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2S p r o j e c t s  on to  t h e  c i r c u l a r  d i s c  x  + 2 y ( 1  i n  t h e  xy-plane. 
2 2 

(We g e t  t h i s  informat ion  by l e t t i n g  z = 0 i n  z = 1 - x - y 1 .  
2 

NOW, a normal v e c t o r  t o  S  a t  (xo r  Y o r  1 - x 
0 - 2, i s  given by yo

( I f  t h i s  is  hazy review Sec t ion  15.3 of t h e  t e x t ) ,  o r  

s o  t h a t  

-+
is a  u n i t  normal, un. 

Hence an element of s u r f a c e  a r e a  i n  terms of dx and dy i s  given 

by 
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5.6.1 (L) continued 

= j4x2 + 4y2 + 1 dy dx. 

Thus, t h e  s u r f a c e  a r e a  of S i s  given by 

The form of t h i s  i n t e g r a l  sugges t s  p o l a r  coord ina tes ,  i n  which 
2

case  t h e  region { (x ,y)  : x + y2 <- 11 i s  w r i t t e n  a s  

{ ( r , B ) :  0  -< r <- 1,0  <- 0 -< 2 1 ~ 3 .  So, w r i t t e n  i n  p o l a r  coord ina tes  

formula (1)becomes 
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5 .6 .1  (L) cont inued 

We have e l e c t e d  t o  s t a r t  o f f  wi th  t h i s  e x e r c i s e  because t h e  

r eg ion  S happens t o  be a s u r f a c e  of r e v o l u t i o n .  Consequently 

w e  may check our  answer by t h e  technique used f o r  f ind ing  su r -

f a c e  a r e a  i n  P a r t  1. 

Namely, n o t i c e  t h a t  t h e  s u r f a c e  S may be obta ined by revolving 
2t h e  p o r t i o n  of t h e  parabola ;  y = 1 - x , y 2 0. about t h e  

y-axis .  That  i s  

I n  o t h e r  words t h e  s u r f a c e  a r e a  should a l s o  be given by 

Since  y = 1 - x 2 ,  it fol lows t h a t  % = -2x, s o  t h a t-

dx 1 dx 2 1 UX 

* = - 2 x  and (-) = -dy 4x2 Hence 

and t h i s .  i n  t u r n  i s  n s i n c e  y = 1 - x2 impl ies  t h a t  

x2 = 1 - y ,  o r  4x2 + 1 = 4 ( 1  - y )  + 1 = 5 - 4y. 
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5.6.1 (L) cont inued 

P u t t i n g  t h i s  informat ion  i n t o  (2)  y i e l d s  t h a t  t h e  r equ i red  

a r e a  is 

which checks wi th  o u r  previous  r e s u l t .  

5.6.2 


P i c t o r i a l l y  w e  have 


z = 1 m e e t s  22 = x2 + y2 i n  t h e  

circle 2 = x 2 + y2 (i.e., l e t  
2
z = 1 i n 2 z = x 2 + y )  

So our  s u r f a c e  p r o j e c t s  o n t o  t h e  r eg ion  x 2 + y2 2 i n  t h e  

xy-plane. 

Our element of  s u r f a c e  a r e a  is  

+
and un i s  given by 
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5.6.2 continued 

1 2  2and s i n c e ,  z = T(x + y ) 

Consequently (1)becomes 

it fol lows t h a t  a z- = 
ax 

x and az  -- -a Y Y *  

whereupon 

Hence, t h e  s u r f a c e  a r e a  i s  

and in t roduc ing  p o l a r  coord ina tes  y i e l d s  

/ 2 ~ n f i r d r  dQ 

0 0 
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5.6.3 

2Since  t h e  p lane  i s  c u t  by t h e  c y l i n d e r  x + y2 = 1 it i s  c l e a r  

t h a t  t h e  c u t  p o r t i o n  of t h e  p lane  p r o j e c t s  onto  t h e  region 
2 x + y2 -< 1 i n  t h e  xy-plane. 

A normal v e c t o r  t o  t h e  p lane  x + y + z = 1 i s  + + 
-b -b 

Consequently un k, i n  this case .  i s  1/ a. 

Thus, our  d e s i r e d  a r e a  i s  given by 

r d r  d0 
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5.6.4 


Our diagram, i n  t h e  f i r s t  o c t a n t  i s  given by 

s u r f a c e  whose a r e a  we seek 

Y 
y2 = 0 

X 


The s u r f a c e  w e  seek h a s ,  by symmetry, f o u r  t imes t h e  a r e a  of 

t h e  region shown above. 

A t  any r a t e  we have t h a t  t h e  s u r f a c e  a r e a  i n  ques t ion  i s  given 

by 

. * 
Here w e  have combined a few steps and rewrote 

dy dx a~ 2 a~ 2 
a /(ax) + (-1 + 1 dy dx directly.

/?in* 2 1  a Y 
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5.6.4 continued 

2 

Jx: + 2 2 + 1 dy dx. 
a - x - y  

Since 
-

J- a z - -Xi z = +  a - x - y  - - and -az --
ax Jam,2_mL 

and 

and 

(ii) 

pro jec t ion  of t he  
surface on xy-plane 

Simplifying (2)  y ie ld s  

and again,  po la r  coordinates a r e  suggested. 


s ince  t h e  po la r  form of x2 - ax + y2  = 0 i s  given by 




- - 
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5.6.4 continued 

r2 - a r  cos  0 = 0 o r  r = a cos  8 ,  formula ( 3 )  becomes 

1~ a cos  8 

= 4a / T  - d~ 
r=0 

0 

TT 

= r a 2  ( 1- s i n  01 d~ 

0 


IT 


= a 2
10 + cos  0 

- 5.6.5(L) 

H e r e  w e  see a more " p r a c t i c a l "  need f o r  s u r f a c e  a r e a  i n  terms of 

t h e  mass of  a  " s h e l l " .  

L e t t i n g  & denote an element of  a r e a  on t h e  hemispherical  s h e l l ,  

we have t h a t  t h e  mass of t h a t  element i s  pda. s o  t h a t  t h e  mass i s  
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NOW p (x ,y ,z )  = kz = k 11- x2 - y2 a t  each p o i n t  on t h e  hemis- 

phere ,  and d a i s ,  a s  u s u a l ,  

( j u s t  a s  i n  t h e  previous  e x e r c i s e  wi th  a = 1). 

Hence, p u t t i n g  (2)  i n t o  (1)y i e l d s  t h a t  t h e  r equ i red  mass is  

The main aim of t h i s  e x e r c i s e  i s  t o  emphasize t h a t  t h e r e  a r e  

problems i n  which it is c r u c i a l  t h a t  we  r e p l a c e  p lane  regions  

by more g e n e r a l  s u r f a c e s  - q u i t e  a p a r t  from simply wanting t o  

f i n d  s u r f a c e  a r e a s .  
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5.6.6 ( o p t i o n a l )  

The main o b j e c t  of t h i s  e x e r c i s e  is t o  emphasize how we compute 
-t 
un when t h e  s u r f a c e  S i s  given i n  t h e  i m p l i c i t  form 

m d y dx. 
$9 2 

I n  t h i s  case  w e  have a l r eady  l ea rned  t h a t  $CJ i s  normal t o  S,  

provided of course  t h a t  w e  a r e  a t  a p o i n t  on S f o r  which 
-+ 
Vg # 0. Thus, a s  long a s  $g # 0, $ g / l  Tg 1 may be used a s  t h e  

express ion  f o r  un; and i n  t h i s  case  

becomes 

+ 
The only  way t h a t  (2)  can g e t  us i n  t r o u b l e  i s  i f  $ k = 0,  

g
b u t  w e r e  t h i s  t o  happen it would mean t h a t  gz  = 0 ,  i n  which 

case  g ( x , y , z )  = 0 does n o t  d e f i n e  z a s  a d i f f e r e n t i a b l e  func t ion  

of x and y ( r e c a l l  i n  our  d i s c u s s i o n  i n  Block 4 we pointed  out  

t h a t  i f  g  (x ,y ,  z )  was cont inuously  d i f f e r e n t i a b l e  then g  (x ,y ,  z)  = 

0 def ined  z  i m p l i c i t l y  a s  a d i f f e r e n t i a b l e  func t ion  of x and y 

i f  and only  i f  g Z  # 0 ) .  

Applying t h i s  d i s c u s s i o n  t o  t h e  p r e s e n t  e x e r c i s e ,  w e  have t h a t  
2 2x2 + y2 + z = a . Hence S may be w r i t t e n  a s  g ( x , y , z )  0 where -

2 2 2g ( x t y l z )  = x + y2 + z - a . Then gx = 2xt g = Zy, and 
y-t 

g 2 
= 22; s o  t h a t  $9 = 2x i  + 2y j  + 2zk and $9 - k = 22. 

Hence from formula ( 2 ) ,  w e  o b t a i n  t h a t  the  s u r f a c e  a r e a  i n  

q u e s t i o n  i s  given by 

2and s i n c e  x + y2 + z2 = a2 on S,  formula ( 3 )  becomes 
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5 .6 .6  continued 

A quick check now r e v e a l s  t h a t  o u r  in teg rand  i n  ( 4 )  checks with 

t h a t  of  formula (3)  i n  Exerc ise  5.6.4. 

To be s u r e ,  i n  t h i s  problem w e  d i d  u l t i m a t e l y  s o l v e  f o r  z 

e x p l i c i t l y  i n  t e r m s  of  x and y ,  b u t  our  main p o i n t  was t o  show 

t h a t  t h e  technique  f o r  f ind ing  s u r f a c e  a r e a s  a p p l i e s  t o  s u r f a c e s  

of t h e  form g ( x , y , z )  = 0. 

5.6.7 ( o p t i o n a l )  

a .  	 The main aim of t h i s  e x e r c i s e  i s  t o  g e n e r a l i z e  t h e  procedure f o r  

f i n d i n g  s u r f a c e  a r e a  t o  s u r f a c e s  of t h e  g e n e r a l  parametr ic  form 

where f ,  g ,  and h  are d i f f e r e n t i a b l e  func t ions  of u and v. 

The key p o i n t  i s  t h a t  w e  may view equat ion  (1) a s  a  mapping of 

t h e  r e c t a n g u l a r  r eg ion  R = (u,v)  :a 5 u 5 b,  c 5 v 5 d )  i n  E2 

( i .e . ,  2-space) o n t o  t h e  s u r f a c e  S  de f ined  by (1) i n  3-space, 

E3 . (See n o t e  a t  t h e  end of t h i s  e x e r c i s e ) .  

A n a l y t i c a l l y ,  t h i s  mapping i s  no more d i f f i c u l t  t o  d e f i n e  than 

it was t o  d e f i n e  a  s i m i l a r  mapping from E~ i n t o  E ~ ,such a s  when 

w e  d i scussed  mappings of  t h e  xy-plane i n t o  t h e  uv-plane. From a  

geometr ic  p o i n t  of view, however, t h i n g s  a r e  a b i t  tougher ,  b u t  

only because it i s  more d i f f i c u l t  t o  draw p i c t u r e s  i n  E3 t han  
2

it was t o  draw them i n  E . 



Solutions 
Block 5: Mul t ip le  I n t e g r a t i o n  
Uni t  6: Surface  Area 

5 .6 .7  continued 

A t  any r a t e ,  from a  p i c t o r i a l  p o i n t  of view, we have t h a t  

equat ion  (1) may be viewed as :  

-F i s  de f ined  on R by F-(u,v)  = [f( u t v )  ,g ( u ~ v )  t h  (u tv )  1 where 

( U , V ) E  	 R. 

(F igure  1) 

With r e f e r e n c e  t o  Figure  1, what w e  can now conclude i s  t h a t  t h e  

s u r f a c e  a r e a  of  S i s  given by 

where un i s  t h e  ( o u t e r )  u n i t  normal t o  t h e  s u r f a c e  S a t  t h e  

p o i n t  (x,y ,z ) . 

The problem wi th  formula (2) i s  t h a t  it expresses  t h i n g s  i n  

terms of x and y  ( z  i s  a func t ion  of  x and y  on S) while t h e  
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5.6.7 continued 

equat ion  of S i s  given i n  t e r m s  of u and v.* Thus, somehow o r  

o t h e r ,  w e  must use  t h e  chain  r u l e  o r  i t s  e q u i v a l e n t  t o  express  

(2) i n  terms of u and v. 

W e  p r e f e r  t o  avoid t h e  d i r e c t  use  of any method which r e q u i r e s  

t h a t  w e  express  u and v i n  t e r m s  of x and y ( o r  i n v e r s e l y  

which r e q u i r e s  t h a t  w e  express  x and y i n  terms of  u and v). 

For one t h i n g ,  such an approach may l ead  t o  d i f f i c u l t  computa- 

t i o n s  i n  some cases  ( i .e . ,  i t  might be  d i f f i c u l t  t o  i n v e r t  t h e  

e q u a t i o n s ) .  For another  t h i n g ,  i n  some a b s t r a c t  s i t u a t i o n s ,  

w e  might n o t  know how u and v a r e  r e l a t e d  t o  x and y ,  b u t  only 

t h a t  S is determined by a p a i r  of parameters  u and v. 

Th i rd ly ,  from a pure ly  ph i losoph ica l  p o i n t  of view, w e  f e e l  

t h a t  any a t tempt  t o  conver t  everyth ing i n t o  x and y coord ina tes  

g i v e s  t h e  impression t h a t  t h e  Car tes i an  coordinate  system i s  

v i t a l  t o  t h e  concept of s u r f a c e  a rea ;  and consequently w e  

p r e f e r  an approach t h a t  i s  se l f - con ta ined  i n  terms of  u and v. 

To c a r r y  o u t  our  o b j e c t i v e  what w e  do i s  look t o  see how t h e  

s u r f a c e  S evolves  from t h e  region R. Assuming, a s  usua l ,  

t h a t  our  mapping i s  s ing le -va lues ,  w e  may view S a s  being made 

up of  t h e  images of e lementa l  r e c t a n g u l a r  r eg ions  of R.  That 

i s ,  w e  p a r t i t i o n  R i n t o  r e c t a n g l e s  by t h e  g r i d  of l i n e s  u = 
c o n s t a n t  and v = c o n s t a n t ,  and w e  then look a t  S a s  being made 

up of t h e  union of t h e  images of t h e s e  r ec tang les .  P i c t o r i a l l y ,  

* A s  a s p e c i a l  c a s e ,  n o t i c e  t h a t  when u = x and v  = y ( i . e . , i n  

t h e  c a s e  t h a t  z = h ( x , y ) ,  which i s  t h e  c a s e  t r e a t e d  i n  t h e  

t e x t ) ,  R and R' a r e  t h e  same r e g i o n ,  whereupon formula ( 2 )  

becomes 


and t h e  xy-plane and uv-plane c o i n c i d e  p o i n t  by p o i n t .  Thus, 

i n  t h i s  c a s e ,  formula ( 2 )  i s  t h e  u s u a l  r e c i p e  f o r  computing 

t h e  s u r f a c e  area  of  S when S i s  g i v e n  i n  t h e  form 

z = h ( x , y ) .  
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A %\=cons tan t  

cons tan t  

)Y 

X 


(Figure  2) 

W e  now compute t h e  s c a l i n g  f a c t o r  necessary  t o  conver t  t h e  a r e a  

of a r e c t a n g l e  i n  t h e  uv-plane i n t o  t h e  a r e a . o f  i t s  image on S.  

Again, p i c t o r i a l l y  

(Figure  3 )  

The c r u c i a l  s t e p ,  a s  u s u a l  i n  such d i s c u s s i o n s ,  now involves  

our  being a b l e  t o  r e p l a c e  t h e  region ASij by t h e  para l le logram 

determined by, say ,  A ' ,  B ' ,  and D', which we can do provided 

AKij i s  s u f f i c i e n t l y  smal l .  
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5.6.7 continued 

With r e f e r e n c e  t o  Figure  3 ,  then  what we a r e  doing i s  rep lac ing  

ASij by Gij, where 

(Figure 4 )  

[Notice t h a t  i n  going from Figure  3 t o  Figure  4 we a r e  again  

invoking l o c a l  l i n e a r i t y .  I n  e f f e c t ,  we a r e  saying t h a t  

l o c a l l y  ( i . e .  on smal l  domains, A R . . )  F may be replaced by i t s
1 3  -

l i n e a r i z a t i o n  ( i . e . ,  t h e  one which maps ARij onto  t h e  p a r a l l e l o -  

gram A I B I C " D '  11 

A t  any r a t e ,  s i n c e  w e  assume t h a t  ASij may be replaced by mij, 
w e  a r e  "home f r e e "  because it i s  easy  t o  compute t h e  a r e a  of 

xiji n  t e r m s  of t h e  a r e a  of  ARij. 

I n  p a r t i c u l a r ,  

h ( u o  + Au, v0) - h(u0t  v0) 
I P  u 

A v 

and s i n c e  on t h e  s t r a i g h t  l i n e  A 'B1 ,  t h e  average r a t e  of 
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5 .6 .7  continued 

change change e q u a l s  ins t an taneous  rate of change w e  have t h a t  

A ' B '  = r gU (uOtVO) I I[ f U ( ~ O l ~ O )  hU( u ~ ~ v ~ )A U  

= ~ , ( u ~ , v ~ )A u .  


S i m i l a r l y  


+ -+ 
Then, s i n c e  t h e  a r e a  of  Asij i s  given by I A ' B '  x A I D '  I we have 

t h a t  t h e  a r e a  of  Asij i s  

I f  we now sum over t h e  e n t i r e  p a r t i t i o n  and t a k e  l i m i t s  we see 

t h a t  t h e  s u r f a c e  a r e a  of  S i s  given by 

where 

and 

+F: R -+S wi th  $ (u ,v )  = [ f  (u ,v)  , g ( u , v ) ,  h ( u , v l  1 .  

b. I n  t h e  case  t h a t  S i s  given by z = f  (x ,y)  we have 

Therefore ,  
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5.6.7 continued 


and 


FU = ( l ,O, fu)  


Fv = (O, l , fv ) .  


Hence, 


= - fx: - f 3 + 2 ( s ince  x = u, and y = v)
Y 

Consequently 

and the  formula es tab l i shed  i n  t he  previous exerc i se  y i e ld s  t h a t  

the  surface a rea  of S i s  

which agrees with our previous r e s u l t .  

A Note on Arc Length and Surface Area 

When we def ine a curve i n  parametric form ( e i t h e r  a plane curve 

o r  a more general  space curve) w e  a r e  very c lose  t o  having a 

non-geometric d e f i n i t i o n  of a curve. For example, suppose we 

say t h a t  t he  curve C i s  defined by 



- - 
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(Since t4= x2 and t6 = x 3 , t h i s  space curve i s  t h e  i n t e r s e c t i o n  

of t h e  two s u r f a c e s  y  = x2 + 1 and z = x3 + x. )  

What equat ion  (1) says  from a  pure ly  a n a l y t i c a l  p o i n t  of view 

i s  t h a t  i f  w e  l e t  R denote t h e  c losed i n t e r v a l  [0,11 and i f  w e  

d e f i n e  F  on R by F ( t )  = ( t2, t4 + 1, t6 + 2 t )  f o r  each t € R  

then t h e  curve C i s  p r e c i s e l y  F ( R ) ;  t h a t  i s ,  t h e  image of R 

under t h e  mapping F. -

Notice t h a t  t h i s  i n t e r p r e t a t i o n  lends  i t s e l f  t o  any number of 

dimensions. I n  p a r t i c u l a r ,  we d e f i n e  an n-dimensional space 

curve t o  be any continuous mapping from E i n t o  En . The usual  

geometric  no t ion  of a space curve i s  then viewed a s  a continuous 

mapping from E  i n t o  E ~ ,and a  p lane  curve a s  a  mapping from E 

i n t o  E2, Moreover, w e  say  t h a t  t h e  curve i s  smooth i f  t h e  

mapping i s  d i f f e r e n t i a b l e .  

I n  a s i m i l a r  way one d e f i n e s  an n-dimensional s u r f a c e  a s  a con-

t inuous  mapping from E2 i n t o  En. I n  p a r t i c u l a r ,  t h i s  agrees  

wi th  t h e  usua l  pa ramet r i c  d e f i n i t i o n  of a s u r f a c e  i n  3-space. 

Namely when w e  say  t h a t  S  i s  t h e  s u r f a c e  de f ined  by 

we a r e  saying t h a t  w e  may view S  a s  t h e  image of J?:E2+ E3 where -
F i s  de f ined  by -

f o r  each (u ,v)  EE2. 

Again, w e  say  t h a t  t h e  s u r f a c e  is smooth i f  F i s  d i f f e r e n t i a b l e .-

The p o i n t  t h a t  w e  would l i k e  t o  make i n  t h i s  no te  i s  t h a t  a r c  

l eng th  may be viewed i n  t h e  same way t h a t  s u r f a c e  a r e a  was 
d i scussed  i n  t h i s  e x e r c i s e ;  and perhaps by r e v i s i t i n g  a r c  length  

a t  t h i s  t ime,  it w i l l  become e a s i e r  t o  fo l low t h e  technique 

developed i n  t h i s  e x e r c i s e  ( s i n c e  t h e  theory  i s  t h e  same bu t  

t h e  diagrams involve  one l e s s  dimension) . 
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Rather than look a t  t h e  g e n e r a l  a b s t r a c t  case ,  l e t  us  p ick  a 

p a r t i c u l a r  curve C. Suppose t h a t  C i s  def ined by 

Then t h e  curve C i s  t h e  image of  t h e  i n t e r v a l  [1,21 under t h e  -
mapping - - = (tz+ 1, 2 t ) .  w e  mayF de f ined  by F ( t )  P i c t o r i a l l y ,  

view F  as-

I n  f a c t ,  t h e  e n t i r e  mapping may be viewed i n  t h e  xy-plane. 

Namely 

F maps [1,21 o n t o  CD-4 

3 l  

2 


1I '  F
-

-


A C " " "  5
1 to 4 3 4 
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Notice t h a t  a "smal l"  segment of AB maps on to  a "small"  segment 

of CD and t h e  s c a l i n g  f a c t o r  i s  t h e  s lope  of CD a t  some p o i n t  

on t h e  smal l  segment 

Theref o r e ,  

I F ( P Q ) I ~ P Qs e c  0 

t a n  0 = $ + 

sec 0 = +h (2)+ 

I n  o t h e r  words, w e  could have i n t e r p r e t e d  a r c  l eng th  s o l e l y  i n  

t e r m s  of F ( R ) ,  e t c .  I t  i s  i n  p r e c i s e l y  t h i s  same way t h a t  

t h e  pa ramet r i c  form f o r  a s u r f a c e  can be used t o  develop t h e  

corresponding formulas f o r  s u r f a c e  a r e a .  

5.6.8 ( o p t i o n a l )  

a .  I n  t h e  case  of p o l a r  coord ina tes  w e  have t h a t  S i s  given by: 

x = r cos  0* 

y = r s i n  0 

z = f ( r , 0 )  

and hence, 
-+ 
F ( r , Q )  = (r cos  0 ,  r s i n  0,  f ( r , Q ) .  

Therefore ,  

+
Fr = (COS 0 ,  s i n  8, f r )  

+

Pg = (-r s i n  0 ,  r cos 0 ,  f g )  

* The s y m b o l s  u and v a r e  n o t  i m p o r t a n t ,  b u t  i f  o n e  w i s h e d  t o  
a d h e r e  t o  t h e  n o t a t i o n  o f  t h e  p r e v i o u s  e x e r c i s e  we w o u l d  
w r i t e  

X = u C O S  v 

y = u s i n  v
I = .Z f  ( u , v )  

S.5.6.21 
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5.6.8 continued 

and 

+ t 
1 3 

Fr x F O =  cos 0 s i n  0 

-r s i n  8 r cos 8 

= 
-f
i ( f e  s i n  8 - r f r  cos 0)  - -f

j ( f g c o s  0 + r f r s i n  0)  

Therefore ,  

2 
I P r  x $0 I - ( f e s i n  0 - r f rcos  812 + ( f8cos 0 + r f r s i n  0)

2+ r 

2 2 2f s i n  8 - 2r f r fes in  8 r o s  8 + r2 f r2cos  8 +
0 

f g2 cos 20 + 2 r f r f g s i n  8 cos 8 + r 2 f r 2 s i n26 + r2 

Thus, t h e  requ i red  su r face  a r e a  is 

b. For a p lane  reg ion  S, z = 0. That i s ,  f ( r , 0 )  E 0. I n  t h i s  

case  f g  = f, = 0,  s o  t h a t  + r 2 f r 2  + r 2 = r ,  so t h a t  (1)
£8 


becomes 


* N o t i c e  h e r e  t h a t  dAR = dr d o  not rdrdQ s i n c e  the  r e g i o n  R 
i s  i n  t h e  uv-plane ( o r  i n  our p r e s e n t  c o n t e x t ,  t h e  r e - p l a n e ,  
-n o t  t h e  =-plane.  

S.5.6.22 
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5.6.8 continued 

which agrees  wi th  t h e  u s u a l  formula f o r  f i n d i n g  (p lane)  a r e a  i n  

p o l a r  coord ina tes .  

C. 	 If  f e  = 0 (which. by t h e  way. i s  always t r u e  f o r  a region of 

r e v o l u t i o n  about  t h e  z-axis  s i n c e  t h e  he igh t  of  an element 

remains c o n s t a n t  through t h e  r e v o l u t i o n )  then formula (1) 

becomes 

r d r  d8. 

d.  	 I n  t h i s  case  our  region R i s  de f ined  by 

and our  s u r f a c e  S i s  given by 

Zz = J 4 - r  . 
I n  t e r m s  of formula (1) t h i s  means t h a t  f  ( r .8 )  = JhI-;T, s o  

t h a t  f e  = 0 and f r  = -r/ 4 4 - 2 2 .  

Since f e  = 0 ,  formula (2)  a p p l i e s  and w e  see t h a t  t h e  s u r f a c e  

a r e a  i s  given by 

//I-R - r r d r  d8 



S o l u t i - - - -
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5.6.8 continued 

s i n  
2 

= 4 - 16 / 
-1 lT  

cos  u du 

0 

-1 8 (where u = s i n ; i.e. , 

sin-' 1 

= 4 ~ -/ 
4 
(1+ cos  2u)du 

0 

s i n- 1 l T  g 

= 4 .rr - 8 [u + 1 s i n  2u u=o 



S o l u t i o n s  
Block 5:  M u l t i p l e  I n t e g r a t i o n  
U n i t  6: S u r f a c e  Area  

5 .6 .8  c o n t i n u e d  

1 IT - 8 s i n T d l 6  - I T  
= h - 2 

2 4 ( 3 , 1 4 )  - -18  s i n  (0 .785)  - 1.57 i 1 6  - ( 3 . 1 4 1 ~  
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