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Block 5.: Mul t ip le  I n t e g r a t i o n  

Uni t  6: Surface  Area 

1. Overview: (Actual ly  an i n t r o d u c t i o n  t o  Sec t ion  16.9 of t h e  Text)  

I n  P a r t  1 of our  course ,  w e  d i scussed  b r i e f l y  t h e  problem of 

f i n d i n g  a r e a s  of s u r f a c e s  of r evo lu t ion .  I n  t h e  same way t h a t  

t h e  problem of f i n d i n g  volumes was more g e n e r a l  than f i n d i n g  

volumes of r e v o l u t i o n  ( i .e . ,  n o t  a l l  s o l i d s  a r e  obta ined by re-

volving a  p lane  r e g i o n ) ,  t h e  problem of f i n d i n g  s u r f a c e  a r e a  

i s  more d i f f i c u l t  than  what may have been i n d i c a t e d  i n  our  

s tudy of  s u r f a c e s  o f  r evo lu t ion .  Our aim i n  t h i s  u n i t  i s  t o  

broaden our  concept  of s u r f a c e  a r e a  (and a s  an o p t i o n a l  e x e r c i s e  

w e  w i l l  show t h a t  t h e  t r ea tmen t  of s u r f a c e s  of r evo lu t ion  i s  

a s p e c i a l  case  of t h e  more g e n e r a l  t h e o r y ) .  

Reca l l  t h a t  our  s tudy of volume and a r e a  i n  P a r t  1 was e a s i e r  

t o  handle than our  s tudy  of a r c  length .  Namely, t h e r e  w e r e  

t h r e e  impor tant  axioms t h a t  w e r e  v a l i d  i n  t h e  t r ea tmen t  of 

a r e a  and volume, b u t  only two of t h e s e  t h r e e  w e r e  v a l i d  f o r  

a r c  l eng th .  I n  t h i s  sense  (even though t h e  degree of sophis-

t i c a t i o n  i s  a dimension h igher )  w e  a r e  faced wi th  t h e  same 

problem i n  extending t h e  no t ions  of volume a s  a double ( o r  

t r i p l e )  i n t e g r a l  t o  t h e  no t ion  of s u r f a c e  a r e a  a s  a  double 

i n t e g r a l .  [This  t o p i c  i s  covered i n  d e t a i l  i n  Sec t ion  16.9 of 

t h e  t e x t  i n  t h e  s p e c i a l  case  t h a t  the  s u r f a c e  has t h e  e x p l i c i t  

form z = f ( x , y ) .  While w e  s h a l l  t r y  t o  make our  d i scuss ion  more 

g e n e r a l  than t h a t  i n  t h e  t e x t ,  t h e  main p o i n t s  w i l l  be t h e  same.] 

Namely, we a r e  wi thou t  t h e  key axiom t h a t  i f  t h e  one region i s  

conta ined w i t h i n  ano the r  t h e  s u r f a c e  a r e a  of t h e  conta in ing 

reg ion  i s  a t  l e a s t  a s  g r e a t  a s  t h a t  of t h e  conta ined region.  

I n  o t h e r  words, when we d e a l  wi th  s u r f a c e  a r e a ,  we cannot apply 

t h a t  n i c e  device  of "squeezing" t h e  d e s i r e d  region between two 

o t h e r  r eg ions .  Consequently, w e  must be e x t r a  c a r e f u l  ( j u s t  

a s  w e  had t o  be when we  s t u d i e d  a rch  l eng th  i n  c a l c u l u s  of a 

s i n g l e  v a r i a b l e )  i n  how w e  d e f i n e  s u r f a c e  a r e a  r igorous ly .  

(The au thor  concludes Sec t ion  16.9 wi th  a r a t h e r  paradoxica l  

conclus ion based on a seemingly harmless way of  computing a  

s u r f a c e  a r e a .  
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From an i n t u i t i v e  p o i n t  of  view, it seems t h a t  we should be a b l e  

t o  p a r t i t i o n  a s u r f a c e  i n t o  a g r i d  i n  much t h e  same way t h a t  we 

p a r t i t i o n e d  reg ions  i n  t h e  xy-plane i n t o  r e c t a n g u l a r  g r i d s .  

The problem, of course ,  i s  t h a t  it i s  n o t  easy  t o  d e f i n e  a 

b a s i c  element of a r e a  on an a r b i t r a r y  su r face .  For example, i n  
p lanes  s t r a i g h t  l i n e s  a r e  very n a t u r a l  f o r  measuring d i s t a n c e s ;  

on a sphere a r c s  o f  g r e a t  c i r c l e s  ( i . e . ,  c i r c l e s  on t h e  sphere 

whose c e n t e r  i s  a l s o  t h e  c e n t e r  of  t h e  sphere)  a r e  very n a t u r a l  

f o r  measuring d i s t a n c e s ;  b u t  what is  n a t u r a l  s u r e l y  depends on 

t h e  shape of t h e  p a r t i c u l a r  s u r f a c e .  ( A s  a p o i n t  of information 

geodes ic  l i n e s  on a s u r f a c e  a r e  those  curves on t h e  s u r f a c e  

which y i e l d  t h e  s h o r t e s t  pa th  between two p o i n t s  on t h e  s u r f a c e ;  

s o  t h a t  f o r  p l a n e s ,  t h e  geodes ics  a r e  s t r a i g h t  l i n e s  while f o r  

a sphere  t h e  geodes ics  a r e  a r c s  of g r e a t  c i r c l e s . )  

The t y p i c a l  ploy i s  t o  reduce t h e  s tudy of s u r f a c e  a r e a  t o  t h e  

s tudy of p lane  a r e a .  One way of doing t h i s  i s  t o  p r o j e c t  t h e  

given s u r f a c e  on to  t h e  xy-plane (we  need n o t  r e s t r i c t  our  usage 

t o  Car tes i an  coord ina tes  excep t  t h a t  it seems convenient .  The 

key i d e a  i s  t h a t  w e  p r o j e c t  t h e  s u r f a c e  o n t o  a p l a n e ) .  I f  t h e  

s u r f a c e  is  s i n g l e  valued (meaning t h a t  a l i n e  perpendicular  t o  

t h e  xy-plane meets t h e  s u r f a c e  i n  no more than one p o i n t )  then 

t h e r e  i s  a n a t u r a l  correspondence between t h e  p o i n t s  on t h e  

s u r f a c e  S and t h e  p o i n t s  on i t s  p r o j e c t i o n  R; where by " n a t u r a l "  

w e  mean t h a t  t h e  correspondence i s  given by t h e  "matchup" of 

p o i n t s  on l i n e s  perpendicular  t o  t h e  xy-plane (see t h e  p i c t o r i a l  

summary i n  F igures  1, 2 ,  and 3 ) .  I f  t h e  s u r f a c e  i s  n o t  s i n g l e  

valued,  w e  can,  a s  usua l ,  d i v i d e  it i n t o  s ingle-valued branches. 

The p o i n t  i s  t h a t  s i n c e  R i s  a p lane  reg ion  w e  can p a r t i t i o n  it 

i n  t h e  u s u a l  way i n t o  a r e c t a n g u l a r  g r i d .  I f  w e  then p ick  a 

p o i n t  (Po) i n  t h e  r e c t a n g l e  of  dimensionA xi by A y j ,  w e  can 

p r o j e c t  t h i s  r e c t a n g l e  on to  t h e  p lane  t angen t  t o  S a t  t h e  p o i n t  

Po a t  which t h e  l i n e  through (Po) perpendicular  t o  t h e  xy-plane 

meets S. Note e s p e c i a l l y  t h a t  t h i s  r e q u i r e s  t h e  s u r f a c e  S t o  be 

smooth; o therwise  t h e r e  might n o t  be a t angen t  p lane  a t  each 

p o i n t  on t h e  s u r f a c e .  
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The g i s t  of t h e  argument i s  t o  assume t h a t  i f  t h e  r e c t a n g l e s  i n t o  

which R i s  d iv ided  a r e  s u f f i c i e n t l y  smal l  then  t h e  a r e a  of t h e  

r eg ion  ob ta ined  when t h e  r e c t a n g l e s  a r e  p r o j e c t e d  onto  t h e  

t angen t  p lanes  i s  e s s e n t i a l l y  t h e  same a s  t h e  a r e a  of t h e  region 

ob ta ined  when t h e  r e c t a n g l e  i s  p r o j e c t e d  on to  t h e  s u r f a c e  S 

i t s e l f .  Then s i n c e  t h e r e  i s  a 1-1 correspondence between t h e  

r e c t a n g l e s  i n  R and t h e  p r o j e c t i o n s  of  them on to  t h e  s u r f a c e  S, 

and s i n c e  t h e  p r o j e c t i o n s  on to  S y i e l d  p r e c i s e l y  S i t s e l f ,  we 

can f i n d  t h e  a r e a  of S by a p p r o p r i a t e l y  f i n d i n g  t h e  a r e a  of 

t h e  i n d i v i d u a l  r e c t a n g l e s  i n  R. P i c t o r i a l l y ,  

(Figure  1) 

Since S i s  s i n g l e  valued t h e r e  i s  a 1-1 correspondence between 

p o i n t s  on S and p o i n t s  on R. I f  S i s  given i n  t h e  form 

z = f ( x , y )  then t h e  correspondence matches (xo,yo) i n  R with 

( x o l ~ o lz ) i n  S where zo = f (xo,yo) . That i s  t h e  p o i n t  on 

S(R) i s  d i r e c t l y  above (below) t h e  corresponding p o i n t  on 

R(S) .  

(Figure  2a) 
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We may then p a r t i t i o n  R i n  the  "usual way" (ABCD i s  henceforth 

r e f e r r ed  t o  a s  AAij) .  

W e  then p ro j ec t  t h e  rectangle  Aij  onto the  plane tangent t o  S 

a t  the  po in t  Fo on S d i r e c t l y  above Po. 

For s u f f i c i e n t l y  small Axi, byj, t he  area  of p ro jec t ion  of 

&Aij onto  the  plane tangent t o  S a t  % (Figure 2b) i s  

e s s e n t i a l l y  t he  same a s  t he  a rea  of the  pro jec t ion  of AAij 

onto S i t s e l f .  
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Now, i f  t h e  p lane  tangent  t o  S a t  Fo makes an angle  8 with  t h e  xy-

p lane ,  then t h e  a r e a  of t h e  p r o j e c t i o n  of AAij on to  t h i s  p lane  i s  

(AxiAy.) s e c  8. Again, p i c t o r i a l l y
3 

+ s i d e  view of tangent  p lane

7 

Now, i f  un denotes  a u n i t  normal v e c t o r  t o  t h e  p lane  then 
-+ -+ 
un k = cos 8 .  Hence ( spa r ing  t h e  d e t a i l s  of t ak ing  l i m i t s )  

an element of a r e a  on t h e  s u r f a c e  i s  given by 

where un i s  t h e  u n i t  normal* t o  t h e  s u r f a c e  S a t  t h e  p o i n t  Po. 

I n  t h i s  way we o b t a i n  t h e  r e s u l t ,  by d e f i n i t i o n ,  

-+ 
The only  remaining d i f f i c u l t y  i s  i n  express ing  un. In  t h e  

approach used i n  t h e  t e x t  S i s  given i n  t h e  form Z = f ( x , y ) .  
-t -+

I n  t h i s  c a s e ,  t h e  normal v e c t o r  i s  f x l  + f 5 - k ,  s o  t h a t  a u n i t
Y 

normal un i s  given by 

* A c t u a l l y  t h e r e  a r e  two  s u c h  n o r m a l s  d e p e n d i n g  o n  t h e  s e n s e  we 
c h o o s e .  By c o n v e n t i o n  o n e  p i c k s  t h e  o u t w a r d  n o r m a l ,  i . e . ,  t h e  
n o r m a l  p o i n t  o u t  f r o m  t h e  s u r f a c e  w h i c h  m e a n s  i n  t h e  d i r e c t i o n  
f r o m  t h e  o r i g i n  t o  t h e  s u r f a c e ,  b u t  s i n c e  a r e a  i s  n o n - n e g a t i v e ,  
i t  i s  r e a s o n a b l y  s a f e r  t o  w r i t e  

a n d  n o t  w o r r y  a b o u t  t h e  s e n s e  o f  u n .
1Zn. iq 
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Therefore ,  

and formula (1)becomes 

Formula (2)  i s  developed q u i t e  r i g o r o u s l y  i n  t h e  r ead ing  ass ign-  

ment i n  t h e  t e x t .  Its only d e f i c i e n c y  from our  p o i n t  of view i s  

t h a t  it r e q u i r e s  t h a t  t h e  s u r f a c e  be  expressed i n  t h e  s p e c i a l  form 

z = f ( x , y ) .  Y e t  t h e r e  a r e  t i m e s  when t h e  s u r f a c e  may b e  de f ined  

i m p l i c i t l y  i n  t h e  form g ( x , y , z )  = 0, o r  p a r a m e t r i c a l l y  i n  t h e  form 

( I n  f a c t  formula (3 )  i s  perhaps t h e  b e s t  s i n c e  t h e  key s t r u c -  

t u r a l  p roper ty  of  a s u r f a c e  i n  t h a t  w e  have two degrees  of  

freedom a t  o u r  d i s p o s a l .  That  is ,  any d e f i n i t i o n  of a s u r f a c e  

i s  a form of (3) . I n  p a r t i c u l a r  t h e  form z = f (x ,y)  i s  t h e  

simple s p e c i a l  case  i n  which u = x and y = v . )  

I n  t h e  o p t i o n a l  e x e r c i s e s  i n  t h i s  u n i t  we s h a l l  develop 


r e c i p e s  f o r  f i n d i n g  s u r f a c e  a r e a  when t h e  s u r f a c e  i s  given 


e i t h e r  i m p l i c i t l y  o r  pa ramet r i ca l ly .  


2. Read: Thomas; Sec t ion  16.9 
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3 .  Exerc i ses  

5.6.1(L) 

Find t h e  s u r f a c e  a r e a  of t h e  region S  i f  S i s  t h e  p o r t i o n  of t h e  
2parabo lo id  z = 1 - x - y2 f o r  which z -> 0. 

Find t h e  a r e a  of  t h e  p o r t i o n  of t h e  s u r f a c e  22 = x 2+ y2 c u t  o f f  

by t h e  p lane  z = 1. 

Find t h e  a r e a  c u t  from t h e  p lane  x + y + z = 1 by t h e  c y l i n d e r  

x 2+ y2 = 1. 

Find t h e  s u r f a c e  a r e a  of t h a t  p o r t i o n  of t h e  sphere x 2+ y 2+ z2 = 

a2 c u t  o f f  by t h e  c y l i n d e r  x 2- ax + y 2 
= 0. 

5.6.5(L) 

Find t h e  mass of  t h e  hemispher ica l  s h e l l  S  de f ined  by 

x 2+ y2 + z2 = 1 and z -> 0,  i f  t h e  d e n s i t y  of S  a t  any p o i n t  i s  

p r o p o r t i o n a l  t o  t h e  d i s t a n c e  of t h e  p o i n t  from t h e  xy-plane. 

Opt ional  Exerc i ses  

[The aim of 5.6.6 i s  t o  show how w e  develop t h e  formula f o r  t h e  

s u r f a c e  a r e a  of  S i f  S i s  given i n  t h e  i m p l l i c i t  form g ( x , y , z )  

= 0. 

I n  5.6.7 we show how t o  compute t h e  s u r f a c e  a r e a  of S  i f  S i s  

g iven i n  t h e  pa ramet r i c  form 

I n  5.6.8 w e  apply t h e  r e s u l t s  of 5.6.7 t o  t h e  s p e c i a l  case  of 

p o l a r  coord ina tes  ( i . e . ,  x = u cos  v ,  y = u s i n  v )  and show 

5.6.7 
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how s u r f a c e  a r e a  i s  computed when t h e  s u r f a c e  i s  given i n  t h e  

p o l a r  form z = f ( r , 8 )  . I  

5.6.6 

Determine t h e  s u r f a c e  a r e a  found i n  Exerc ise  5.6.4, b u t  wi thout  -
s o l v i n g  f o r  z e x p l i c i t l y  i n  terms of x and y. 

I f  	t h e  s u r f a c e  S i s  def ined by 

a. 	Show t h a t  t h e  s u r f a c e  a r e a  of S i s  given by 

b. 	Check t h e  above r e s u l t  i n  t h e  s p e c i a l  case  u = x ,  v = y. 

5.6.8 

a .  	Apply t h e  r e s u l t  o f  Exerc ise  5.6.7(a)  t o  t h e  case  i n  which our  

s u r f a c e  i s  given by 

x = r cos  8 


y = r s i n  8 


z = f ( r , 8 ) .  


b. 	 Check t h e  r e s u l t  obta ined i n  ( a )  by see ing  what happens i n  t h e  

s p e c i a l  case  z = 0. 

:. 	What happens i n  t h e  s p e c i a l  case  of  z = f ( r , B )  where fgE O ?  

d. 	Compute t h e  s u r f a c e  a r e a  of S i f  S i s  t h e  p o r t i o n  of t h e  
0 

sphere  x2 + y2 + z2 = 4 c u t  o f f  by t h e  c y l i n d e r  r = T where 

O < B < I T .  
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