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Unit  7: More on Der iva t ives  of I n t e g r a l s  

1. (Optional)  Read: Thomas Sect ion  15.14. 

[For t h e  purpose of t h i s  u n i t  w e  need t h e  p r e r e q u i s i t e  r e s u l t  

obta ined i n  P a r t  1 of our  course ,  t h a t  

where f  i s  cont .  on ag t sb ,  and u  and v a r e  d i f f e r e n t i a b l e  func t ions  

of x;  and asu  (x)  sb ,  a5v (x) -sb. 

I f  you f e e l  t h a t  you are f a m i l i a r  wi th  equat ion  (11 ,  you may 

proceed a t  once t o  Lecture 3.050. 

I n  Lecture 3.050 w e  s h a l l  d i s c u s s  a g e n e r a l i z a t i o n  of Equation 

(1) i n  which x appears i n  t h e  in teg rand  a s  w e l l  a s  i n  t h e  l i m i t s  

of i n t e g r a t i o n .  That  i s ,  we s h a l l  i n v e s t i g a t e  

/ v ( X )  f  ( x , t ) d t  i s  more complicated than J ~ ( ~ )f ( t ) d t  

u  Cx) u  (x) 

s i n c e  t h e  in teg rand  a l s o  changes a s  x changes. 


The main p o i n t  i s  t h a t  equat ion  (1) i s  important  i n  eva lua t ing  


( 2 )  1. 
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3. 	 Exerc ises :  [ I f  you understand and/or a r e  w i l l i n g  t o  accept  the  

r e s u l t s  de r ived  i n  t h e  l e c t u r e  you may omit t h e  f i r s t  t h r e e  

e x e r c i s e s .  You w i l l  n o t i c e  t h a t  t h e s e  t h r e e  e x e r c i s e s  r e p e a t ,  

i n  more d e t a i l ,  what was done i n  t h e  l e c t u r e .  Our f e e l i n g  i s  t h a t  

s i n c e  t h e s e  d e r i v a t i o n s  a r e  n o t  i n  the  t e x t  they should be inc luded 

i n  t h e  e x e r c i s e s  f o r  t h e  i n t e r e s t e d  s tuden t .  With t h e  exception 

of  the  "precision," a l l  t h e  r e s u l t s  of  these  t h r e e  e x e r c i s e s  a r e  

conta ined i n  t h e  photographs of t h e  l e c t u r e ] .  

3.7.1 (Opt ional )  

~ S s u m i n g  t h a t  f  (x,y)>.O f o r  a l l  (x,y)  and t h a t  w = f ( X I Y )  


i l l u s t r a t e  geomet r i ca l ly  t h e  meaning of 


3.7.2 (Optional] 

L e t  R be t h e  r e c t a n g l e  de f ined  by csxsd,  asycb. Prove t h a t  i f  

f and f x  e x i s t  and a r e  continuous on R then 

3.7.3 (Optional)  

Let  R be a s  i n  Exerc i se  3.7.2 and suppose again  t h a t  f  and f x  

a r e  continuous on R. Now l e t  a (x) and b (x) be continuously 

d i f f e r e n t i a b l e  func t ions  wi th  range i n  t h e  i n t e r v a l  asysb (see 

diagram) . Then i f  

(continued on nex t  page) 
3.7.3 
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3.7.3 continued 

(1)The "b" [ o r  "a"] i n  

b (x) [ o r  a (x)  1 i s  n o t  t h e  

same a s  b [ o r  a ]  

(2)  The curves y=b (x)  and 

y=a(x)  may c ross .  They need 

only be i n  R) 

a .  

3.7.4 (L) 

Ver i fy  t h e  c o r r e c t n e s s  of 

b.  

2 5 3
i n  t h e  case  a=O, b = l ,  and f ( x , y )  = x y f x  y +3 .  

Compute g '  (x)  i f  g (x)  = s i n  (xey) dy. 

3.7.5tL) 

Find t h e  va lues  of c, O . S C & I T / ~ ,  f o r  which 

has  maximum o r  minimum values .  
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a .  	 Given t h a t  

1 b 

g ( y )  =/ xY-x dx ,  where y>b>-1 
Rnx0 


1show t h a t  g '  (y)  = fl 

b.  	 Not ic ing  t h a t  dv= 	y-- , use p a r t  (a)  t o  show t h a t  

xy-xt dx = 	en b% i f  y>b>- l  Rnx .

c. 	 Use p a r t  (b)  t o  e v a l u a t e  

2 a - 	 Ver i fy  t h e  r e s u l t  s t a t e d  i n  Exerc ise  3 . 7 . 3  i f  a ( x ) = x ,  b ( x ) = x  , 
and f (x,y)=xY-

b. 	 Compute g '  (x)  i f  

-- . 

a .  	 W e  a r e  given t h a t  y i s  a func t ion  of x ,  def ined by 
-
X 

y (x)  =/ h (t) s i n  (x- t )  d t  


a 
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3 . 7 . 8  (L) continued 

Use the  r e s u l t  of Exercise 3 . 7 . 3  t o  show t h a t  y (x)  i s  determined 

by the  d i f f e r e n t i a l  equation 

y n ( ~ )+ y ( x )  = h ( x ) ,  where y ( a )  = y ' ( a )  = 0. 

show t h a t  


yn (x )+y(x )= 2eX and y(0)  = y '  (0) = 0. 


show t h a t  

b. 

X yn (x) + y (x) = e and y (0) = y' (0) = 0 

use the  r e s u l t  of p a r t  (a)  t o  show t h a t  y (x) 

i s  a so lu t ion  of t he  i n t e g r a l  equation 

= +(ex-sin x-cos x) 

* 
An e q u a t i o n  i n  which we s e e k  a f u n c t i o n ,  

an i n t e g r a l  e q u a t i o n  i f  y appears a s  p a r t  
whose l i m i t s  depend on x .  Thus 

y ( x )  = ( t - x ) ~ g ( t ) - e t l d t  
0 

i s  an i n t e g r a l  e q u a t i o n .  

s a y ,  
o f  a 

y ( x )  i s  c a l l e d  
d e f i n i t e  i n t e g r a l  
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