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3.8,,1 (L) 

The main reason f o r  t h i s  e x e r c i s e ,  r e l a t i v e  t o  t h e  m a t e r i a l  i n  

t h i s  u n i t ,  is t o  j u s t i f y  a technique  used i n  t h e  l e c t u r e .  

W e  w e r e  t r y i n g  t o  s o l v e  a d i f f e r e n t i a l  equat ion  of t h e  form 

W e  t hen  pointed  o u t  t h a t  i f  M(x,y)dx + N(x,y)dy were exac t ,  w e  

could f i n d  a func t ion ,  w = f  (x,y)  , such t h a t  

W e  then  s u b s t i t u t e d  (2)  i n t o  (1) t o  o b t a i n  

whence w e  concluded t h a t  

and t h a t ,  t h e r e f o r e ,  t h e  s o l u t i o n  of equat ion  (1)was 

The p o i n t  is  t h a t  i n  ( 2 ) ,  dw is a func t ion  of  t h e  two 

independent v a r i a b l e s  dx and dy, b u t  i n  (3)  dw i s  a func t ion  

of  t h e  two dependent v a r i a b l e s  dx and dy. That i s ,  once we 

equate  M(x, y)  dx + N (x ,  y)  dy t o  zero  then dx and dy a r e  no longer 

independent.  

What w e  want t o  show i n  t h i s  e x e r c i s e  i s  t h a t  t h e  use of dw 

i n  ( 2 )  i s  compatible w i t h  i t s  use  i n  ( 3 ) .  I n  essence ,  w e  wish 

t o  show t h a t  even i f  x and y a r e  dependent v a r i a b l e s  t h e  

" rec ipe"  of computing dw a s  f  dx + f  dy i s  c o r r e c t .  
X Y 

To show t h i s  p roper ly  w e  must make t h e  d i s t i n c t i o n ,  once 

again  ( a s  we d i d  i n  P a r t  l ) ,between an equat ion  (cond i t iona l  

e q u a l i t y )  and an i d e n t i t y .  

a.  When w e  w r i t e  
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3.8.1 (L) continued 

we mean { ( x , y ) : f ( x , y ) =  0). We do not mean t h a t  f ( x , y )  = 0 fo r  

every 2-tuple (x,y) .* For example, suppose f ( x , y )  = xL - y. 

Then f  (x,y) = 0 means x2 - y = 0, o r  y = x 2 . Thus i n  t h i s  case,  

f ( x , y )  = 0 means t h e  parabola y = x2 . I f  we l e t  C denote the  

parabola [i.e., C = {(x ,y)  :y = x 2I ]  then equation (6 )  is an 

i d e n t i t y  provided - --f is  r e s t r i c t e d  - - Thatt h a t  t he  domain of t o  C. 
2 -

i s ,  f ( x , y )  = x2 - y = x2 - x = o ,  bu t  i f  ( x ty )+  c then 

b. With t h i s  a s  background, it should now seem c l e a r  a s  t o  what we 

mean when we say,  "suppose f (x ,y )  = 0 determines y a s  a 

d i f f e r e n t i a b l e  function of xu.  Relat ive  t o  the  presen t  example 

x2 - y = 0 implies t h a t  y = x2 and x2 is  c e r t a i n l y  a d i f f e r e n t i a b l e  

function of x. Geometrically, the  statement would be t h a t  f ( x , y )  = 0 

determines a smooth curve C i n  t he  plane ( i n  our example, t he  

parabola y = x 2) .* 
A t  any r a t e ,  under the  present  assumptions, w e  have t h a t  

is equivalent  t o  

y = g (x) where g ' e x i s t s .  

* I f  we d o  mean t h a t  f  ( x , y )  = 0 f o r  e a c h  we( X , ~ ) E E ~  t h e n  w r i t e  

f ( x , y ) - 0 ,  and s a y  t h a t  f ( x , y )  i s  i d e n t i c a l l y  e q u a l  t o  z e r o .  

I n  t h e  l a n g u a g e  of f u n c t i o n s  i f  f = E~ +R (where  R = r e a l  numbers)  
2 

we d e f i n e  f to b e  t h e  z e r o  f u n c t i o n  on E i f  f ( x , y )  = 0 f o r  each  

( x , y ) ~ E2 . More g e n e r a l l y  i f  S is  any  s e t  and f = S + R we d e f i n e  

f t o  b e  t h e  z e r o  f u n c t i o n  i f  f ( s )  = 0 f o r  e a c h  SES. 

f ( x , y )  = 0 d o e s  n o t  a lways  g u a r a n t e e  t h a t  y i s  a d i f f e r e n t i a b l e  

f u n c t i o n  of x ( a l t h o u g h  i t  happens  i n  t h e  example we c h o s e ) .  

T h i s  i s  why t h e  e x e r c i s e  is  worded a s  i t  is.  
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3.8.1 (L)  continued 

I n  o t h e r  words, i f  we l e t  C = { ( x , y ) :  y  = g ( x ) )  then on C 

NOW 	 f  (x,  g  (xf  j is a func t ion  of  x  alone.  

Hence w e  may w r i t e  t h a t  

h ( x )  = f ( x , g ( x ) ) *  

Therefore on C ,  equat ion  ( 6 )  i s  equ iva len t  t o  t h e  i d e n t i t y  


h ( x ) =  0. 


Since  h ( x )  - 0 then  it fol lows t h a t  


h' ( X I S  0 

I n  d i f f e r e n t i a l  form, w e  a r e  saying t h a t  w = f ( x , y )  impl ies ,  

on C, t h a t  w E h (x) ; t h e r e f o r e  

But h l ( x )  can a l s o  be computed by t h e  chain  r a t e ,  using t h e  

f a c t s  t h a t  

h ( x )  = f  (x ,y )  and y  = g ( x ) .** 	 (10) 

* 	 2 2
I n  t e r m s  o f  p a r t  (a), f ( x , y )  = x - y and g ( x )  = x . 

2 
Hence ,  f ( x , g ( x ) )  = x - 2 -

x = 0. 

** 	 N o t e  t h a t  i n  t h i s  form,  x and y  a r e  t r e a t e d  a s  b e i n g  

i n d e p e n d e n t  i n  t h e  e x p r e s s i o n  f ( x , y ) ,  w i t h  t h e  dependency  

coming  from y  = g ( x ) .  
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Applying t h e  chain  r u l e  t o  (10) w e  have 

= f x + f  9 ,
Y dx 


and s i n c e  y = g ( x ) ,  3dx = g (x)* , t h e r e f o r e  


h l ( x )  = f x  + f g ' ( x ) 

Y 

I f  w e  now r e p l a c e  h '  (x)  i n  ( 9 ' )  by i t s  va lue  i n  ( l l ') ,we 

o b t a i n ,  

= fxdx + fydy [ s ince  on C, y = g (x)  ;, t h e r e f o r e  

dy = g ' (x)  dx] . 

Equation (12) shows us t h a t  -on C, w e  may s t i l l  view dw a s  

fxdx + f dy even though x and y a r e  no t  independent on C. 
Y 

c. 	 I m p l i c i t  d i f f e r e n t i a t i o n  a p p l i e s  t o  equat ions  of t h e  form 

f ( x , y )  = 0. I f  we assume t h a t  f ( x , y )  = 0 determines y a s  a 

d i f f e r e n t i a b l e  func t ion  of  x,  say ,  y = g ( x ) ,  then  i f  

c = { ( x , y ) :  y = g ( x ) l  , 

Therefore,  h '  (x) 5 0 and [ a s  seen i n  (11)1 it i s  a l s o  f  -- t 

Comparing t h e s e  two express ions  f o r  h' (x) , w e  o b t a i n  

xf x  + f 3 = 0 ,  o r  3 = - - (provided f  # 0).
Y dx dx 	 YY 


* 	
-

T h i s  i s  t h e  f i r s t  t i m e  we a r e  making  u s e  o f  t h e  

a s s u m p t i o n  t h a t  g i s  d i f f e r e n t i a b l e .  
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3.8.1 (L) continued 

More mechanical ly,  

Most l i k e l y ,  t h e  mechanical way seems n a t u r a l  t o  you and i n  

t h e  c a s e  of most s t u d e n t s ,  it would be  accepted without  ques t ion  

(al though perhaps n o t  wi thout  confus ion) .  The key p a r t  i s  t h a t  

t h e  mechanical way u t i l i z e s  t h e  f a c t  t h a t  dw is s t i l l  fxdx + f  dy 
Y 

even when x and y a r e  dependent,  s i n c e  w e  a r e  using dw i n  t h e  

c a s e  f ( x , y )  = 0 .  

d. As we d i d  (a lmost  t r i v i a l l y )  i n  P a r t  1, 

XZx + 2y 8 = 0,  t h e r e f o r e  $ = - -
Y 

Notice t h a t  i n  g e t t i n g  from (13) t o  ( 1 4 )  w e  assumed t h a t  (13) 


de f ined  y a s  a d i f f e r e n t i a b l e  func t ion  of  x,  say  g ( x ) ,  such 


t h a t  


Indeed i n  t h i s  case ,  y = g ( x )  = -+ and t h e  only 


" t r o u b l e  s p o t s "  occurred  whenx= 2 1 s i n c e  t h e r e  y could n o t  


be de f ined  a s  a (s ingle-valued)  func t ion  of x. 


gv e r t i c a l  t angen t ,  t h e r e f o r e  
curve i s  n o t  s i n g l e  valued i n  

any neighborhood of x = 1. x
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a .  	 For dw t o  be i d e n t i c a l l y  zero  a l l  c o e f f i c i e n t s  of dw must be  

zero.  I n  t h i s  e x e r c i s e  dw: 0 only on t h e  set  of  3- tuples  S 

(usua l ly  a  s u r f a c e )  def ined by t h e  equa t ion  f ( x , y , z )  = 0. I n  

o t h e r  words, dw -0 on t h e  set  S = { (x ,y , z )  :f  (x ,y , z )  = 0 ) .  

b. 	 I f  f ( x , y , z )  = 0 d e f i n e s  z  a s  a cont inuously  d i f f e r e n t i a b l e  

func t ion  of x and y ,  say ,  z = g ( x , y ) ,  then  f ( x , y , g ( x , y ) )  = 

h ( x , y ) .  Equivalent ly  h (x ,y )  = f ( x , y , z ) ,  z = g ( x , y ) .  Hence, 

by t h e  cha in  r u l e ,  

Now 2= ax ' f a x3 = 0 s i n c e  x  and y  a r e  independent v a r i a b l e s .  

Thus (1)y i e l d s  

S i m i l a r l y ,  

Therefore - i f  S = 

-
{ (x ,y ,z)  : f ( x , y , z )  = 0) , then  on 2 

h ( x , y )  0 .  


Therefore,  hx- h 0

Y 

[Notice t h a t  it is h ( x , y )  t h a t  is  i d e n t i c a l l y  zero ,  no t  


f ( x , y , z ) ,  i.e., f ( x , y , z )  = 0 only on S1 .  


Combining ( 4 )  w i th  (2) and (3)  w e  o b t a i n  f  (x ,y ,  z )  = 0 + 

+ 2  3  	 2  3  
c. 	 I n  t h i s  c a s e  s = I (x ,y , z ) : z5  x  y  = 0). Now, s i n c e  w = z5 + x  y  
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3.8.2 	 (continued) 


2 -3

5  2  3  For 	 ( X , Y , Z ) E  S ,  z = -X y , o r  z = -xS y5. Therefore on S, 

and 

S u b s t i t u t i n g  ( 6 )  and (7)  i n t o  (5), w e  o b t a i n  t h a t  f o r  

= Odx + Ody. 

3.8.3 (L) 

a.  	 Our aim h e r e  i s  simply t o  emphasize t h e  r o l e  of each of t h e  two 

d e f i n i t i o n s  of  an e x a c t  d i f f e r e n t i a l  i n  t e r m s  of a s p e c i f i c  

example. 

We wish t o  f i n d  a cont inuously  d i f f e r e n t i a b l e  func t ion  f  such 

t h a t  

3 5df = 	 (eXy3+ 2x s i n  y  + 4x y  ) d x  + (3eXy2 + x2 cos y + 

5 ~dy ~ ~ ~ ) 


o r ,  a l t e r n a t i v e l y  wi thout  us ing d i f f e r e n t i a l  n o t a t i o n ,  

= eXy3 2x s i n  y  + 4x y  f x  
 + 

" 

and 

1
4 4= 3exy2 + x2 cos  y  + 5~  y  

&Y 

Now before  we t r y  t o  c o n s t r u c t  t h e  d e s i r e d  f ,  it would be  h e l p f u l  

t o  know t h a t  such a  func t ion  e x i s t s .  I t  i s  he re  t h a t  we use  t h e  
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c r i t e r i o n  of comparing M and Nx, where M denotes t h e  c o e f f i c i e n t  
Y 

of  dx and N t h e  c o e f f i c i e n t  of  dy i n  Equation (1). W e  have 

3 5M = eXy3+ 2x s i n  y + 4x y 

4 4
N = 3eXy2 + x2 cos  y + 5x y , 

hence, 

3 4
M = 3eXy2 + 2x cos  y + 20 x y 

Y 


3 4 

Nx = 3eXy2 + 2x cos  y + 20 x y . 

Therefore,  

from which w e  may now conclude t h a t  a func t ion  f which s a t i s f i e s  

equat ion  (1) exists;knowing t h i s ,  w e  set o u t  t o  c o n s t r u c t  f ,  and 

our  technique  m i m i c s  t h e  proof of  why M = N impl ies  exactness .  
Y X 

Namely, w e  know t h a t  whatever f looks l i k e  it must s a t i s f y  

3 5 = eXy3+ 2x s i n  y + 4x y . x 

If w e  now i n t e g r a t e  wi th  r e s p e c t  t o  x ,  t r e a t i n q  y a s  a c o n s t a n t ,  
w e  o b t a i n ,  

4 5 
f = eXy3+ x2 s i n  y + x y + g ( y ) *  

Notice t h a t  (3)  tel ls  us t h a t  i f  f e x i s t s ,  a l l  w e  need t o  do is 

determine g ( y )  e x p l i c i t l y  t o  determine f .  What w e  would no t  know 

R e c a l l  t h a t  s i n c e  x and y  a r e  independent ,  a g / a x ~O* g i s  a  

f u n c t i o n  o f  y a l o n e .  Our d e f i n i t i o n  o f  a "constant"  when we 

i n t e g r a t e  h o l d i n g  y  c o n s t a n t  i s  any f u n c t i o n  o f  y .  This  

p a r a l l e l s  t h e  u s u a l  d e f i n i t i o n  o f  c o n s t a n t  i n  t h e  c a s e  of  

a s i n g l e  v a r i a b l e ,  i .e . ,  dc /dx=  0-c i s  a  c o n s t a n t .  
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wi thout  (2) is  t h a t  f does e x i s t .  More s p e c i f i c a l l y ,  i f  w e  

d i f f e r e n t i a t e  equat ion  ( 3 )  with  r e s p e c t  t o  y ,  w e  o b t a i n  

f = 3eXy2 + x2 cos  y + 5xdy4 + g '  (y) 
Y 


b u t  w e  a l s o  know from (1') t h a t  


4 4 

= 3eXy2 + x2 cos  y + 5x y .

Y 

Comparing t h i s  wi th  ( 4 ) '  s i n c e  f  E f it follows t h a t  
Y Y '  

whereupon 

g = c, c an a r b i t r a r y  cons tan t  

[The f a c t  t h a t  M = N guaranteed t h a t  when we equated t h e  two
Y x 

express ions  f o r  f  t h e  r e s u l t i n g  equat ion  would y i e l d  g l ( y )  
Y '  

i n  t e r m s  of y a lone ,  s o  t h a t  g (y )  could be determined]. 

A t  any r a t e ,  s u b s t i t u t i n g  (5)  i n t o  (3) y i e l d s  

f[ = f ( x , y ) l  = exy3 + x2 s i n  y + x4y5 + c. 

AS a check, w e  see f r o m  (6)  t h a t  
I 

= exy3 + 2x s i n  y + 4x3y5 
x 

f = 3eXy2 + x2 cos y + 5x y 
Y 4J 

which checks wi th  equat ions  (1'). 

Aside :-
The technique by which we de r ived  ( 6 )  works i n  genera l  (provided 

of course ,  t h a t  M = N x ) .  This does n o t  mean t h a t  t h e  more 
Y 

a s t u t e  s t u d e n t  could no t  have found f by " inspec t ion" .  Namely, 
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3.8.3 	 (L) continued 

3 5 4 4(eXy3+ Zx s i n  y + 4x y ) d x  + (3eXy2 + x2 cos y + 5x y )dy  

= (exy3dx + 3exy2dy) + (2x s i n  y dx + x2 cos y dy) 

3 5 4 4+ 	 (4x y dx + 5x y dy) 


2 4 5 
= d(exy3 [+c] )  + d ( x  s i n  y )  + d ( x  y ) 


= d(exy3 + x2 s i n  y + x4y5 + c ) .  


The p o i n t  i s  t h a t  w e  do n o t  have t o  b e  t h i s  a s t u t e  t o  o b t a i n  


f ,  b u t  t h e  above may h e l p  t o  e x p l a i n  why one o f t e n  t h i n k s  of 


e x a c t  d i f f e r e n t i a l s  a s  being ones t h a t  a r e  " i n t e g r a b l e  a t  s i g h t "  


Given t h a t  f x  = 4x3 s i n  y w e  o b t a i n  t h a t  t h e  r equ i red  f ,  i f  it 


e x i s t s ,  must have t h e  form 


f = x  
4 

s i n  y + g ( y ) .  

To determine g,  w e  compute f  from ( 7 )  t o  o b t a i n  
Y 


f = x 4 cos y + g '  (y) 

Y 


and compare t h i s  wi th  t h e  requirement t h a t  


= x4 cos  y + x. 

Y 


This l e a d s  t o  t h e  equat ion  


x4 cos  y + g l ( y )  = x4 cos y + x 


Equation (8)  i s  a c o n t r a d i c t i o n  s i n c e  it shows t h a t  x depends 

on y ,  c o n t r a r y  t o  t h e  known f a c t  t h a t  x and y a r e  independent 

v a r i a b l e s .  This  c o n t r a d i c t i o n  stemmed from t h e  assumption 

t h a t  t h e  r equ i red  f e x i s t e d ,  which means, t h e r e f o r e ,  t h a t  no 

such f e x i s t s .  
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3.8.3 (L)  continued 

I n  t h i s  example M = 4x3 s i n  y and N = x4 cos y + x. Therefore 

M = 4x3 cos  y and Nx = 4x3 cos  y + 1 
Y 


from which it fol lows t h a t  


s o  t h a t  w e  know a t  once t h a t  


4x3 s i n  y dx + (x4 cos  y + x)  dy 


i s  not exac t .  


c. 	 One use  of e x a c t  d i f f e r e n t i a l s  i s  i n  t h e  s o l u t i o n  of c e r t a i n  

types  of  d i f f e r e n t i a l  equat ions .  I n  t h i s  e x e r c i s e  we a r e  

given t h a t  

% = - (eXy3+ 2x s i n  y + 4x,3y5)

dx (3eXy2 + x2 cos  y + 5x 4 4 .  
y 

Therefore ,  

3 5 4 4(eXy3+ 2x s i n  y + 4x y ) d x  + (3exy2 + x2 cos  y + 5x y )dy 

Now i n  p a r t  ( a )  of t h i s  e x e r c i s e  w e  showed t h a t  t h e  l e f t  s i d e  of 

(10) was df where f = eXy3+ x2 s i n  y + x4y5 + c. I n  o t h e r  

words, (10) becomes df = 0 s o  t h a t  by our d i scuss ion  i n  Exerc ise  

3.8.1 (L), w e  have t h a t  

f (x ,y )  = k ,  k an a r b i t r a r y  cons tan t .  

Comparing (11) and (6), it fol lows t h a t  

exy3 + x2 s i n  y + x4y5 + c = k 

and s i n c e  c and k a r e  both a r b i t r a r y  c o n s t a n t s  they can be  
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3.8.3 (L) continued 


"amalgamated", s o  t h a t  (12) becomes 


4 5eXy3+ x2 s i n  y + x y = c. 

Equation ( 1 3 ) ,  wi th  any value  f o r  c, s a t i s f i e s  t h e  given 

d i f f e r e n t i a l  equat ion  ( 9 ) ,  b u t  w e  wish t o  determine a s o l u t i o n  

of (9) such t h a t  when x = 0, y = 2.  To t h i s  end w e  l e t  x = 0 

and y = 2 ,  and o b t a i n  

s o  t h a t  

whereupon (13) becomes 


eXy3+ x2 s i n  y + x4y5 = 8 


J 
[Geometrical ly,  t h e  curve (14) passes  through t h e  p o i n t  (0 ,2 )  

and i t s  s l o p e  a t  any p o i n t  (x,y)  is given by equat ion  ( 9 ) ]  

Note: 

More g e n e r a l l y ,  t o  s o l v e  t h e  d i f f e r e n t i a l  equation 

Mdx + Mdy = 0 

w e  f i r s t  test  t o  see whether Mdx + Ndy i s  exac t .  This i s  done 

by s e e i n g  whether M = Nx. I f  it i s  e x a c t ,  w e  use  t h e  pro- 
Y 

cedure o f  p a r t  ( a )  t o  f i n d  e x p l i c i t l y  a  func t ion  f  such t h a t  

df = Mdx + Ndy. This  func t ion  f "conver ts"  equat ion  (15) i n t o  



Solu t ions  
Block 3:  P a r t i a l  Der iva t ives  
Uni t  8: The T o t a l  D i f f e r e n t i a l  

3.8.3 (L)  continued 


from which it fol lows t h a t  


and (16) is then t h e  s o l u t i o n  t o  (15). 
The reason t h a t  d i f f e r e n t i a l  equa t ions  a r e  n o t  t h i s  easy t o  

handle,  i n  g e n e r a l ,  i s  t h a t  Mdx + Ndy need n o t  be exact .  

The main s tudy  of  f i r s t  o rde r  d i f f e r e n t i a l  equat ions  c e n t e r s  

around t h e  problem of what happens i n  equat ion  (15) when t h e  

l e f t  s i d e  is  n o t  e x a c t ,  and t h i s  w i l l  be  i n v e s t i g a t e d  by us 

i n  more d e t a i l  i n  Block 7. 

3.8.4 


The s l o p e  of our  cu rve  i s  


s o  t h a t  


(2xeY + ex)dx + (x2 + 1)eY dy = 0. 


L e t t i n g  M = 2xeY + ex and N = (x2 + 1)eY, we see t h a t  


S ince  M E N  Mdx + Ndy i s  e x a c t  and we may now c o n s t r u c t  f such 
Y x'  

t h a t  df = Mdx + Ndy. 


I n  p a r t i c u l a r ,  w e  have 


= 2xeY + ex.
f x  


Therefore,  


f = x2ey + ex + g ( y )  
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3.8.4 (continued) 

s o  t h a t  

But w e  a l s o  know t h a t  

and comparing t h e s e  two express ions  f o r  f w e  see t h a t
Y '  

x2eY + gl  ( y )  = (x2 + 1 ) e Y .  

Therefore ,  

g' (y) = eY 

S u b s t i t u t i n g  g(y) a s  determined i n  (3)  i n t o  (2), w e  o b t a i n  

£1 = f ( x , y )  I = x2eY + ex + e Y  + c .  

Thus, equat ion  (1) becomes 

s o  t h a t  

and combining ( 4 )  and (5) , 


x2eY + ex + ey = c.  


S ince  o u r  curve  passes  through t h e  o r i g i n ,  w e  must choose 


c s o  t h a t  (6 )  is  s a t i s f i e d  when x = y = 0. This y i e l d s  
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3.8.4 (continued) 

S u b s t i t u t i n g  ( 7 )  i n t o  ( 6 )  w e  f i n d  t h a t  our  curve i s  given by 

[ I n  t h i s  p a r t i c u l a r  c a s e  w e  may s o l v e  f o r  y  e x p l i c i t l y  a s  a 

func t ion  of  x. Namely 

Since  x2 + 1 i s  always p o s i t i v e  and w e  d e f i n e  Rn only f o r  

p o s i t i v e  numbers, equat ion  ( 9 )  t e l l s  us t h a t  2  - ex must be  

p o s i t i v e ,  o r  e  X <2. That i s , o u r  curve i s  r e s t r i c t e d  t o  x  

va lues  such t h a t  x  <Rn 21. 

Our main a i m  h e r e  is  t o  extend t h e  r e s u l t s  of t h i s  u n i t  t o  

e x a c t  d i f f e r e n t i a l s  i n  t h e  case  when t h e r e  a r e  more than two 

independent v a r i a b l e s .  Rather than t o  proceed too  a b s t r a c t l y ,  

w e  s h a l l  look a t  t h e  s p e c i a l  c a s e  n  = 3. 

w e  a r e  given t h a t  

This  is  e q u i v a l e n t  t o  
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3.8.5 (continued) 


f y  = N 


f Z  = P 


Now from (2)  and (3)  w e  have t h a t  


Under t h e  hypotheses of  t h e  problem, = f SO w e  may con-
xy YX'  


c lude  from (5) t h a t  


S i m i l a r l y ,  from (2)  and ( 4 )  , w e  have t h a t  

fxZ  = MZ and fZx  = Px, and s i n c e  f x Z  = fzx ,  it fol lows t h a t  

F i n a l l y ,  from (3 )  and ( 4 )  w e  have t h a t  

f = NZ and f = P s o  s i n c e  f  = f Z y ,  w e  conclude t h a t  
Y Z  ZY Y'  Y Z  

[Hopefully, it is easy  t o  see t h a t  t h i s  procedure g e n e r a l i z e s  

t o  t h e  c a s e  o f  n  independent v a r i a b l e s .  Namely, i f  

then  f o r  i f j (i= l , . . , n ;  j = l , . . . , n )  , 

That is ,  w e  p ick  t e r m s  i n  p a i r s  and w e  d i f f e r e n t i a t e  each 

c o e f f i c i e n t  wi th  r e s p e c t  t o  t h e  d i f f e r e n t i a l  of  t h e  o t h e r  t e r m ,  

and each of t h e s e  p a i r s  of  d e r i v a t i v e s  a r e  equal .  The case  

n = 2 d i scussed  i n  t h e  t e x t  and i n  our  l e c t u r e  i s  b u t  a 
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a.  Unless -a [xz - e x s i n  y ]  = ;j--a [xy + z], no choice  of M can a z Y 
make our  d i f f e r e n t i a l  exac t .  A quick  check shows t h a t  

-a z 
a [xz - ex s i n  y ]  = x = -

ay 
a [xy + z ] , s o  it make sense  t o  

cont inue. 

W e  must have 

and 


From ( 2  , 

t h e r e f  o r e ,  

Comparing (1) and ( 4 )  , w e  have 

z - e X s i n  y  = z + gY (x ,y)  


t h e r e f o r e ,  


g , b , ~ )  = - e 
X s i n  y  


g ( x , y )  = e X cos  y  + h ( x ) .  


S u b s t i t u t i n g  (5)  i n t o  ( 3 )  y i e l d s  


M = yz + ex cos  y  + h ( x )  


where h  is  any func t ion  o f  x. 
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3.8.6 	 (continued) 

b. 	 Wewant t o  f i n d  f ( x , y , z )  such t h a t  

f , = y z + e  X cos y + h ( x )  

f = xz - ex s i n  y  
Y 

f Z  = xy + Z .  

I n t e g r a t i n g  ( 7 )  wi th  r e s p e c t  t o  x, w e  ob ta in  

f = xyz + e X cos y  + f h f x ) d x *  + c ( y , z )  

s o  t h a t  

f~ = XZ -
X s i n  y  + c

Y 
(y ,z)  

and combining t h i s  wi th  (8) y i e l d s  

x z - e  X s i n y = x z - e X s i n y + c  (y ,z)
Y 

therefo r e ,  cy (y,z )  = 0 

t h e r e f o r e ,  c ( y , z )  = k ( z ) .  

S u b s t i t u t i n g  (11) i n t o  (10) y i e l d s  

f ( x , y , z )  = xyz + e X 
cos y +fh ( x ) d x  + k ( z )  

From (12) 

and comparing t h i s  wi th  (9)  l eads  t o  


xy + z = xy + k ' ( z )  


* 	 The fact that h(x) is continuous is sufficient to 

guarantee the existence of fh(x)dx. 



-- - 
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3.8.6 (continued) 


t h e r e f o r e ,  k '  ( 2 )  = z 


t h e r e f o r e ,  k (2 )  = z2 + c 

and p u t t i n g  t h i s  i n t o  (12) y i e l d s  

f ( x , y , z )  = xyz + ex cos  y + f i ( x ) d x  + + z2 + c 

c. 	 f x = e Y  +  2 ~ = ~ 

f = xeY +  2 ~ = ~ 
Y 

f Z  = 2xe Y + 2 z S p  

Before looking f o r  f ,  w e  make t h e  fo l lowing checks 

M = - a (ey + 22) = ey + 2 2  = 2 (xey + 22 
= Nx

Y ay ax 

M, -- a 
(eY

+ 22 = 2eY + 2 2  = -ax 
a (2xe y + 22 Px 

N Z  -- a (xey + 2 2 ) = 2xe Y + 2 2 =  (2xe
y + 22 

) = py. 


Now w e  set  o u t  t o  c o n s t r u c t  f .  


From ( 1 4 )  


from which it fol lows t h a t  

and comparing t h i s  wi th  (15) y i e l d s  
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3.8.6 (continued) 


s o  that 


gy(y,2)  = 0 


and 


Thus from (17) we have now t h a t  

and from (18) w e  conclude t h a t  


FZ(x,y,z) = 2xe
y + 2 2  + h' ( 2 )  


and comparing t h i s  with (16), y i e l d s  


h '  ( 2 )  = 0 

whereupon 


h = c. 


Pu t t ing  t h i s  i n t o  (18) y i e ld s  t he  f i n a l  r e s u l t :  


f (x,y,z) = xeY + 2 z  + c. 


SdT + TdS - du. 


W e  a r e  given t h a t  


TdS = du + pdv. 


Subs t i tu t ing  (2) i n t o  (1)y ie ld s  
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3.8.7 (continued) 


d(ST - u) = SdT + du + pdv - du 


= SdT + pdv 

is exact  ( s ince  ST - u has it a s  i t s  t o t a l  d i f f e r e n t i a l ) .  

Theref ore ,  
v 


(where the subscr ip t s  i nd i ca t e  t h a t  v and T a r e  being used as  

the  independent va r i ab l e s ) .  
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1. From u = x3 - 3xy2, w e  o b t a i n  

Therefore ,  

2S i m i l a r l y ,  from v = 3x y - y3, w e  o b t a i n  

Therefore,  

Mul t ip ly ing both  s i d e s  of (1)by (x2 - y2) , both s i d e s  of (2)  by 

2xy, and then adding t h e  two r e s u l t i n g  equa t ions ,  w e  o b t a i n  

* N o t i c e  t h a t  we a r e  a s s u m i n g  t h a t  x = x ( u , v ) ,  y = y ( u , v )  whe re  u 

and  v a r e  i n d e p e n d e n t  v a r i a b l e s .  Hence ,  -a v  -- 0 .a u 
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1. continued 


and since 


equation (3) becomes 


Therefore, 


[Note that u = x3 - 3xy2 + (e)y= 3x2 - 3y2. Hence, (2)= 
Y 


1

I 
 . 	This is not the same as equation (4) since in (41, 

3 (x2 	- y 1 

-ax (2)means . I  
au v 


2. 	 (a) w = f(u,v) 

where 

Theref ore 
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2. continued 


[Notice the similarity in structure of the bracketed expressions 

of equations (1) and (3). All that we have done in (3) is re- 

placed each x in (1) by y. I 

* A s  u s u a l ,  -a W  r e f e r s  t o  t h e  n o t a t i o n  w  = g ( x , y )  w h i l e  aW r e f e r sa x  a u 
t o  t h e  n o t a t i o n  w = f ( u , v ) .  
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2. continued 


Adding (2) and (4) yields 


(b) If 

W = u3 + v2 + uv, 

then 

2 2 2 2
a a w 
- -a w - 6u, --a w - - - - I, and - =  2.
2 auav avau 2 

au av 


Hence, (5) yields 


= 78(3x + 2y) + 246 

= 234x + 156y + 246. 

On the other hand, direct substitution yields 



- - 
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2. continued 


Therefore, 


2 2 

w = 27x3 + 54x y + 36xY2 + 8y3 + 88x2 + lllxy + 35y 


Theref ore 


and 


= 54x2 + 72xy + 24y2 + lllx + 70y 
ay 


Adding (7) and (8) yields 


which checks with our result in (6). 


3. 	 We first find the equation of M. Since M is an equipotential 

surface of w = z5 + 6xyz + x4y5, we know that ?w J is 

(1,lfl) 


to M. 


Now, 




-- 
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3. cont inued 

Therefore ,  

is  normal t o  M a t  (1,1,1). Therefore ,  t h e  equat ion  of  M i s  

lox  + l l y  + l l z  = 32. 

To f i n d  where M m e e t s  z = 2y = 4x (i.e. z = 4x and y  = 2 x ) ,  w e  

r e p l a c e  z  by 4x and y  by 2x i n  (1) t o  o b t a i n  

Therefore ,  


Y = ~ x + Y = - z = 4x + z = 32
l6 and -
19 19' 


Hence, t h e  p o i n t  of i n t e r s e c t i o n  is 8 16 32 

19,=). 

+ 
4. W e  want t h e  g r a d i e n t ,  Vf , a t  (2 ,3)  . This  is  given by 
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4 .  continued 

dw

We are told that in the direction, sl, from (2,3) to (5,7) -= 4. 

dw + + dsl
But, 	-= Vf (2,3)' 


ds1 

+ 	 t

The vector from (2,3) to (5,7) is 3i + 4 3 .  Therefore, 

Therefore, from (1) 


Theref ore, 


+ 4 +  3 +  
Similarly, u = -5 i + -5 j if s2 is the direction from (2,3) to 2 
(6,6) . Theref ore, 

Therefore, 


4 fx(2,3) + 3 f (2,3) = 50. 
Y 


Solving equations (2) and (3) simultaneously yields 


fx(2,3) = 20 and f (2,3) = -10.
Y 


Hence, 
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4 .  continued 

dw 	 + +
Therefore ,  -d s  i s  maximum a t  (2 ,3)  i n  t h e  d i r e c t i o n  20i  - 1 0 j  

[ i . e . ,  i n  t h e  d i r e c t i o n  from (2,3)  t o  (4,211 and t h i s  maximum 

value  i s  

Therefore ,  

Hence, t h e  r e s u l t i n g  d i f f e r e n t i a l  equat ion  i s  

2 	 X6. 	 ( a )  L e t t i n g  M = 3x y  + ex cos  y  and N = x3 - e s i n  y ,  w e  see 

t h a t  

Therefore ,  Mdx + Ndy is exact .  Therefore ,  t h e r e  e x i s t s  f ( x , y )  

such t h a t  

2df = (3x y  + ex c o s  y )dx  + (x3 - ex s i n  y )dy  

= fxdx + f dy.
Y 

Therefore ,  
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6. continued 


2 X 	 X
f x  = 3x y + e cos y and f = x3 - e sin y+ 	 Y 4  
3 X


f = x y + e 	cos y + g(y )+ 	
Ir
/ 

X

f = x 3 - e 	sin y + g l ( y )

Y C 

9 = 3x2y + 	e X cos y 
i 


(b) 	dx 
e 

X 
sin y - x 3 


3 2
(ex sin y - x )dy = (3x y + ex cos y)dx + 

2 

+(3x y + e x  cos y)dx + (x3 - e x  sin y)dy = 0 

d{x3y + ex cos y + C) = 0 3 


3
x y + ex cos 	y + C = constant + 

x 3 y + e X cos 	y = constant. 
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