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Block 5: Mul t ip le  I n t e g r a t i o n  

Unit 8: Green's Theorem 

1. Overview 

So f a r  w e  have presented  two d i f f e r e n t  types  of i n t e g r a t i o n ,  both 

of which may be viewed a s  " n a t u r a l  outgrowths" of t h e  ordinary  

d e f i n i t e  i n t e g r a l ,  depending on what i n t e r p r e t a t i o n  we have i n  

mind. In  t h i s  u n i t  which concludes t h e  p r e s e n t  Block of  m a t e r i a l ,  

w e  p resen t  Green's  Theorem which shows a  r a t h e r  amazing connection 

between c e r t a i n  types  of l i n e  i n t e g r a l s  and double i n t e g r a l s .  

Our main aim i n  t h i s  u n i t  w i l l  be t o  e x p l o i t  t h e  formula s t a t e d  

i n  t h e  theorem, and we s h a l l  l eave  t h e  proof of t h e  theorem a s  

an o p t i o n a l  e x e r c i s e  i n  t h e  s tudy guide. 

While i t  i s  n o t  our  aim t o  s t r e s s  t h e  s u b j e c t  known a s  vec to r  

a n a l y s i s  i n  our p r e s e n t  course ,  it should be pointed  o u t  t h a t  

Green 's  Theorem and some of i t s  extens ions  do p lay  a v i t a l  r o l e  

i n  t h e  c a l c u l u s  of vec to r  a n a l y s i s  and it i s  our  hope t h a t  t h e  

r a t h e r  b r i e f  t r ea tmen t  here  w i l l  be s u f f i c i e n t  f o r  t h e  immediate 

needs of most s t u d e n t s ,  and t h a t  it w i l l  s e rve  a s  an in t roduc t ion  

of t h e  s u b j e c t  t o  those  s t u d e n t s  who wish t o  pursue t h e  ideas  

f u r t h e r .  

2 .  Lecture 5.050 
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3. 	 Read: Thomas, Sec t ion  17.5. (Optional:  Read any o t h e r  por t ions  of 

Chapter 17 i n  t h e  t e x t  t h a t  a r e  of i n t e r e s t  t o  you. For t h e  most 

p a r t ,  t h e  d i s c u s s i o n  i n  t h e  t e x t  i s  adequate t o  g ive  you a p r e t t y  

decen t  idea. of t h e  ex tens ions  of  Green's  Theorem, e s p e c i a l l y  i n  

t e r m s  c f  a 3-dimensional analog.)  

4. 	 Exerc i ses  

5.8.1(L) 

a .  	 Without Green 's  Theorem compute 

where C i s  t h e  o r i e n t e d  curve* which i s  t h e  boundary of  t h e  u n i t  

d i s c  cen te red  a t  t h e  o r i g i n .  

b - 	 Use Green's  Theorem t o  o b t a i n  t h e  same r e s u l t  a s  i n  p a r t  ( a ) .  

Le t  C be t h e  o r i e n t e d  boundary of t h e  r e c t a n g l e  R wi th  v e r t i c e s  

a t  ( 0 , 0 ) ,  ( 3 , 0 ) ,  ( 3 , 2 ) ,  and ( 0 , 2 ) .  Compute 

f i r s t  wi thou t  use of Green 's  Theorem and then wi th  t h e  use of  

Green 's  Theorem. 

5 . 8 . 3 ( ~ )  

a - 	 Show t h a t  4bf  (x ldx i s  a s p e c i a l  case  of  a  l i n e  i n t e g r a l  ( h i n t :  

t h ink  of t h e  curve C a s  being t h e  i n t e r v a l  [ a ,  b ]  ) . 

b. 	 Show t h a t  i f  C i s  any c losed curve 

$f(x)dx = 0. 
C 

(cont inued on nex t  page) 

*By 	 o r i e n t e d  we mean t h a t  we t r a v e r s e  C s o  t h a t  t h e  e n c l o s e d  
r e g i o n  R a p p e a r s  on  o u r  l e f t .  T h u s ,  i n  t h i s  c a s e  t h e  c i r c l e  
i s  t r a v e r s e d  i n  t h e  c o u n t e r c l o c k w i s e  d i r e c t i o n .  
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5.8.3 (L) continued 

a. 	 Show t h a t  {(MI + M 2 )  dx + (N1 + N 2 )  dy i s  equal  t o  4Mldx + 
JM ~ + $ ~ ~ d ~ .d ~c 2 dx + { ~ 

b. 	 Let  R be a r eg ion  i n  t h e  xy-plane wi th  o r i e n t e d  boundary C. 

Then i n  Newtonian mechanics 

is  c a l l e d  t h e  moment of i n e r t i a  of R about  t h e  z-axis .  U s e  

Green 's  Theorem t o  show t h a t  t h i s  monent i s  a l s o  g iven by 

36-y3dx + x dy.5 

C 

5 . 8 . 4  (L) 

a. 	 Le t  C be t h e  o r i e n t e d  boundary of t h e  region R. Apply Green's  

Theorem t o  show t h a t  

b. 	 Show geomet r i ca l ly  why t h e  r e s u l t  e s t a b l i s h e d  i n  ( a )  is 


p l a u s i b l e .  


5.8.5 

U s e  t h e  r e s u l t  of  p a r t  ( a )  of  Exerc i se  5.8.4 t o  compute t h e  

a r e a  of t h e  e l l i p s e  

5.8.6 ( o p t i o n a l )  

[This  i s  a rehash  of  our  d i s c u s s i o n  t h a t  a  multiply-connected 

domain may be viewed a s  a simply-connected domain i f  s u i t a b l e  

" c u t s "  a r e  made. I f  you understand t h i s  idea  ( o r  p r e f e r  t o  

a c c e p t  t h e  r e s u l t  on f a i t h )  you may omit t h i s  e x e r c i s e  and 

(continued on n e x t  page) 

5.8.4 
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5.8.6 continued 

simply apply t h e  p r i n c i p l e  involved t o  t h e  fol lowing two e x e r c i s e s . ]  

Suppose t h e  r eg ion  enclosed by t h e  o r i e n t e d  curve C1 i s  contained 

i n  t h e  region enclosed by t h e  o r i e n t e d  curve C2.  Suppose f u r t h e r  

t h a t  Mdx + Ndy i s  e x a c t  i n  t h e  r eg ion  on and between C1 and C2.  

Show tl?.at i n  t h i s  case  

$Max + Ndy = 9 Mdx + Ndy. 

5 . 8 . 7 ( L )  

Le t  c be  t h e  e l l i p s e  

Compute 

5.8.8 

a .  I n w h a t  r eg ion  i s  

- ydx + ( X  - 2)dy 

2 2


(x - 2) + y 

e x a c t .  

b. Compute 

4 - ydx + (x - 2)dy 

( x - , ) ~ + . ~  

i f  C1 i s  t h e  o r i e n t e d  boundary of t h e  circle cen te red  a t  (0,O) 

wi th  r a d i u s  1. 

(continued on nex t  page) 
5.8.5 
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5.8.8 continued 

a. 	 Compute 

i f  C2 is  t h e  o r i e n t e d  c i r c l e  centered  a t  (0,O) wi th  r a d i u s  4 ,  

and show t h a t  

b. 	 Why i s n ' t  (c) a c o n t r a d i c t i o n  of t h e  r e s u l t  obta ined i n  

Exerc i se  5.8.6 (L)? 

Suppose R i s  t h e  region enclosed by t h e  simple c losed  curve C. 

Let  v and w both  be t w i c e - d i f f e r e n t i a b l e  func t ions  of x and y 

such t h a t  i n  R:vxx + vyy = wxx + w -0. Suppose t h a t  v- w on C. 
YY 

Prove t h a t  v -w throughout R ( t h i s  says  t h a t  any func t ion  v 

such t h a t  vxx + v = 0 i n  R i s  completely determined by i t s  
YY-


bekaviour on C ) .  Hint :  L e t  u = v - w and apply Green's  

Theorem t o  

5.8.10 ( o p t i o n a l )  

[This i s  f o r  t h o s ~  s t u d e n t s  who would l i k e  a more thorough 

o u t l i n e  of  t h e  proof of Green's Theorem t o  r e i n f o r c e  t h e  proof 

i n  t h e  t e x t .  I 

a.  	 Prove Green's  Theorem f o r  t h e  s p e c i a l  case  i n  which t h e  c losed  

curve C i s  t h e  r e c t a n g l e  wi th  v e r t i c e s  a t  ( a r c ) ,  ( b , ~ )  , (b ,d)  

and ( a , d )  where a < b  and c < d. 

(continued on nex t  page) 
5.8.6 
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5.8.10 continued 

a. GO t h e  same a s  i n  p a r t  ( a )  only f o r  t h e  curve C which c o n s i s t s  

of t h e  smocth curve y = f ( x ) ,  a -< x -< b which ccnnects  ( a r c )  

t o  (b ,d ) , fol lowed by t h e  l i n e  which connects  (b,d) t o  ( a , d ) , 
fol lowed by t h e  l i n e  which jo ins  ( a , d )  t o  ( a , c ) .  

5.8.11 ( o p t i o n a l )  

Mimic t h e  proof i n  t h e  previous  e x e r c i s e  and d e r i v e  t h e  appro- 

p r i a t e  form of Green's  Theorem t h a t  a p p l i e s  when M and N a r e  

func t ions  of t h e  p o l a r  coord ina tes  r and 0. That  i s ,  w r i t e  

M ( r , 0 )  d r  + N (r,0)  d0 a s  a double i n t e g r a l  i n  t h e  case t h a t  

C i s  t h e  region bounded between r = a and r = b,  ( a  < b)  and 

0 = a and 0 = f 3  (a  < f 3 ) .  

[The p o i n t  of t h i s  e x e r c i s e  i s  t o  emphasize t h e  d i f f e r e n c e  

between concepts  and t h e i r  r e p r e s e n t a t i o n  i n  d i f f e r e n t  coordi-  

n a t e  systems. For example (and hopeful ly  by t h i s  time i n  t h e  

course  we have seen enough examples where t h e  fol lowing 

argument i s  f a u l t y ,  s o  t h a t  w e  a r e  on guard) one might induce 

from t h e  form 

t h a t  

simply by r e p l a c i n g  x and y by r and 0,  r e s p e c t i v e l y .  Among 

o t h e r  t h i n g s  t h i s  e x e r c i s e  shows t h a t  t h e  above " so lu t ion"  i s  

i n c o r r e c t .  I 
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1. Write 

a s  an e q u i v a l e n t  double i n t e g r a l  wi th  t h e  o rde r  of  i n t e g r a t i o n  

reversed .  Check your answer by computing both i n t e g r a l s .  

2 .  	 ( a )  Find t h e  mass of  t h e  p l a t e  R i f  R is  t h e  region enclosed by 

t h e  c a r d i o i d  r = 1 + cos 8 and t h e  d e n s i t y  of  R a t  any po in t  i s  

equa l  t o  i ts  d i s t a n c e  from t h e  o r i g i n .  

(b)  With R a s  i n  p a r t  ( a ) ,  f i n d  t h e  volume of t h e  p o r t i o n  of 

t h e  c y l i n d e r  whose c r o s s  s e c t i o n  i s  R bounded between t h e  xy- 

p lane  and t h e  s u r f a c e  z = . 

3 .  	 Let  c  denote t h e  pa ra l l e logram wi th  v e r t i c e s  a t  (0,O) , (2 , -1), 
( - 3 , 2 ) ,  and (-1,l);and l e t  R denote t h e  region enclosed by c .  

( a )  Given t h e  l i n e a r  mapping t h a t  c a r r i e s  R i n t o  t h e  u n i t  

square  S of  t h e  uv-plane whereby (2,-1) i s  mapped i n t o  ( 1 , O ) ;  

( -3,2)  i n t o  ( 0 , l ) ;  and (-1,l) i n t o  (1,1),f i n d  how u and v a r e  

r e l a t e d  t o  x and y. 

(b)  	 U s e  t h e  r e s u l t  of  ( a )  t o  compute 

4 .  	 Find t h e  volume c u t  from t h e  sphere  x 2 + y2  + z2 = 4a2 
by 

t h e  c y l i n d e r  x 2 + y 2 = a 2. 

5. 	 ( a )  Show t h a t  2xydx + (x2 + cos y)  dy i s  exac t .  I n  p a r t i c u l a r  

f i n d  f  (x ,y )  such t h a t  df = 2xydx + (x2 + cos y)dy.  

(b )  Let  c  b e  any smooth pa th  which connects  (0,O) t o  (1,l). 
U s e  t h e  r e s u l t  of p a r t  ( a )  t o  compute 

d 2xydx + (x2 + cos y)dy.  
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i .  Let cl be t h e  s t r a i g h t  l i n e  t h a t  joins (0,O) t o  (1,l)and l e t  

c2 be t h e  por t ion of t h e  parabola y = x2 which joins  (0 ,O)  t o  

( 1 I l ) .  

3(a )  	 Compute ( s i n  x - y )dx  + (x3 - eY) dy. 

1 
 3(b) 	 Compute I ( s i n  x - y )dx  + (x3 - eY)dy. 

2 


( c )  From (a )  and (b) what can w e  conclude about ( s i n  x - y3) dx + 
(x3 - eY) dy? Explain. 

7. Compute 

P 3( s i n  x - y )dx 	+ (x3 - eY)dy 

where c is  the  c i r c l e  centered a t  t h e  o r i g i n  with radius  1. 
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