i s  happens provided 

1-1
 a (g h )  # 0 ,  and t h i s  was d i s c l o s e d  i n  o u r  t rea tment  of f u n c t i o n a l  

dependence). 

W e  then  have 

Hence 

Ul t imate ly  w e  s h a l l  s o l v e  g t ( x )  = 0,  b u t  t h i s  involves  knowing 

9 dz - t e r m s  of x.dx and dx e x p l i c i t l y  i n  

From ( 2 )  w e  have t h a t  
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4.7.8 (L) continued 


o r  


!Y = -1. 
dx 


From (1), w e  have t h a t  


d z 
2x + 4y g+22 -&= 0 


and p u t t i n g  ( 5 )  i n t o  (6) w e  ob ta in  


d z 
2 x - 4y + 2 z - & =  0 

whence 

provided,  of course ,  t h a t  z # 0. 

( I f  z = 0, then x 
2 + zy2 + z 2 

= x 2 + zy2; hence z = 0 impl ies  

x 2 + 2y2 = 1. This ,  coupled w i t h  x + y = 1, o r  x = 1 - y ,  

means t h a t  

What (8 )  t e l l s  u s  is  t h a t  (7)  i s  undefined ( d i v i s i o n  by zero) * whenever y = 0 o r  y = 7 . Thus, t h e  p o i n t s  corresponding t o  

t h e s e  y-values must be checked separa te ly .  [Using h i n d s i g h t ,  

S.4.7.44 
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4.7.8(L) continued 

our  f i r s t  method showed t h a t  y = 0,  t h a t  i s  t h e  p o i n t  (1 ,0 ,0 )  was 
2 1 2
f u r t h e s t  from t h e  o r i g i n ,  while y = -3 corresponds t o  T, 0 )  

which was n e a r e s t  t o  t h e  o r i g i n .  I 

Assuming t h a t  z # 0, t h e  s u b s t i t u t i o n  of (5)  and (7)  i n t o  (4)  

y i e l d s  

Theref o r e ,  

Therefore g ( x )  is maximum when y = 0 (i.e.,  when x = 1 s i n c e  

x + y = 1) which agrees  wi th  t h e  r e s u l t  of our  f i r s t  method. 

To f i n d  where g i s  minimum w e  must check where g '  does n o t  e x i s t  
2


and, a s  w e  have seen,  t h i s  is when z = 0 whereupon y = -5. and 

= 3' Thus, 

i s  c l o s e s t  t o  t h e  o r i g i n .  
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1. (a) To invert 


we use the row-reduced augmented matrix technique. Namely, 


From the second half of (1) , we conclude that if 

then 
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1.  continued 

Check 

(b) AX = B implies that  

A-I(AX) = A-'P 

Hence, 

From part (a ), 

and w e  are given that  
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1. continued 


Putting these results into (2) yields 


Check 


2. We may row-reduce 


to obtain 




- - 

Soluti'ons 
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2 .  continued 

The 3rd row of  (1 )  te l l s  us t h a t  

-bl - b2 + b3 = 0 

while the  4th row o f  (1)  tel ls  us  t h a t  

b- = 5bl - b3.4 

Putting (2)  i n t o  (3)  y i e l d s  

b4 = 5bl - (bl + b2) 
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2. continued 


In other words, unless b3 = bl + b2 and b4 = 4bl b2, the given 
-system has no solutions. In particular, with bl = b2 = b3 = b4 -

the system has no solutions since then b3 # bl + b2 (and 
b4 # 4bl - b2). 

(b) If bl = b2 = 1, then b3 must equal 2 (i.e., bl t b2) and b4 

must equal 3 (i.e., 4bl - b2). 

In this event, all solutions are determined by the first two rows 


of (1). 


Namely, we must have 


and 


or, since bl = b2 = 1, 

X1 = 1 + X3 + X4 

and I
x2 = -2 (x3 + x4) 

From (51, we see that we may pick, for example, x3 and x 4 at 

random whereupon xl is then given by 1 + x3 + x4 and x2 by 
-2 (x3 + X4) ' 

3. Written as a linear system, we have 


-f(x,y,z) = (~,V,W) 

where 
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3. continued 


Using our row-reduced matrix technique, we have 


0 0 


-1 -1 
 : :: :I 
0 0 - 3 4 1 


X Y Z U V W 

The last row of (1) tells us that 


That is, the image of f is the plane (in uvw-space) w = 3u - 41. 

Since a plane is 2-dimensional, it is obvious that f is not an 


onto map. 
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4. (a) Letting 


we want x and y such that u = 2.001 and v = 11.001. 

From (1), we have 

so that from (2) 


x2 - y 2 2xydx = du + dv. 

3(x2 + y2) 3 (x2 + y21 

Returning to (2) , we also find that 
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4. continued 


so that 


Utilizing the approximation that Ax z dx (= Ax ) ,  Ay z dy
tan 

(= Ay ) , we may combine (3) and (4) with x = 2, y = 1, du = dv = 
tan 


0.001 to obtain 


and 


or 


Ay -0.000013. 

Hence, the required point is approximately 


(2 + 0.000093, 1 - 0.000013), 

or 


(2.000093, 0.999987). 
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4. continued 


In summary, 


and 


5. We have 


Hence, 


For max/min values, we wish to solve 


so by (11, we have 


Therefore, 
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5. continued 


Looking at the second equation in (21, we see that if x = 1, then 
3 	 272y = 6 - 3 or y = 	-- and when x = 5, 2y = 30  - 3 so y = -2' 3 27 2' 

Hence, our candidates are the points (1 and I5 ,T) . 
Noticing that 


and 


Comparing (3) and (41, it appears clear that f attains a minimum 


at x = 5, y = 227 and that this maximum value is --105 4 - 

5We should be a bit suspicious about f(1,~) being a maximum since, 


for example 


To play it safe, we observe that 
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5. continued 


Hence, 


f - f  = 12x - 36 
YY XY 


and 


Hence, x = 1 corresponds to a saddle point while x = 5 corresponds 
27to a minimum (not a maximum since fxx(5,2) = 30 > 0 -+ "holding 

watern). 
In other words, x 3 + y2 - 6xy + 6x + 3y + 1 is at least as great 

lo5, but it can be made as great as we wish by appropriate as -- 4 

choices of x and y. 




MIT OpenCourseWare 
http://ocw.mit.edu 

Resource: Calculus Revisited: Multivariable Calculus 
Prof. Herbert Gross 

The following may not correspond to a particular course on MIT OpenCourseWare, but has been 
provided by the author as an individual learning resource. 

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms. 

http://ocw.mit.edu
http://ocw.mit.edu/terms



