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3.4.1 

a .  By d e f i n i t i o n ,  t h e  set  15 is
(4,3,2,1)  

{x:- (4,3,2,1)  = 15)  

I£ w e  now w r i t e  5 a s  (x1,x2 ,x3,x4) , (1)becomes 

:( 4 , 3 1 2 1 1 ) ~  x ) 15){ (x1rx2rx3~x4)  (x1~x2 tx3 t  4  = 

o r  

~ ( ~ ~ ~ ~ ~ ~ ~ ~ , ~ ~ ) : 4 x ~ + 3 x ~ + 2 x 
3  +x 4 -  - 151 

But (2)  i s  t h e  s o l u t i o n  set of t h e  l i n e a r  a l g e b r a i c  equat ion  

b. Any v e c t o r  having t h e  same d i r e c t i o n  a s  (4 ,3 ,2 ,1)  must have the 

form, t ( 4 , 3 , 2 , 1 ) ,  o r ,  ( 4 t I 3 t , 2 t , t ) .  For such a  v e c t o r  t o  s a t i s f y  

(3)  [which is  what it means f o r  t h e  v e c t o r  t o  belong t o  ( 4 , 3  , 2  
w e  must have 

4 ( 4 t ) + 3  ( 3 t ) + 2  ( 2 t ) +  (t)= 15 

1
From t h i s  w e  see t h a t  3 0 t  = 15,  o r  t = -. W i t h  t = -,2 +(4,3,2,1) 

1 3 1
becomes T(4.3,2.1) or (212.11T). Thus by our  d e f i n i t i o n  of the 

15v e c t o r  
(4 ,3 ,2 ,1)  

c. More g e n e r a l l y ,  i f  c i s  any number and a ' ( a l , a 2 , a 3 , a 4 )  any v e c t o r .  
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3.4.1 continued 

I f  ( t a l I t a 2 , t a 3 ,  t a 4 )  belongs t o  t h i s  set w e  must have 

a l  ( t a l l  +a2 ( t a 2 )  +a3 ( t a 3 )  +a4 ( t a 4 )  = c, 

whence 

2 2Since a 2+a22+a3 +a42 = llall - (This i s  why w e  use  t h e  Euclidean 
1 

metric. ) , it fol lows t h a t  

C Hence t h e  vec to r  i n  t h e  d i r e c t i o n  of -a which belongs t o  - i s  

F i n a l l y ,  t h i s  v e c t o r  may be  r e w r i t t e n  a s  

and t h i s ,  i n  t u r n  is 

-u,  where -u i s  t h e  u n i t  v e c t o r  i n  t h e  d i r e c t i o n  of  q.
-

This  r e s u l t  checks wi th  o u r  genera l  r e s u l t  i n  t h e  notes .  

2- 2 2 2 2=30.I n  terms of ( 4 ) ,  c=15, -a=(4 ,3 ,2 ,1 ) .  Hence llall- -4 +3 +2 +1 

Theref o r e ,  

and 
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3.4.1 continued 

If 5 = (x1,x2,x3,x4) and y = (y1,y2,y3,y4) each belongs t o  
C , then, by d e f i n i t i o n ,  

(alta2.a3 fa4)  

and 

Adding equations (1) and ( 2 )  , we obtain  

2cFrom (3) we see  t h a t  -X+]L belongs t o  (a1'a2,a3'a4) 

Thus, unless  c=2c, it i s  impossible f o r  the  sum of two vectors  i n  

-C t o  a l s o  be i n  aC . -a -

Of course, i f  c=O then c=2c. In  o ther  words, the  sum of any two 

members of -0 i s  a l s o  a member of a0 . -a -
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A Note on Exerc i se  3 . 4 . 2  

Given t h e  l i n e a r  a l g e b r a i c  equa t ion  

w e  c a l l  t h e  equat ion  homogeneous i f  c = O .  

Before w e  d i s c u s s  t h e  s i g n i f i c a n c e  of such an equa t ion ,  l e t  us 
review what t h e  s o l u t i o n  set of (1) looks l i k e  i n  t h e  language of 

vec to r s .  Q u i t e  simply, i f  we  l e t  -x = (xE,...,xn) and a  = (al ,  ...an)  t 
then  t h e  s o l u t i o n  set  of (1) is  t h e  set  a . I n  Exerc ise  3 . 4 . 2  w e* 
showed t h a t  u n l e s s  c = O ,  t h e  sum of two s o l u t i o n s  of (1)was n o t  

a s o l u t i o n  of (1). On t h e  o t h e r  hand, i f  c=O, t h e  s o l u t i o n  set of 

(1) is c losed  wi th  r e s p e c t  t o  a d d i t i o n .  I n  a s i m i l a r  way, it can 
be shown t h a t  i f  c=O, t h e  s o l u t i o n  set of (1) has t h e  a d d i t i o n a l  

p roper ty  t h a t  any s c a l a r  m u l t i p l e  of a  member of t h e  set is  a l s o  

a  member of t h e  set. That  i s ,  i f  a  x  +.. .+a x  = 0 ,  then1 1  n  n  
t(alxl+. .  .+a x ) = t ( 0 )  = 0 ,  o r  a l ( t x l ) +  ...+a n ( t x n )  = 0 .  I n  o t h e r  n  n  
words, i f  x- belongs t o  --

0 , s o  a l s o  does tr, f o r  any number, t. a 

Since  -0 i s  c losed  wi th  r e s p e c t  t o  t h e  two impor tant  v e c t o r  pro- a 
p e r t i e s  of a d d i t i o n  and s c a l a r  m u l t i p l i c a t i o n ,  one o f t e n  r e f e r s  

t o  t h e  s o l u t i o n  set of a  homogeneous l i n e a r  equat ion  a s  a s o l u t i o n  

space.  

CThus, whi le  ,n t h e  l i n e a r  a l g e b r a i c  i s  the s o l u t i o n  set  of  
a1'"2 

* 
and t a r e  s o l u t i o n s  o f  ( 1 )  means t h a t  a s +...+ ansnTo say  t h a t  1 1  

and a l t l +  ...+a t both  equal  c ,  and by t h e  sum of  the  two s o l u t i o n s  n n 
we mean t h e  u s u a l  n o t i o n ,  a s  d e s c r i b e d  i n  t h e  e x e r c i s e ,  o f  adding 
t h e  two s o l u t i o n  v e c t o r s  component by component. What t h e  e x e r c i s e  
showed us  was t h a t  i f  cfO then x+t was n o t  a  member of the  s o l u t i o n  
s e t  o f  ( 1 ) .  
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3.4.3 cont inued 

equat ion  alx+a2y = c, it i s  a l s o  t h e  Car tes i an  equat ion  of a 

l i n e  i n  t h e  xy-plane. 

CThat  is ,  i n  2-dimensional space ,  -may be viewed t h e  set ofa a s  

p o i n t s  i n  t h e  xy-plane which l i e  on t h e  l i n e  alx+a2y = c. 

(2)  S i m i l a r l y ,  

s o  t h a t ,  geomet r i ca l ly ,  w e  may view t h i s  a s  a set  of p o i n t s  which 

l i e  i n  t h e  p lane  whose Car tes i an  equat ion  i s  alx+a2y+a3z = c .  

Notice t h a t  whi le  f o r  n=2 and n=3, aC has a n i c e  geometric i n t e r -  

p r e t a t i o n  ( f o r  n = l ,  t h e  i n t e r p r e t a t r o n  is  even s impler  s i n c e  t h e  
C C C- = - which i s  a s i n g l e  p o i n t  on t h e  x-axis)  t h e  meaning of 
-a a -
f o r  n>3 i s  a s  r e a l  a s  i n  t h e  cases  n=2 o r  n=3, e s p e c i a l l y  i n  terms 

of be ing t h e  s o l u t i o n  set of t h e  l i n e a r  a l g e b r a i c  equat ion  

(Figure  1) 
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3.4.3 continued 

The po in t s  (xl,yl) and (x2 ,y2) a s  drawn i n  Figure 1 belong t o  the  

given l i n e ;  hence, they a r e  members of C 

(a,,a,)* The sum of these 
two po in t s  i s  the  po in t  (x1+x2,y1+y2), o r ,  i n  terms of vec tors ,  the  

sum i s  the  vector  sum (x1,y1)+(x2,y2) where i n  t h i s  context 

(xl,yl) i s  the  arrow from (0,O) t o  the  po in t  (xl ,yl) .  

I t  should be c l e a r  from (Figure 1) t h a t  the  sum of the  two vec tors ,  

i f  it begins a t  the  o r ig in ,  w i l l  not  terminate on t he  given l i ne .  

( In  t e r m s  of Exercise 3.4.2, (x1+x2,y1+y 2 ) s a t i s f i e s  a1x+a2y=2c 

r a the r  than alx + a2y = c ) .  

I f  c = 0,  however, our l i n e  passes through the  o r i g i n  

(Figure 2 )  

I n  t h i s  case every vector  from 0 t o  a point  (xl,yl) on the  l i n e ,  

lies on the  l i n e .  Thus, the  sum of two such vectors  w i l l  a l s o  

terminate on the  l i n e .  

We already know t h a t  a s  a set, -
C i s  the  l i n e  alx+a2y = c. 

NOW, by d e f i n i t i o n ,  t he  vector  -
C i s  the  vector  i n  t he  d i r ec t i on  ok 

-a with magnitude -C . 

IF11 


Notice t h a t  the  d i r ec t i on  of -a is  a t  r i g h t  angles t o  the  l i n e  
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3.4.4 continued 

a x+a y = c. Namely, r e w r i t i n g  t h e  equat ion  of  t h e  l i n e  i n  t h e  1 2 

a1 C * 
form y = - - x + - ( i f  a2#0 1 ,  we see t h a t  t h e  l i n e  has s lope  
a2 a2 

- -a1 -t t a2 , whereas t h e  s l o p e  of  -a = (al ,a2)  = al l+a2j ,  i s  - . Since 
a2 al 

t h e  s l o p e s  a r e  nega t ive  r e c i p r o c a l s  of  one another  t h e  l i n e s  a r e  

a t  r i g h t  angles .  

So, thus  f a r ,  w e  have (and our  diagram i s  f o r  t h e  case  t h a t  al ,  

a 2 ,  and c a r e  a l l  p o s i t i v e ,  al though s i m i l a r  r e s u l t s  hold f o r  a l l  

o t h e r  cases )  

(Figure  1) 

Applying some elementary geometry t o  Figure  1, w e  see t h a t  t r i a n g l e s  

OPB and AOB a r e  s i m i l a r .  Hence 

* 
I f  a2=0 then t h e  l i n e  i s  g i v e n  by alx=c which i s  p a r a l l e l  t o  

-+ 
t h e  y - a x i s ,  and t h e  v e c t o r  g = ( a l , a 2 )  i s  then a l i  which i s  

p a r a l l e l  t o  t h e  x - a x i s .  Thus, i n  t h i s  c a s e ,  i s  s t i l l  perpen-
d i c u l a r  t o  a x+a2y = c .1 
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3 . 4 . 4  continued 

But, 
-
OB = 2 ; ==-C , and 


al a2 


Therefore, from (1)we have 

Hence equals the  magnitude of the  vector  -C . 
-a 

In  o ther  words, the  vector  -
-
C i s  t he  vector  which is perpendiculara 

t o  the  l i n e  C -a and extends from the  o r i g i n  t o  the  l i n e .  In  o ther  

words the  magnitude of the  vector  represents  t he  (perpendicular)  

d i s tance  from the  o r i g i n  t o  the  l i n e .  In  the  event c=O, the  l i n e  

passes through the  o r ig in ,  i n  which case t h i s  d i s tance  is zero, 

and t h i s  checks with t he  f a c t  t h a t  ;i0 is the  zero-vector. 
-

While we do no t  want t o  pursue t he  geometry of n-dimensions f u r t h e r  

here ,  i n  general ,  f o r  any n-dimensional vector  space the  vector  
-C represen ts  t he  minimum dis tance  between the  o r ig in ,  g=(O,...,01,-a 


and any po in t  (member) i n  the  s e t  a 
-
C . 


a. We have f (x)- = lblf . 
Therefore, s ince ,  i n  general  
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3.4.5 cont inued 

i n  t h i s  case  w e  have 

W e  should p o i n t  o u t  t h a t  t h e  bracketed  express ion i n  (1)makes 

p e r f e c t l y  good sense  wi thout  our  having t o  r e s o r t  t o  n-tuple 

n o t a t i o n .  However, i f  w e  f e e l  more a t  home wi th  t h e  n-tuple 

n o t a t i o n ,  w e  may t h i n k  of -x a s  being t h e  n-tuple (xl, ...,xn) , 5 
a s  being (a l , . . . , an ) ,  and u - a s  being ( U l , . . . , ~ n ) .  I f  we do t h i s ,  

then  w e  have: 

-a + t u- = (al  + t u l  ,. . . ,an + t un )  , 

whereupon 

Accordingly, s i n c e  =1 1 ~ 1 1 ~  (a12+. ..+an2) , 

a+tull-llal12 = 2 t ( a  u +. .. anun)+ t  (u12+. ..un2) .II- - 1 1  
2 

Therefore,  i f  t # O ,  

From (2) , w e  o b t a i n  
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3.4.5 continued 

[As an a s i d e  n o t i c e  t h a t  (3)  could have been de r ived  i n  n-space 

wi thout  r ecourse  t o  n-tuple no ta t ion .  Namely. 

21k+tull2= (a+tu)- - (a+tu)- - = - -a - a + 2 t a * u + t- - u - u ,- -

and s i n c e  -a*: = lhl12 and U - u- - = 1k112, t h i s  means t h a t  

Hence, 

and l e t t i n g  t+0+ w e  o b t a i n  the same r e s u l t  a s  i n  (3)1 .  

I n  any e v e n t  i f  t h e  r e s u l t  of  ( 3 )  i s  s u b s t i t u t e d  i n t o  (1), w e  

o b t a i n  

f' ( a )  = ( 2 a * g ) gu --

Hopefully, (4)  c l e a r l y  i l l u s t r a t e s  how, once fi is  chosen, t h e  

d i r e c t i o n  and t h e  magnitude of t h e  d i r e c t i o n a l  d e r i v a t i v e ,  

f ' (a), depends on g.
-

I n  p a r t i c u l a r ,  f o r  both  p a r t s  (b)  and (c) of t h i s  e x e r c i s e ,  

a = (1 ,2 ,5 ,3 ,1 ) .  I n  p a r t  (b)  our  d i r e c t i o n  i s  t h a t  of  (1 ,3 ,4 , -1 ,2) ,-
s o  t h a t  
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3 . 4 . 5  continued 

whi le  i n  ( c )  our  d i r e c t i o n  i s  t h a t  of (2 ,1 ,2 ,1 ,2 ) ,  s o  t h a t  

P u t t i n g  t h e s e  r e s u l t s  i n t o  ( 4 )  w e  have 

[ O f  course  w e  could have computed (5)  i n  t h e  form 

from which w e  may now read  a t  once t h a t  t h e  d i r e c t i o n a l  d e r i v a t i v e  
52is  t h e  v e c t o r  i n  t h e  d i r e c t i o n  of u- with  magnitude equa l  t o  - . 
m 

While (6)  and ( 7 )  a r e  e q u i v a l e n t ,  (6)  stresses t h e  answer i n  

n- tuple  no ta t ion .  I 
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I 
3.4.5 continued 

I 
Notice t h a t  t h e  -u l s  i n  (7)  and (8)  r e f e r  t o  d i f f e r e n t  d i r e c t i o n s ,  

I 

and t h a t  i n  (7)  and (8)  t h e  magnitudes ( a s  w e l l  a s  t h e  d i r e c t i o n s )  

I a r e  unequal. 

Using t r a d i t i o n a l  n o t a t i o n ,  w e  would have 

whence bf ( a )- = (2x1, 2x2 ,2x3,2x4, 2x5) ?I'B 

Theref o r e  

= 2(alIa21a3,a41a5)~(ul~u21~3,~4,~5) 

= 2a.g-

1 which checks wi th  (3) . 

I 

! From Exercise  3.4.5, w e  know t h a t  

Therefore,  
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3.4.6 continued 

o r ,  s i n c e  (l~~ll=l, 

Ilf lU(ajl = I2a*u]---

= 2la -u I-
-

Recal l ing  t h a t  f o r  t h e  Euclidean metric, 

la=uI4 Hall Ilull = llall 

we see from (1) t h a t  

A s  a p a r t i a l  check of (2), w e  may r e f e r  t o  p a r t s  (b) and ( c )  of 

Exerc ise  3.4.5 i n  which we  saw t h a t  llf l u  ( l?) 1 1  = -5 2 and -38 
- m Jra 


r e s p e c t i v e l y .  I n  t h i s  case  -a was (1 ,2 ,5 ,3 ,1 ) .  Hence 


Equation (2)  t e l l s  us t h a t  t h e  magnitude of each d i r e c t i o n a l  

* 
Remember, accord ing  t o  our d e f i n i t i o n ,  f ' u ( a )- i s  a  v e c t o r ,  not  a 

-

number. T h i s  d i f f e r s  from the  usage i n  t h e  t e x t  where what i s  
t h e r e  c a l l e d  t h e  d i r e c t i o n a l  d e r i v a t i v e  i n  the  d i r e c t i o n  u i s  
what we would c a l l  ]If 'u(a) 1 1  . The d i f f e r e n c e  i s  q u i t e  t r i v i a l ,  

-
but  worth n o t i c i n g .  
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3.4.6 continued 

der iva t ive  cannot exceed 4Jm. In  p a r t i c u l a r ,  then,  both -52 and 

38 m 
- must be l e s s  than 4 m ,  and a check shows t h a t  t h i s  i s  indeed 
m 
the  case. (By the  way, when comparing the  magnitudes of numbers 

involving square roo ts ,  it i s  of ten  convenient t o  square each 

member, r ea l i z ing  t h a t  the  l a r g e r  square corresponds t o  the  l a r g e r  

number. 

The next sub t l e ty  concerns whether there  i s  a d i r ec t i on  u - f o r  which 

Ilf l U  (5)I 1 w i l l  take on the  upper bound, 2 l l a l l .  
-

I f  we r e tu rn  t o  (1)and pick -u t o  be i n  the  d i r ec t i on  of 2, i . e . ,  

we f i nd  t h a t  

Hence, i n  t h i s  example, t he  maximum magnitude of any d i r ec t i ona l  

de r iva t i ve  occurs i n  t he  d i r ec t i on  of 5 and the  maximum magnitude 

is  2 Ilall-
Therefore, according to  our d e f i n i t i o n  of f '  (a) a s  given i n  the  

notes ,  
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3.4.6 continued 

I n  t e r m s  o f  t h e  approach used i n  t h e  t e x t ,  o u r  f '  ( a )  - should 


correspond t o  t h e  g r a d i e n t  of f a t  -x = -a ,  i . e . ,  ?f ( a ) .  
-
To check t h i s ,  we  have: 

f (x) = llXl12 impl i e s  f (xl , .  ..xn) = x12+. . . +xn 2 

Hence, 

+ 
Vf (xl , . .  .,xn)  = (2x1,. ..,2xn) = 2 (xl, . .  .,xn 

$ Therefore 

?f (a l  ,.. . , an)  = 2 a , ..,a ; and l e t t i n g  (al ,...,an)  = a, 

$f (5)= 2s. 

This  e x e r c i s e  i s  perhaps t h e  most s i g n i f i c a n t  i n  our  e n t i r e  

d i scuss ion  of what it means f o r  a func t ion  of  s e v e r a l  r e a l  v a r i a b l e s  

t o  be d i f f e r e n t i a b l e .  The main p o i n t  t h a t  a r i s e s  i s  t h a t ,  from a 

very impor tant  p o i n t  of view, t h e  d i r e c t i o n a l  d e r i v a t i v e s  do no t  

t e l l  t h e  whole s t o r y ,  and, of even more s i g n i f i c a n c e ,  t h e r e  i s  

much s t r o n g  f e e l i n g  t h a t  t h e  d e f i n i t i o n  of a d e r i v a t i v e  should 

be independent of t h e  concept  of a d i r e c t i o n a l  d e r i v a t i v e .  That 

i s ,  from a l o g i c a l  p o i n t  of view, t h e r e  a r e  many reasons  why one 

should  f i r s t  f i n d  a d e f i n i t i o n  of a d e r i v a t i v e ,  and then,  a s  a 

s p e c i a l  c a s e ,  d e f i n e  t h e  no t ion  of a d i r e c t i o n a l  d e r i v a t i v e .  

The usua l  approach f o r  doing t h i s  involves  r e v i s i t i n g  t h e  concept 

o f  a d i f f e r e n t i a l  i n  1-dimensional space. Reca l l ,  t h a t  we  showed 

t h a t  i f  f was d i f f e r e n t i a b l e  a t  x=a, t h e n  t h e r e  was a neignborhood 

of  a ,  say  N ( a ) , such t h a t  f o r  every number, a+h, i n  N ( a ) , 

l i m  k=Of (a+h) -f ( a )  = f '  ( a )  h+kh where h+O 
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(Perhaps (1)w i l l  look more f a m i l i a r  t o . y o u  i f  you n o t i c e  t h a t  h 

simply is  what we c a l l e d  Ax p rev ious ly . )  

I f  w e  look a t  ( 1 1 ,  w e  n o t i c e  t h a t  once x=a i s  f i x e d ,  f '  ( a )  i s  a 

f i x e d  cons tan t ,  whose value  depends only on a ,  (and, of  course ,  f )  

and n o t  on h. The i n t e r e s t i n g  l o g i c a l  p o i n t  (even though w e  might 

n o t  be a b l e  t o  g ive  any reason why w e  might want t o  do s o )  i s  t h a t  

w e  can begin t h e  s tudy of 1-dimensional c a l c u l u s  by a c t u a l l y  using 

a s l i g h t  ref inement of (1) t o  d e f i n e  a d e r i v a t i v e .  

More s p e c i f i c a l l y ,  suppose a given func t ion  f i s  def ined i n  a 

neighborhood of x=a. W e  then  d e f i n e  f t o  be d i f f e r e n t i a b l e  a t  

x=a, i f  t h e r e  e x i s t s  a neighborhood of a ,  N ( a ), such t h a t  f o r  

every  number a+h i n  N ( a ) ,  t h e r e  e x i s t s  a cons tan t ,  C ,  such t h a t  

f  (a+h)-f  ( a )  = Ch+kh, where h+Ol i m  k = 0 (2)  

Notice t h a t  t h e  only  d i f f e r e n c e  between (1) and (2)  i s  t h a t  i n  

(2 )  f l ( a )  i s  replaced by C. C e r t a i n l y ,  w e  had b e t t e r  do something 

l i k e  t h i s  i f  w e  a r e  assuming i n  equat ion  (2)  t h a t  t h e  d e r i v a t i v e  

has  n o t  y e t  been defined! 

The main p o i n t  is  t h a t  our  o r i g i n a l  d e f i n i t i o n  of d i f f e r e n t i a b l e  

i s  e q u i v a l e n t  t o  t h e  d e f i n i t i o n  given i n  ( 2 ) .  That i s ,  e i t h e r  

d e f i n i t i o n  impl ies  t h e  o t h e r .  For example, i f  w e  accep t  our  

o r i g i n a l  d e f i n i t i o n ,  we know from P a r t  1 of our  course  t h a t  (1) 

is  t r u e ,  and once (1) i s  t r u e  w e  need only choose C t o  equa l  f l ( a )  

t o  e s t a b l i s h  t h e  t r u t h  of (2). 
Conversely, i f  w e  assume t h a t  (2)  i s  t r u e ,  w e  can show t h a t  our  

c o n s t a n t  C must be what w e  would have p rev ious ly  c a l l e d  £ ' ( a ) .  

To see t h i s  i n  more d e t a i l  w e  need only  d i v i d e  both s i d e s  of (2)  by 

h (which i s  pe rmiss ib le  i n  t h e  sense  t h a t  s i n c e  w e  s h a l l  l e t  h+O, 

h#O) t o  o b t a i n  

l i m  k = where h+O 0 
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'$, 
&a 3.4.7 continuedg-

&;:
3;&f . I f  w e  now l e t  h+O i n  (31, w e  ob ta in  
*L+< 
qi.
g[$: l i m  [ f  (a+hk-f ( a )  I l i m  l i m+ 

h+O = h+O h+O 
s
kg-
?#.k:' and s i n c e  C i s  a limk = 0,  it fol lows t h a t  c o n s t a n t  and h+O 
!& 
,?&A. 
d l q L&; 
@-;k; l i n  [ f (a4-hA-f (h)  I = 

h+O 

$dl;-

$%> 
- - W ~  But, by our  o r i g i n a l  d e f i n i t i o n  of d e r i v a t i v e ,  #- ; 
.>% 
?gq
&:.
g$; l i m  [ f  (a+h) -f (h)  I
%: f '  ( a )  = h+O h 
f$.'. 

rp;
8.' s o  t h a t  ( 4 )  impl ie s
@,a. 

$2. c = fa '  ( a )  
&,&.g-

A f u r t h e r  impl ica t ion  of (5)  i s  t h a t  i f  t h e  cons tan t  C ,  a s  s t i p u l a t e d  

&.. by ( 2 ) ,  e x i s t s  it i s  unique. That  i s ,  C must equal  f l ( a ) .  

& With t h e s e  p r e l i m i n a r i e s  o u t  of  t h e  way, l e t  us  now ask what i s  s o  
.$i important  about  t h e  d e f i n i t i o n  of a d e r i v a t i v e  a s  implied by ( 2 ) .
%&-*s 


z. While t h e  main reason w i l l  n o t  seem t o o  important  i n  t h e  r e l a t i v e l y  n simple 1-dimensional case  (simple,  because t h e r e  i s  only one degree 
k.d. 

if$ 
*: of freedom, and t h i s  means t h a t ,  geomet r i ca l ly ,  t h e r e  is only one 

d d i r e c t i o n ) ,  it w i l l  shed some l i g h t  on t h e  o t h e r  dimensional 

v e c t o r  spaces .  

8:- The key i d e a  is  t h a t  i f  w e  look a t  t h e  l e f t  s i d e  of equat ion  (1) o r
&% 

(21, a l l  we see i s  t h e  d i f f e r e n c e  between t h e  two numbers f ( a + h )  

and f ( a ) .  No mention i s  made of any d i r e c t i o n .  Well, from t h i s  

p o i n t  of view, it seems t h a t  it would be n i c e  i f  we could d e f i n e  

5! 
$& 
("6 
. . 
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a d e r i v a t i v e  i n  n-space s o  t h a t  an express ion such a s  f ( a + h ) - £ ( a )-
makes sense  wi thout  r e fe rence  t o  d i r e c t i o n ,  e s p e c i a l l y  s i n c e  even 

i n  n-space w e  want h+O t o  connote t h e  i d e a  t h a t  t h e  answer does 

n o t  depend on t h e  pa th  by which -h+O.-

A second, al though n o t  n e c e s s a r i l y  an impor tant ,  problem i s  t h a t  

our  d e f i n i t i o n  of d i r e c t i o n a l  d e r i v a t i v e  does n o t  cover a l l  p o s s i b l e  

pa ths .  That  i s ,  when w e  wrote a d i r e c t i o n  i n  t h e  form tg  and then 

l e t  t + o f ,  we were i n  e f f e c t  l i m i t i n g  our  approach t o  s t r a i g h t  

l i n e s .  For example i n  t h e  case  n=2, why cou ldn ' t  e g along some 

pa th  o t h e r  than a s t r a i g h t  l i n e ?  Figure  1 d i s c u s s e s  t h i s  i d e a  

i n  a b i t  more d e t a i l .  

(1) I n  t h e  express ion f (a+h)-f - - ( a ), no 
d i r e c t i o n  i s  mentioned. ~ h z tis ,  
f o r  t h e  given f ,  a ,  and h ,  f ( a + h ) - £ ( a )- --
r e g a r d l e s s  of wheEher we-view t h e  
pa th  a s  C1,C2, o r  C3. 

(2)  The d i r e c t i o n a l  d e r i v a t i v e  r e q u i r e s  
t h a t  t h e  pa th  be C2. 

(Figure 1) 

I n  o t h e r  words, i n  r e f e r r i n g  t o  Figure  1, how would we i n d i c a t e  

t h a t  we wanted t o  t a k e  a l i m i t  of - - along t h e  curvef (a+h)-f ( a )  

C3? W e  could i n v e n t  some n i c e  excuses,  such a s  saying t h a t  nea r  

-a , C3 i s  approximated adequately by t h e  tangent  t o  C3 a t  a ,  - b u t  is  

t h i s  what w e  r e a l l y  want t o  say? O r ,  i f  it i s  what w e  want t o  

say ,  does t h e  concept  c a r r y  over i n t o  a l l  n-dimensional spaces? 

I n  any even t ,  wi thout  worrying f u r t h e r  about  t h e  reasons f o r  our  

i n v e s t i g a t i o n ,  it t u r n s  o u t  t h a t  a ve ry  acceptable  d e f i n i t i o n  of 

a d e r i v a t i v e  i n  n-space can be obta ined by mimicking t h e  d e f i n i t i o n  

given i n  (2)  f o r  1-dimensional space.  
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Given t h a t  a ~ ~ n ,d e f i n e  func t ion  f t o  be d i f f e r e n t i a b l e  a tw e  a 

x=a i f  t h e r e  e x i s t s  a neighborhood N ( 2 )  of 5 such t h a t  f o r  every 

p o i n t  (n- tuple)  -a+h- i n  N ( 5 )  

where lim k = 0 and C i s  a congtant  v e c t o r  which depends on 
Ibll+o -

f and a b u t  n o t  on h. 
-

While (6) may be accepted  a s  a d e f i n i t i o n  wi thout  f u r t h e r  ques t ion ,  

t h e  more serious-minded among u s  might wonder how w e  decided t o  

v e c t o r i z e  ( 2 )  t o  o b t a i n  (6) . Clear ly ,  once C replaced C and h -
replaced h ,  i n  terms of e x i s t i n g  opera t ions ,  w e  have no choice b u t  

t o  i n t e r p r e t  t h e  product  a s  a d o t  product .  Namely, s i n c e  t h e  l e f t  

s i d e  of (6)  i s  a number, t h e  r i g h t  s i d e  must a l s o  be a number, and 

only  t h e  d o t  product  combines two v e c t o r s  t o  produce a number. 

A s  f o r  t h e  second term on t h e  r i g h t  s i d e  of (6 )  we observe t h a t  a 

very easy  way t o  make s u r e  t h a t  &+g independently of any d i r e c t i o n  

is  t o  make s u r e  t h a t  i t s  magnitude approaches 0. That i s ,  Ilh_ll+0 

i s  e q u i v a l e n t  t o  saying t h a t  h+O - Once we agree- i n  every  d i r e c t i o n .  

t o  r e p l a c e  h by llhll, k must a l s o  be a number s i n c e  t h e  r i g h t  s i d e  

of ( 6 ) ,  a s  we have p rev ious ly  mentioned, i s  a number. 

[Although w e  w i l l  c e r t a i n l y  admit t h a t  one might have e l e c t e d  t o  

use  a more complete v e c t o r i z a t i o n  of ( 2 )  t o  o b t a i n  

f (a+h)-£- - ( a )- = Cah+&.hl -kit & = 

our  c la im i s  t h a t  (6)  s e r v e s  our needs a s  w e l l  a s  ( 6 ' )  . I  

A t  any r a t e ,  suppose w e  use  e i t h e r  (6)  o r  ( 6 ' )  t o  determine t h e  

d i r e c t i o n a l  d e r i v a t i v e  of f a t  -a i n  t h e  d i r e c t i o n  of h.- W e  would 

l e t  

o r  h - = I I & I I U  (Here, llkll p lays  t h e  r o l e  of t i n  our  no tes )  , whereupon 

equa t ion  (6)  y i e l d s  
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(Had w e  used  ( 6 '  ) , w e  would have ob ta ined  

I n  any e v e n t ,  from (71, w e  may deduce t h a t  

f (a+ /lh_lb)-f (a) 
= C - u  ( s i n c e  l i m  +k = 01I 
 llh Il+o 

Now, we  a l r e a d y  know t h a t  

s o  t h a t  (8 )  y i e l d s  

From ( 9 ) , it fo l lows  t h a t  

From ( lo ) ,  w e  see t h a t  1lfrU(g)11 i s  maximum when u h a s  t h e  same 

d i r e c t i o n  a s  C- and when t h i s  happens 
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I n  o t h e r  words, C i s  t h e  v e c t o r  i n  whose d i r e c t i o n  f V u ( a )  has t h e  

maximum magnitude, and t h i s  maximum magnitude i s  p r e c r s e l y  (GI/. 
This ,  i n  t e r m s  of  ( 6 ) ,  s ays  t h a t  -C i s  what w e  have c a l l e d  f V ( a ) .  

The t r u e  beauty of ( 6 ) ,  however, l ies  i n  t h e  f a c t  t h a t  it never uses  

t h e  concept of d i r e c t i o n  and t h a t ,  from it, we can de r ive  t h e  

d i r e c t i o n a l  d e r i v a t i v e  i n  every  d i r e c t i o n .  I t  i s  f o r  t h i s  reason 

t h a t  d e f i n i t i o n  (6)  i s  given i n  t h e  more e l e g a n t  textbooks.  I n  

s t i l l  o t h e r  words, one can compute wi th  (6)  wi thout  any r e s t r i c t i o n  

a s  t o  d i r e c t i o n .  

A s  a f i n a l  no te ,  it should be observed t h a t  i f  one w e r e  t o  w r i t e  

(6)  i n  n- tuple  n o t a t i o n ,  w e  could l e t  -a = (a l , . .  ., an)  , 
-C = (c l ,  ...,cn)  , and h  - = (hl, .  .., h n ) .  Then (6)  would become: 

If w e  now d i v i d e  each s i d e  by say ,  hl and l e t  h2= ...= h  n  = 0 ,  

we  o b t a i n  
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and now l e t t i n g  hl+O, we see  t h a t  

(s ince l i m  
. 1blhok = 

I n  a s imi l a r  way w e  see t h a t  

c2 = f (alI ...,an) I...I and cn = f x  ( a l f . - - f a n ) r  
X2 n 

s o  t h a t  

which agrees with t he  t e x t ' s  d e f i n i t i o n  of gradient ,  


This is another way of showing t h a t  


f 1  (a)  - and df (2) 


a r e  equivalent.  


* + I L  
N o t i c e  t h a t  -= 1  i f  h l  i s  p o s i t i v e  but -1 i f  hl  i s  n e g a t i v e .

h,
I 

That i s , R  I h l l .  
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