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5.7.1(L) 

a .  W e  have 

and s i n c e  

x = cos t and y = s i n  t where t v a r i e s  continuously from 0 t o  5 , 
equat ion  (1)becomes 

/ -
71 

2 2 2

[cos t s i n  t ( - s in  t) + (cos t + s i n  t) cos t ]  d t  


0 


t cos  t + cos t)  d t  
0 


= (- -1 3s i n t 3 + s i n  t)  

b.  Notice t h a t  ano the r  pa ramet r i c  form f o r  C i s  given by 

x = t 


y = 41 - a s  t v a r i e s  from 1 t o  0 
t2 
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5.7.1 (L) continued 

From (2)  w e  have t h a t  

s o  t h a t  now (1) becomes 

The key p o i n t  t h a t  we want t o  make h e r e  i s  t h a t  it i s  i n t u i t i v e l y  

c l e a r  t h a t  t h e  va lue  of t h e  l i n e  i n t e g r a l  should n o t  depend on 

t h e  equat ion  chosen t o  r e p r e s e n t  C. Y e t  it i s  n o t  a b s t r a c t l y  

c l e a r  t h a t  t h e  va lue  of  t h e  l i n e  i n t e g r a l  i s  independent of t h e  

pa ramet r i c  form f o r  C. A f t e r  a l l ,  a s  w e  change t h e  equat ion  of 

C both  t h e  in teg rand  and t h e  l i m i t s  of  i n t e g r a t i o n  change, and, 

a s  a  r e s u l t ,  t h e  p o s s i b i l i t y  e x i s t s  t h a t  our  answer changes a s  

w e l l .  I n  t h e  nex t  u n i t  we s h a l l  show i n  terms of someting 

c a l l e d  Green 's  Theorem t h a t  t h e  l i n e  i n t e g r a l  does n o t  depend 

on t h e  equat ion  of C ,  b u t  i n  t h i s  e x e r c i s e  w e  a r e  us ing a less 

r i g o r o u s  device .  
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5.7.1 (L) continued 

Namely, w e  have shown i n  p a r t s  ( a )  and (b)  t h a t  the  l i n e  i n t e g r a l  

does n o t  depend on which of t h e  -two equat ions  f o r  C i s  used. Of 

course ,  t h i s  is  a f a r  cry from proving t h a t  t h e  i n t e g r a l  i s  

t h e  same f o r  -a l l  equat ions  f o r  C,but i t  a t  l e a s t  adds p laus i -  

b i l i t y  t o  our  s ta tement ;  and t h i s  i s  s u f f i c i e n t  f o r  our p resen t  

aims. 

C. 	 But j u s t  t o  "play  it s a f e "  w e  compute t h e  same i n t e g r a l  a t h i r d  
2 way. 

"" 
W e  now 

1 
so lve  x + y2 = 1 f o r  x i n  terms of y. That i s  

= t v a r i e s  from o t o  1 
y = t  

s o  t h a t  

and equat ion  (1)becomes 



and our  answer ag rees  wi th  t h a t  of p a r t s  ( a )  and ( b ) .  

I n  t h e  previous  e x e r c i s e  w e  t r i e d  t o  demonstrate t h a t  dMdx + Ndy 

does n o t  depend on t h e  equat ion  which expresses  t h e  curve c .  

This  i s  f a r  d i f f e r e n t  than saying t h a t  E M ~ X+ Ndy does n o t d e p e n d  

on t h e  curve c. I n  o t h e r  words, i n  terms of t h e  phys ica l  i n t e r -  

p r e t a t i o n  of work, t h e  work done i n  going from Po t o  P1 along 

t h e  pa th  (curve) c "most l i k e l y "  should depend on t h e  choice  of 

t h e  p a t h  b u t  n o t  on t h e  equat ion  by which a given pa th  i s  des-

c r ibed .  

I n  t h i s  e x e r c i s e  w e  observe t h a t  t h e  end p o i n t s  of c a s  w e l l  a s  

t h e  in teg rand  a r e  t h e  same a s  i n  t h e  previous  example i n  which 

w e  eva lua ted  f xydx + (x2 + y 
2 

) dy. 

Now, however, t h e  curve c i s  desc r ibed  by 

x = l - t  
t v a r i e s  from 0 t o  1. 

y = t  I 

' dxI n  t h i s  case ,  -= - = 1 and w e  haved t  

* N o t i c e  t h a t  t h i s  l o o k s  e x a c t l y  l i k e  e q u a t i o n  ( 3 )  i n  p a r t  ( b )  of  
E x e r c i s e  5 . 7 . 1 .  What h a s  changed  i s  t h e  c u r v e  c and  s i n c e  t h e  
l i n e  i n t e g r a l  i s  d e f i n e d  on  c ( i . e . ,  x ,  y ,  d x / d t ,  and  d y / d t  a r e  
computed  f o r  p o i n t s  on c )  t h e  v a l u e  o f  t h e  i n t e g r a l  need  n o t  b e  
t h e  same i n  t h i s  c a s e  a s  i t  was i n  e q u a t i o n  (3)  o f  t h e  p r e v i o u s  
e x e r c i s e .  
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5.7.2 (L) continued 

and t h i s  is  unequal to  52 ( t h e  answer i n  the  previous e x e r c i s e ) .  

I n  t e r m s  of t h e  work i n t e r p r e t a t i o n  w e  a r e  saying t h a t  i f  a 

p a r t i c l e  moves under t h e  i n f l u e n c e  of  t h e  f o r c e  xy5 + (x2 + y 
2

) 5 
2

from ( 1 , O )  t o  ( 0 , l )  then  t h e  work done i s  i f  t h e  pa th  i s  t h e  

p o r t i o n  of  t h e  circle x 2 + y2 = 1 which j o i n s  t h e s e  two p o i n t s .  

whi le  t h e  work i s  1 i f  t h e  p a t h  i s  t h e  s t r a i g h t  l i n e  which 

j o i n s  t h e  two p o i n t s .  I n  o t h e r  words, once t h e  path  i s  chosen, 

t h e  work depends on t h e  end p o i n t s  of t h e  pa th  a lone  ( i . e . ,  t h e  

l i m i t s  of i n t e g r a t i o n ) ,  b u t  d i f f e r e n t  pa ths  through t h e  same 

end p o i n t s  produce d i f f e r e n t  work. 

A s  a f i n a l  p o i n t  on t h i s  e x e r c i s e ,  l e t  us  check t h a t  our  answer 

d i d  n o t  depend on t h e  equa t ion  of c once t h e  pa th  was chosen. 

For example, ano the r  pa ramet r i c  form f o r  c i s  

= 3 ,)t v a r i e s  from 1 t o  o 
y = l - t  

s o  t h a t  
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5.7.2 (L) continued 

Consequently 

which checks wi th  o u r  previous  r e s u l t .  

5.7.3 


a. C i s  given by 

y = t 3 + 1  


2Hence, dx/dt  = 1 and dy/dt  = 3 t . Therefore ,  
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5.7.3 cont inued 

b. Now c is given by 

Hence, 


dx 2 8
-= 3t and % = 9 t  .
dt 


Therefore ,  


f (x + y)  dx + X Y ~ Y  

C 
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5.7.3 continued 

[This should check wi th  p a r t  ( a )  s i n c e  i n  both  p a r t s  of t h i s  

e x e r c i s e  c i s  a parametr ic  form of t h e  p o r t i o n  o f  t h e  curve 

y = x3 + 1 from (0.1)t o  (1,211 

c. With c given by 

1 where t v a r i e s  from 0 t o  1, i . e . ,  y = x + 1 
y = t + l= 

w e  	have dx/dt = dy/dt  = 1 and, t h e r e f o r e ,  

-	- ( 2 t +  1)+ (t2+ t)l d t  


0 
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5.7.3 cont inued 

d. 	 With c g iven by y  = x2 + 1 where x  v a r i e s  from 0 t o  1 w e  have 

dy/dx = 2x, hence 

/(x + y)  dx + xydy 

C 

5.7.4(L) 

This  problem i s  t h e  same a s  t h e  previous  one except  t h a t  our pa th  

i s  now a union of smooth curves ( i . e . ,  t h e  equat ion  of t h e  pa th  

i s  piecewise d i f f e r e n t i a b l e ) .  

L e t t i n g  cl denote t h e  s t r a i g h t  l i n e  from ( 0 , l )  t o  (0 ,6)  ; c 2 ,  t h e  

s t r a i g h t  l i n e  from ( 0 , 6 )  t o  ( 1 , 8 ) ;  and c3  t h e  s t r a i g h t  l i n e  from 

(1 ,8 )  t o  (1 ,2 )  w e  have t h a t  
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5 . 7 . 4  (L) continued 

+ f ( x  + y) dx + xydy 

+ / ( X  + y )  dx + xydy. 

[This  i s  i n  keeping wi th  t h e  d e f i n i t i o n  t h a t  i f  c = cl U ... " 'n 

then  


/ M a  + Ndy = 1Mdx + Ndy + . . . + f ~ d x+ Ndy. 


I n  t e r m s  of work, t h i s  formula says  t h a t  t o  f i n d  t h e  t o t a l  work 

done a s  we move along a piecewise-smooth curve w e  need only sum 

t h e  amounts of work done over  t h e  i n d i v i d u a l  smooth p ieces .  

I n  any e v e n t ,  cl may be w r i t t e n  a s  

x = o  1 where t v a r i e s  from 1 t o  6. 
y = t I  

Hence, dx/dt  = 0 and dy/dt = 1. Therefore 
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5.7.4 (L) continued 

Odt = 0.=16 

C2 may be w r i t t e n  i n  t h e  form y  = 2x + 6  where x  v a r i e s  from 0  

to  1. 

Hence, dy/dx = 2  and 

=a [ ( x  + 2x + 6)  + x(2x + 6 ) 2 ]  dx 

F i n a l l y  c3 may be w r i t t e n  a s  

x = 1 where t v a r i e s  from 
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5 .7 .4  (L) continued 

Hence, dx/dt  = 0 ,  dy/dt  = 1; and w e  have 

P u t t i n g  t h e  r e s u l t s  of (2) , (3). and ( 4 )  i n t o  (1)w e  o b t a i n  

P h v s i c a l l y  w e  may th ink  of t h i s  problem a s  f ind ing  t h e  work .. -
done a s  a p a r t i c l e  moves from ( 0 , l )+t o  (1.2) 3 t h e-k curvealong 

c under t h e  i n f l u e n c e  of t h e  f o r c e  F = (x  + y )  1 + x y ~ .  
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5.7.4 (L) continued 

Along t h e  l i n e  x = 0, 
-+
F = y i

-f 
s o  t h a t  t h e ' f o r c e  i s  t h e  d i r e c t i o n  

of t h e  x-axis and hence a t  r i g h t  angles  t o  t h e  motion. Con-

sequen t ly ,  s i n c e  t h e  component of  t h e  f o r c e  i n  t h e  d i r e c t i o n  of 

motion i s  zero ,  no work i s  done i n  moving from ( 0 , l )  t o  (0 ,6)  

along t h e  y-axis .  

Along t h e  l i n e  y = 2x + 6 ,  0 -< x -< 1, n o t i c e  t h a t  t h e  1and j 
-+

components of  F a r e  p o s i t i v e  ( s i n c e  x and y a r e  both p o s i t i v e  

t h e r e ) .  Hence, t h e  component of d i n  t h e  d i r e c t i o n  of  motion 

has  t h e  same sense  a s  t h e  motion s o  t h e  f o r c e  " a s s i s t s "  t h e  

motion, which accounts  f o r  t h e  work being + 1 4  5 . 

F i n a l l y ,  i n  going from (1 ,8)  t o  (1 ,2)  along x = 1, w e  have t h a t  
-+ -f 	 -+
F = (y + 1) i + yT, s o  s i n c e  2 -< y -< 8 F "po in t s"  up - and t o  

t h e  r i g h t .  Consequently, t h e  component of d i n  t h e  d i r e c t i o n  

of t h e  motion has  t h e  oppos i t e  sense  of t h e  motion ( s ince  t h e  

motion i s  downward), and a s  a r e s u l t  t h e  f o r c e  i s  "aga ins t "  t h e  

motion, which accounts  f o r  t h e  work being -30. 

P i c t o r i a l l y ,  

Y 

D F i n i  

1. No work i n  going from A t o  B. 
5

2 .  	 P a r t i c l e  has  1 4  -6 u n i t s  of work done on it i n  going from B t o  C .  

3. 	 P a r t i c l e  does 30 u n i t s  of work i n  going from C t o  D.  
1

4.  	 Therefore ,  t h e  n e t  e f f e c t  i s  t h a t  t h e  p a r t i c l e  does 15 g u n i t s  

of  work i n  going from A t o  D along t h e  given pa th .  
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Suppose t h e r e  e x i s t s  a  func t ion  F ( x , y )  such t h a t  dF Mdx + Ndy, 

i . e . ,  Fx = M and F = N. Now l e t  c by any (piecewise)  smooth
Y 

curve which j o i n s  Po(xoIyo) t o  P1(xl,yl). Le t  C be given by 

x = g ( t )  

y = h ( t )  Iwhere t v a r i e s  from to t o  tl 

[ i . e .  (xo,yo) = ( g ( t o ) ,  h ( t o )  and ( x I y )  = ( g ( t l )  I h ( t l ) ) l  

Then 

/ M ( X , ~ )dx + N ( ~ I Y )  dy 

C 

Notice t h a t  o u r  f i n a l  in teg rand  i n  (1) i s ,  by t h e  chain  r u l e ,  

p r e c i s e l y  

To see t h i s ,  n o t i c e  t h a t  i f  w e  l e t  

then 

f (t)= F ( x , y ) ,  where x = g ( t )  and y = h ( t )  
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5.7.5 (L) continued 


Applying t h e  chain  r u l e  t o  (2) y i e l d s  


f '  (t)= Fx d x + F  Z1Y 

Y d t  

I n  any even t  t h i s  means t h a t  (1)may be w r i t t e n  a s  

-/M(x,y) dx + N(x,y) dy 
" 

The c r u c i a l  f a c t  concerning ( 4 )  i s  t h a t  F i n  no way depends on C .  

That  is ,  F i s  determined by F, = M and F = N without  regard  f o r  
Y 


t h e  curve c which j o i n s  Po t o  P1. I n  f a c t ,  t h e  only e f f e c t  t h a t  

t h e  choice  of c  has i s  i n  determining g ( t ) ,  h ( t ) ,  tot and tl b u t  

F (g (tl) h (tl)= F (il,Y1) and F(g  (to), h (to)= F(xo  ,yo) 

r e g a r d l e s s  of how g , h t t o t  and tl a r e  def ined.  

* N o t i c e  t h a t  we a r e  u s i n g  t h e  smoothness  o f  c when we assume 
t h a t  g ' ( t )  and h t ( t )  e x i s t .  



Solu t ions  
Block 5: Mul t ip le  I n t e g r a t i o n  
Unit  7: Line I n t e g r a l s  

5.7.5 (L) continued 

I n  o t h e r  words, i f  Mdx + Ndy is an e x a c t  d i f f e r e n t i a l  then  t h e  l i n e  

i n t e g r a l  Mdx + Ndy along any curve which j o i n s  Po t o  P1 i s  inde-

pendent of t h e  cho ice  of p a t h ,  b u t  r a t h e r  depends on ly  on t h e  end 

p o i n t s  Po and P1. 

Leas t  w e  n o t  f u l l y  a p p r e c i a t e  what t h i s  says ,  what we a r e  

saying i s  t h a t  i f  Mdx + Ndy i s  n o t  e x a c t  and w e  p ick  a curve c 

t h a t  j o i n s  Po and P1, then  c e r t a i n l y  t h e  l i n e  i n t e g r a l  f o r  t h a t  

p a r t i c u l a r  pa th  i s  a  func t ion  of Po and P1 a lone;  b u t  d i f f e r e n t  

pa ths  may l e a d  t o  d i f f e r e n t  func t ions  of Po and P1. On t h e  o t h e r  

hand, f o r  an e x a c t  d i f f e r e n t i a l ,  once w e  know t h e  value  of t h e  

l i n e  i n t e g r a l  along one pa th  which j o i n s  Po and P1, we know t h a t  

it has t h e  same va lue  along any p a t h  t h a t  j o i n s  Po and P1. 

(For an impor tant  s u b t l e t y , s e e  o p t i o n a l  Exerc ise  5.7.9) 

w e  f i r s t  observe t h a t  

s o  our  in teg rand  is  exac t .  

I n  f a c t ,  

3 
[By way of review w e  may d e r i v e  (2)  by s e t t i n g  Fx = x + x y 

5 2 3+ x  y  , whereupon F = x + x  y  + x5y2 + g ( y ) .  

5 3 4 5
Hence, F = x3 + 2x y  + g '  (y)  b u t  s i n c e  F  = x + 5y + 2x y ,  

Y 
it fol lows t h a t  g '  (y)  = 5y4, s o  g  (y)  = y5'+ c, and a s  a r e s u l t  

3 5  2  p = x + x y + x y  + y 5 + c . l  
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5.7.6 cont inued 

Thus, equa t ion  (1) becomes 

b. 	 1. I n  t h e  even t  c i s  y = x ,  where x  v a r i e s  from 0 t o  1, then 

dy/dx = 1, and 

2 .  	 C i s  g iven by y  = x3 a s  x  v a r i e s  from 0 t o  1. 


2

Hence, dy/dx = 3x , anu 
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5.7.6 cont inued 

d. 1. Now c is  t h e  space  curve  x = y = z = t; t v a r i e s  from 0 t o  1 

s o  t h a t  
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5 .7 .6  con t inued  


Hence, 


2. C i s  g i v e n  by 

2 

y = t  I t v a r i e s  from 0 t o  1.
" =4z = t  

Hence 

dx 

a f  = 2 t 1  = 3 t 2 .  = 4 t 3 ,  s o  t h a t  
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5.7.6 continued 

Observe t h a t  

Ixl+lul  = x +  y in 1st quadrant  

-x + y i n  2nd quadrant  

-x - y in 3rd quadrant  

x - y in 4 th  quadrant  1 

c :  y = 1 - x where x v a r i e s  from 1 t o  0; dy/dx = -1. 


c2: y = 1 + x I1 II I t  " 0 to-1;  d y / d x =  1. 

II


c3: y =-1 - x I I1 " -1 t o  0 ;  dy/dx = -1 
I II I1

c4: y = X - 1 " 0 t o l ;  d y / d x =  1. 
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5.7.7 continued 

Hence, 

/ y d x  - xdy = f O l y  - x 2 I dx 

/ ydx - xdy = /;: - x $ ) dx 

C2 0 
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5.7.7 continued 

Combining ( 1 1 ,  (21, (31, and ( 4 )  y i e l d s  

d x - xdy = ydx - X ~ Y2j 


(The i n t e g r a l  i s  n o t  zero  even though w e  have i n t e g r a t e d  along 

a  c losed  pa th  because ydx - xdy is n o t  e x a c t . )  
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may be w r i t t e n  a s  

and t h i s  was t h e  i n t e g r a l  we eva lua ted  i n  Exerc ise  5.7.1 and 
2found t o  be . 

What we wish t o  do i n  t h i s  e x e r c i s e  i s  use p o l a r  coordinates  

and show t h a t  { 8 d; does n o t  r e q u i r e  t h a t  we use C a r t i s i a n  

coord ina tes .  

+ + 
Now i n  p o l a r  coord ina tes  t h e  b a s i c  u n i t  vec to r s  a r e  ur and ue 

where 

+ 
u = cos  8; + s i n  83 
-+r 
U8 - -

-? I - s i n  8; + cos 8f J 
+ -t +

and d s  = d r  u r  + r d e  u8 

[ P i c t o r i a l l y  w e  m a y  r e m e m b e r  ( 3 )  as 

From ( 2 )  it fol lows t h a t  
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5.7.8(L) continued 

-f -+ -+ 
1 = cos  0  u - s i n  0 uer 

t -+ +
1 = s i n  0 u + cos 0 u0 . r 

Hence, i n  p o l a r  coord ina tes  

+ -+ 2 -+ +
F = XY(COS 0 ur - s i n  0 + (x2 + y ) ( s i n  0 ur + cos  0 uO) 

-+ 2 + 
= (r cos 0 )  (r  s i n  0)  (COS 0 6r - s i n  0 uO) + r ( s i n  0 ur 

++ cos  0  uO) 

2 2 + 2 2 
= r ( s i n  f3 cos 0 + s i n  O)ur - r ( s i n  0 cos 0 - cos O)ue ( 4 )  

-t 
and w e  s e e  i n  ( 4 )  t h a t  F could have been expressed without  

r e fe rence  t o  C a r t e s i a n  coord ina tes .  

-+ 
I f  w e  now use  ( 3 )  and ( 4 )  t o  compute F - dg w e  have ( s i n c e  
-+ -+ + + -+ -+ 
u ue = 0 and ur u = u0 u0 = 1)r r 

-+ 2 2 3 2
F dz = r ( s i n  8 cos 0 + s i n  0) d r  - r ( s i n  0 cos 0 - cos 0) do 

(5  

IT
and s i n c e  C i s  de f ined  by r = 1, 0 v a r i e s  from 0 t o  2 ; 
w e  see from (5)  t h a t  

IT 
2 2dg =p[ ( s i n  0 cos  0 + s i n  0 )  (0)  - ( s i n  0 cos 0 - cos 0 )  ]do 

C 0 

3 
2 .

1= - s i n  0 t s i n  Q 

which agrees  wi th  our  answer t o  Exerc ise  5.7.1. 

The main reason t h a t  one e l e c t s  t o  use  C a r t e s i a n  coord ina tes  

and w r i t e  $ Mdx + Ndy i s  t h a t  t h e  b a s i c  u n i t  v e c t o r s  i n  t h i s  
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5.7.8 (L )  continued 

case  a r e  i and j which a r e  cons tan t  v e c t o r s  while the  b a s i c  

u n i t  v e c t o r s  i n  o t h e r  coord ina te  systems need n o t  be. For 
-+ +

example whi le  ur and ug always have u n i t  magnitude they change 

d i r e c t i o n  and hence a r e  n o t  cons tan t  vec to r s .  

5.7.9 ( o p t i o n a l )  

a .  	 I n  t h e  s t a t ement  of Exerc ise  5.7.5, we mentioned t h a t  Mdx + Ndy 

was n o t  only e x a c t  on C b u t  a l s o  i n  a region t h a t  contained C.  

The main reason f o r  t h i s  a d d i t i o n a l  requirement i s  t h a t  when we 

t a l k  about  t h e  va r ious  curves which jo in  two given p o i n t s ,  w e  

a r e  admit t ing  t h a t  t h e  in teg rand  must be def ined a t  a l l  p o i n t s  

on each of  t h e  curves  under cons ide ra t ion .  In  o t h e r  words, w e  

a r e  assuming t h a t  Mdx + Ndy i s  e x a c t  i n  a region conta in ing C 

and t h a t  a l l  curves  which jo in  t h e  two p o i n t s  under considera-  

t i o n  l i e  i n  t h i s  region.  

Now, a t  f i r s t  g lance  it appears t h a t  

i s  exac t .  Indeed 

whi le  
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5.7.9 ( o p t i o n a l )  continued 

s o  t h a t  it indeed appears t h a t  

a' 

and, accord ing ly ,  t h a t  

i s  exac t .  [ I n  f a c t  wi th  a l i t t l e  "luck" w e  might even have 

observed t h a t  

d ( a r c  t a n  -1X = [ 1 I d(X)
Y 1 + (5)2 Y 


Y 


-- ydx - xdy 

- ydx - xdy-
x 2 + y2 x2 + Y 

J 

However, n o t i c e  t h a t  (1) and (2)  a r e  undefined a t  (0,O) . 

I n  o t h e r  words, express ion ( 3 )  i s  e x a c t  i n  any region R which 

excludes  t h e  o r i a i n .  

b. I n  o u r  p a r t i c u l a r  problem, w e  a r e  computing 
m 

- xdy 

2 2 


X + y 2  

along two curves  c which between them enc lose  t h e  o r i g i n .  

Hence, it should n o t  be t o o  shocking i n  t h i s  case  i f  t h e  

i n t e g r a l  i s  dependent on t h e  pa th  even though t h e  in teg rand  

i s  e x a c t  and de f ined  f o r  each p o i n t  along t h e  -two given p a t h s .  
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5.7.9 ( o p t i o n a l )  continued 


I n  any even t  w e  have t h a t  cl i s  given by 


x = cos  t 
 a s  t v a r i e s  from 0 t o  

y = s i n  t 


2 2 
so t h a t  on cl dX -- - s i n  t ,  2 = cos  t, and x + y = 1. Hence 

= t 'sin t - s i n  t) --CoS1 (COS t ) ]  d t  

2 2 
= J T - t)  d ts i n  t - cos  

= - IT. 

O n  t h e  o t h e r  hand c 2  may be viewed a s  being def ined by 


x = cos  t 
 a s  t v a r i e s  from IT t o  IT. 

y = s i n  t 
I 
Thus, 
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5.7.9 ( o p t i o n a l )  continued 

2 2J zYdX 2 
- xdy 

x + Y  x + Y  

= /;-sin 2t - cos2t)  d t  

Since  n # - K w e  see t h a t  

even though t h e  in teg rand  i s  e x a c t  on both cl and c2,  and 

t h e  curves  have t h e  same endpoints .  

What w e  can p o s i t i v e l y  conclude, however, i s  t h a t  i f  R i s  any 

region which does n o t  inc lude  t h e  o r i g i n  and i f  Po and P1 a r e  

p o i n t s  i n  R then 

/ ydx - xdy 
- / ydx - xdy-

2 2 2 2 
C x + Y  C x + Y1 2 

along every  p a i r  of  curves cl and c 2  which l i e  i n  R and extend 

from Po and P1. 

5.7.10 ( o p t i o n a l )  

This  e x e r c i s e  is meant a s  an "excuse" t o  g i v e  a d e f i n i t i o n  of 

l i n e  i n t e g r a l  which i s  independent of t h e  no t ion  of  work o r  d o t  

product .  



F i r s t  of a l l  l e t  us observe t h a t  

can be w r i t t e n  i n  a somewhat more s c a l a r *  form 

-+
where u i s  a u n i t  tangent  v e c t o r  t o  t h e  curve c a t  t h e  p o i n t  i n  

ques t ion .  

Notice a l s o  t h a t  ( 2 )  can be obta ined from (1)mechanically by 

d e f i n i n g  t h e  v e c t o r  increment ds  t o  be t h e  s c a l a r  increment ds  

m u l t i p l i e d  by u; t h a t  is. 

-f
I f  we r e c a l l  t h a t  $ i s  t h e  p r o j e c t i o n  of  F i n  t h e  d i r e c t i o n  

-+
of u ( i . e . ,  i n  t h e  d i r e c t i o n  of dg) we s e e  t h a t  t h e  in tegrand i n  

( 2 )  does r e p r e s e n t  t h e  component of  t h e  f o r c e  i n  t h e  d i r e c t i o n  

of  t h e  motion. 

Our f i r s t  p o i n t  i s  t h a t  formula ( 2 )  is w e l l  de f ined  independently 

of t h e  work concept .  For example, i f  w e  t h i n k  of s a s  a para-

meter w e  may w r i t e  t h a t  

dMdx + Ndy 

-+ -+ 
*We say s c a l a r  s i n c e  { ( F  ;u),ds i n d i c a t e s  an ordinary  i n t e g r a l  
( s i n c e  s i s  a s c a l a r )  and F u i s  a l s o  a s c a l a r .  



Solu t ions  
Block 5 :  Muit ip ie  I n t e g r a t i o n  
Uni t  7: Line I n t e g r a l s  

5.7.10 ( o p t i o n a l )  continued 

I f  w e  now observe t h a t  

and t h a t  -dx +.
I + (L = G I  a u n i t  tangent  vec to r  t o  c ,  then  i f  

ds ds  
w e  l e t  K = ~ ( x , y )= ~ ( x , y )  + N(x,y)  (L, formula ( 3 )  becomes 

and c l e a r l y  ( 4 )  and ( 2 )  have an i d e n t i c a l  s t r u c t u r e .  

Notice a l s o  t h a t  s i n c e  2 and a r e  both v e c t o r  func t ions  of 

x and y  ( i n  Car tes i an  coord ina tes )  w e  may l e t  H = H ( x , Y )  = 

K (x ,y)  . u ( x , y )  and i n  t h i s  even t  formula ( 4 )  becomes 

/ Hds. 

Wri t ten  a s  i n  (5)  our l i n e  i n t e g r a l  i s  f r e e  of any v e c t o r  

i n t e r p r e t a t i o n ,  inc lud ing  t h a t  of t h e  d o t  product .  

Our f i n a l  aim i s  t o  f r e e  t h e  d e f i n i t i o n  even more by n o t  making 

it dependent upon a r c  l eng th .  This  i s  very s i m i l a r  t o  our  

t r ea tmen t  of  c a l c u l u s  of a  s ing le -va r i ab le  i n  which we s t a r t  wi th  

t h e  "s tandard"  f  o m  

known a s  a Riemann o r  d e f i n i t e  i n t e g r a l ,  and then proceed t o  

t a l k  about  a  more g e n e r a l  i n t e g r a l  

c a l l e d  t h e  Riemann-Stiel t jes  i n t e g r a l .  

Among o t h e r  p l a c e s  w e  encounter  t h e  Riemann-Stiel t jes  i n t e g r a l  

( o f t e n  c a l l e d  more conc i se ly ,  t h e  S t i e l t j e s  i n t e g r a l )  i n  t h e  

formula f o r  i n t e g r a t i o n  by p a r t s  when w e  w r i t e  



- -  
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5.7.10 ( o p t i o n a l )  continued 

/-udv = uv - vdu. 

Observe t h a t  t h e  S t i e l t j e s  i n t e g r a l  i s  a g e n e r a l i z a t i o n  of t h e  


d e f i n i t e  i n t e g r a l  i n  t h e  sense  t h a t A b f  (x )dx  i s  t h e  s p e c i a l  


case  o f L b f  (x)dg (x )  i n  which g  (x )  = X. 


Omitting t h e  r igorous  d e t a i l s ,  r e c a l l  t h a t  t h e  S t i e l t j e s  i n t e g r a l  

i s  eva lua ted  by t h e  f a m i l i a r  "change-of-variables" technique.  

Namely, 

where d e f i n i t i o n  ( 8 )  i s  p e r f e c t l y  meaningful provided t h a t  f  

i s  (p iecewise)  continuous on [ a , b ]  and t h a t  g  (x )  i s  (piecewise-) 

cont inuously  d i f f e r e n t i a b l e  on [ a , b l  ( s i n c e  i n  t h a t  case  

labf ( x ) g l  (x )  dx e x i s t s )  . 

I t  i s  from t h e  p o i n t  of view of t h e  S t i e l t j e s  i n t e g r a l  t h a t  


one can d e f i n e  a l i n e  i n t e g r a l  a s  an ex tens ion  of t h e  ordinary  


d e f i n i t e  i n t e g r a l  and t h i s  i s  t h e  aim of t h i s  e x e r c i s e .  


Namely : 

2
Let  c  be a  (p iecewise)  smooth curve i n  E wi th  parametr ic  form 

and assume t h a t  H = H (x ,y)  i s  any func t ion  which i s  (piecewise-) 

continuous on c. Then, i f  y (t) i s  any (piecewise-) d i f  f e r e n t i -  

a b l e  f u n c t i o n  de f ined  on [ a , b ]  w e  d e f i n e  t h e  l i n e  i n t e g r a l  

4 Hdy t o  be t h e  "ordinary"  Riemann i n t e g r a l  



- - 
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5.7.10 ( o p t i o n a l )  continued 

Observe t h a t  i n  t h e  s p e c i a l  case t h a t  y ( t )  denotes a r c  length  

t h e  l i n e  i n t e g r a l  co inc ides  with our  more i n t u i t i v e  p h y s i c a l  

d e f i n i t i o n .  

b. S ince  c  i s  given by 

H(x,y)  = x 2 + y 2 , and by y ( t )  = t3 f o r  0  < t < 1, w e  have 
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