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Unit  7: Line I n t e g r a l s  

1. 	 Overview 

From a  s t r u c t u r a l  p o i n t  of view, one cannot d i s t i n g u i s h  between 

a r e a  and l eng th  i n  1-dimensional space. What w e  mean by t h i s  is  

t h a t  i n  n-space one d e f i n e s  an n-dimensional r ec tang le  t o  be a 

set of p o i n t s  (n- tuples)  S such t h a t  S is  composed p r e c i s e l y  of 

those  n- tuples  (xl, ...,xn) f o r  which 

where t h e  a ' s  and b ' s  a r e  given cons tan t s  and a . <  b  f o r  i = 1 , 2 ,  ...,
1-	 i 

One then d e f i n e s  t h e  a r e a  of  S t o  be t h e  product  (bl - a l ) ( b 2  -

Notice t h a t  f o r  n  = 2  t h i s  d e f i n i t i o n  of a r e a  coincides  with t h e  

usua l  geometric i n t e r p r e t a t i o n  of t h e  a r e a  of a  r ec tang le ,  while 

i f  n = 3 our n-dimensional r e c t a n g l e  is what w e  r e f e r  t o  geo- 

m e t r i c a l l y  a s  a p a r a l l e l e p i p e d  and i t s  a r e a  i s  what w e  th ink of  

a s  being volume. I f  n = 1, however, our  a b s t r a c t  d e f i n i t i o n  of  

a r e a  d e f i n e s  what w e  o r d i n a r i l y  th ink  of a s  being length .  I n  

o t h e r  words, i n  1-space w e  may th ink  of b  - a a s  being e i t h e r  a 
l eng th  (geometr ica l ly)  o r  an a r e a  ( a b s t r a c t l y ) .  I n  f a c t ,  

when w e  spoke about sets of con ten t  measure zero ,  t h e  measure of 

t h e  l i n e  segment connecting (a,O) and (b,O) i s  zero i f  w e  view 

t h e  l i n e  a s  a  s u b s e t  of 2-space, b u t  it has measure (b - a )  

when viewed a s  a s u b s e t  of 1-space. 

What does a l l  t h i s  have t o  do wi th  t h e  lesson i n  t h i s  u n i t ?  

The answer is  t h a t  when w e  a r e  dea l ing  with a  region i n  2-space 

t h e r e  a r e  two very d i f f e r e n t  b u t  equa l ly  n a t u r a l  ways of 

d e f i n i n g  a  d e f i n i t e  i n t e g r a l .  (These two d i f f e r e n t  ways e x i s t  

even i n  1-space b u t  because w e  cannot s t r u c t u r a l l y  d i s t i n g u i s h  

between a r e a  and l eng th  i n  1-space t h e  two i n t e r p r e t a t i o n s  a l -  
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though conceptually very d i f f e r e n t  y i e ld  the  same r e s u l t . )  

For example, consider the  simple closed curve C shown below, 

and l e t  the  region enclosed by C be denoted by R. On the  one 
hand we might be i n t e r e s t ed  i n  t he  mass of R*, i n  which case 

we must consider t h e  usual double i n t e g r a l  discussed i n  

d e t a i l  thus  f a r  i n  t he  present  Block. On the  o ther  hand, w e  

might be i n t e r e s t e d  i n  t he  work done by a p a r t i c l e  moving along 

the  curve C under the  inf luence of a given force.  

1. 	 The mass of R involves a double i n t e g r a l  obtained from 

an element paxi byj. 

2. 	 The work done by (o r  on) a p a r t i c l e  moving along C from 

Po back t o  Po under the  inf luence of a given force  involves 

a s i n g l e  i n t e g r a l  obtained by in t eg ra t i ng  with respec t  t o  

a r c  length.  

Clear ly  these  two i n t e r p r e t a t i o n s  a r e  q u i t e  d i f f e r e n t  i n  2-

space. The second i n t e r p r e t a t i o n  i s  known a s  a l i n e  i n t e g r a l  

t o  i nd i ca t e  t h a t  we a r e  computing an i n t e g r a l  with respec t  t o  

a curve ( l i n e ) .  The t w o  i n t e r p r e t a t i o n s  a l s o  e x i s t  i n  1-space 

b u t  y i e l d  t h e  same answer. By the  way of i l l u s t r a t i o n  

consider 

*Notice again that when we refer to mass it is not important 

whether we talk about R together with C or with C excluded, 

since in 2-space the area of C is zero. 
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On t h e  one hand we may t h i n k  of it 2-dimensionally a s  r ep resen t -

ing  t h e  a r e a  of  t h a t  p o r t i o n  of t h e  parabola  y = x2 bounded on 

t h e  r i g h t  by t h e  l i n e  x = 1,on t h e  ' l e f t  by t h e  l i n e  x = 4 ,  and 

below by t h e  x-axis .  

On t h e  o t h e r  hand we may t h i n k  of t h i s  a s  being t h e  work done by 

a p a r t i c l e  moving along t h e  x-axis from A ( 1 , O )  t o  3 ( 4 , O )  under 
2t h e  i n f l u e n c e  of  t h e  h o r i z o n t a l  f o r c e  f ( x )  = x . 

Notice t h a t  our  second i n t e r p r e t a t i o n  can be w r i t t e n  very n i c e l y  

i n  t h e  language of v e c t o r s .  For example our  f o r c e  f  (x)  = x2 i s  

r e a l l y  a  v e c t o r  s i n c e  w e  have s p e c i f i e d  t h e  d i r e c t i o n  i n  which 

it a c t s  ( h o r i z o n t a l l y ,  i . e . ,  p a r a l l e l  t o  t h e  x -ax i s ) .  Thus, 

perhaps w e  should have w r i t t e n  t h a t  t h e  f o r c e  was $ ( X I  where 
2-t? ( x )  = x 1. Also our  segment of AB r e p r e s e n t s  a  displacement and 

hence it t o o  may be t r e a t e d  a s  a vec to r .  That  i s r  perhaps w e  

should have w r i t t e n  d$=dx 1 r a t h e r  than dx. With t h i s  n o t a t i o n  

i n  mind, t h e  d e f i n i t e  i n t e g r a l  

[f (.) dx = l l X 2 d x  

i s  r e a l l y  

+. +
4 0 f ( x  dx. 

Wri t ten  a s  i n  ( 3 )  our  i n t e g r a l  does sugges t  a l i n e  i n t e g r a l ,  
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b u t  computat ionally (1) and ( 3 )  a r e  equ iva len t .  

From a p h y s i c a l  p o i n t  of view, w e  p a r t i t i o n  our  i n t e r v a l  AB 

i n t o  segments xl, . . . ,  xn,  w e  l e t  ck denote a p o i n t  i n  t h e  k th 

p a r t i t i o n  [ x ~ - ~ ,  and we computexk] 

and w e  compute t h e  l i m i t  of (2)  a s  max Axk + 0. That  is ,  w e  

assume t h a t  on a ,xkl , f (x)  i ss u f f i c i e n t l y  smal l  segment [ x ~ - ~  

e s s e n t i a l l y  cons tan t  ( t h i s  i s  where f be ing continuous i s  

impor tant )  and hence t h a t  f ( c k )  Axk i s  approximately t h e  work 

done a s  t h e  p a r t i c l e  moves from ( x ~ - ~ ,  t o  (xk,O) ; and w e0) 


then  sum over  a l l  t h e  smal l  segments. 


W e  p ick  ck i n  h e r e  and from f ( c k )  xk t o  approximate t h e  work. 

b 

I n  summary then,  i n  1-space t h e  i n t e g r a l s  { f (x) dx and 

Jbf (x)  - dx a r e  conceptual ly  d i f f e r e n t  b u t  numerical ly t h e  
a 
same. I n  2-space, however, it c e r t a i n l y  makes both a con-

c e p t u a l  d i f f e r e n c e  and a computat ional  d i f f e r e n c e  depending 

on whether our  i n t e g r a l  i s  viewed wi th  r e s p e c t  t o  dAR o r  wi th  

r e s p e c t  t o  dsc ,  where dsc  r e f e r s  t o  an element of a r c  l eng th  

along t h e  curve C. 

The aim of t h e  l e c t u r e  i n  t h i s  u n i t  i s  t o  emphasize t h e s e  

remarks i n  somewhat more d e t a i l ,  whi le  t h e  aim of t h e  r ead ing  

m a t e r i a l  and t h e  e x e r c i s e s  i s  t o  h e l p  you g e t  a b e t t e r  quan t i -  

t a t i v e  i d e a  as t o  how double i n t e g r a l s  and s i n g l e  i n t e g r a l s  

( l i n e  i n t e g r a l s )  a r e  very d i f f e r e n t .  
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2. Lec tu re  5 .040  
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3 .  Read: Thomas; Sect ion  17.3 

4 .  Exerc i ses  

5.7.1(L) 


2
Compute [xy dx + (x2 + y ) dy where c i s  t h e  p o r t i o n  i n  t h e  

f i r s t  quadrant  of t h e  c i r c l e  of r a d i u s  1 centered  a t  t h e  o r i g i n ,  

t r a v e r s e d  i n  t h e  counter  clockwise d i r e c t i o n  f o r  each of t h e  

fol lowing equat ions  f o r  c .  

a.  x = cos t 71t v a r i e s  from 0 t o  7 . 

y = s i n  t 


b. y = f l , x v a r i e s  from 1 t o  0. 

C. x = , y v a r i e s  from 0 t o  1. 

5.7.2(L) 


Compute / x y  dx + (x2 + y 
2

) dy where c i s  t h e  s t r a i g h t  l i n e  seg- 

C 

ment .which goes from ( 1 , O )  t o  ( 0 , l ) .  

Compute .f (x  + y )  dx + xy dy where 
C 

C is  given by 

where t v a r i e s  from 0 t o  1. 


C i s  given by 


(continued on nex t  page) 

5.7.6 
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5.7.3 continued 

where t v a r i e s  from 0 t o  1. 

a .  C i s  given by y = x + 1 where x v a r i e s  from 0 t o  1. 

b .  C i s  given by y = x2 + l w h e r e  x v a r i e s  from 0 t o  1. 

5.7.4(L) 

Compute (x  + y )  dx + xy dy where c i s  t h e  pa th  composed of 

t h e  s t r a i g h t  l i n e  from ( 0 , l )  t o  ( 0 , 6 ) ,  followed by s t r a i g h t  l i n e  

from (0 ,6 )  t o  ( 1 , 8 ) ,  followed by t h e  s t r a i g h t  l i n e  from (1 ,8)  t o  

( 1 , 2 ) .  

Suppose Mdx + Ndy i s  an e x a c t  d i f f e r e n t i a l  i n  a region R and C 

i s  a piecewise smooth curve i n  R j o in ing  t h e  p o i n t  (xo, yo) and 

( X ) Use t h e  chain  r u l e  t o  show t h a t  

~ d x+ Ndy = d~ = ~ ( x , y )- F ( ~ ~ ~ Y ~ )  

where dF = Mdx + Ndy. 

2 
a.  	 Find a f u n c t i o n  F such t h a t  Fx = 1 + 3x y + 5x4y2 and I? = x3 + 

5 Y 
5Y4 + 2x y and use  t h i s  t o  compute 


2 4 2 5
( 1 + 3x y 	+ 5x y ) dx + (x3 + 5y4 + 2x y )  dy 
C 


where c i s  any (pieceview) smooth curve which connects  (0,O) t o  

(1,l). 

b. Ver i fy  t h e  r e s u l t  of ( a )  by d i r e c t  computation i n  t h e  case  t h a t :  

1. C i s  y = 	x where 0 i x 5 1 

2. C i s  y = 	x3 where 0 -i x - 1. 

x dx + y dy 	+ z 2dz along any (piecewisec. Evaluate  l ( l1l1l)2 2 
(0,010) 

smooth) pa th  which j o i n s  (0 ,0 ,0 )  and (1,1,1),by us ing t h e  

(cont inued on nex t  page) 
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5.7.6 continued 

2 2 2f a c t  t h a t  x dx + y dy + z dz i s  an e x a c t  d i f f e r e n t i a l .  

a. Evaluate  t h e  i n t e g r a l  i n  (c) d i r e c t l y  f o r  t h e  cases  

1. C i s  given by x = y = z = t ,  0 f t 5 1. 

2. C i s  given by 

5.7.7 

Evaluate ydx - xdy where c i s  t h e  c losed curve 1 xl + 1 y 1 = 1 

t r a v e r s e d  i n  t h e  counter-clockwise d i r e c t i o n  s t a r t i n g  a t  ( 1 , O ) .  

5.7.8(L) 

+ 2 -b -t tLet  $ = x y l  + ( x  + y2)  * and d s  = d x l  + dy). U s e  p o l a r  

coord ina tes  t o  compute . d: where c i s  t h e  f i r s t  quadrant  

of t h e  u n i t  circle from (1.0) t o  (0 .1 ) .  

5.7.9 ( o p t i o n a l )  

The main aim of t h i s  e x e r c i s e  i s  t o  show t h a t  it i s  c r u c i a l  t h a t  

Mdx + Ndy be e x a c t  i n  a region R which con ta ins  C and t h a t  it i s  

n o t  enough t h a t  Mdx + Ndy be e x a c t  j u s t  on t h e  curve C i t s e l f .  

2 
a .  Check t o  see whether ydx/(x2 + y2)  - xdy/(x2 + y ) is exac t .  

b.  Compute 

and J ydx2 -
x + y  x + y

C
1 C2 

where c1 i s  t h e  s e m i c i r c l e  x 
2 + y2 = 1 i n  t h e  counterclockwise 

2 
sense  from (1.0) t o  (-1.0)  and c2 i s  t h e  s e m i c i r c l e  x + y2 = 1 

i n  t h e  clockwise sense  from ( 1 , O )  t o  (-1.0) .  
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a .-

5.7.10 ( o p t i o n a l )  

Our aim here  i s  t o  g i v e  

of  a l i n e  i n t e g r a l .  

Le t  c be given by 

an a l t e r n a t i v e ,  more genera l  d e f i n i t i o n  

a .  

b.  

and suppose H (x ,y)  i s  (p iecewise)  continuous on c .  Let  y be any 

continuous d i f f e r e n t i a b l e  func t ion  def ined on [ a r b ] .  

show t h a t  t h e  d e f i n i t i o n  Hdy = H ( f  (t)I g ( t)) Y ' ( t)dt is a  
c o n s i s t e n t  wi th lab  f  ( t ) d g  (t)= L b f ( t ) g '  ( t ) d t -  

Compute $ HdY where 

2
H(x1y) = x + y 

2 

and 

3y ( t )  = t f o r  t~ [0 ,1 ] .  
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