TOPICS IN FOURIER ANALYSIS

DANIEL W. STROOCK

0. INTRODUCTION

This is a set of notes that I wrote for a course that I intended to but did not give
at MIT during the spring semester of 2024. It covers a number of topics related to
the theory and application of Fourier analysis.

I begin in §1 by proving the L2-convergence of Fourier followed by elementary
results about pointwise convergence for sufficiently smooth periodic functions. In
§2 I discuss what goes wrong in the absence of periodicity, and in §3 I apply Fourier
series to compute the Riemann ¢ at odd integers using the Bernoulli polynomials,
which I also use to develop the Euler-Maclauren series. After comparing summa-
bility methods in §4, I give a brief introduction in §5 to the summability results of
Dirichlet, Feijér, and Lebesgue.

In section §6 I introduce the L!-Fourier transform, followed in §7 by the compu-
tation of the Fourier transforms of the Gauss and Poisson kernels and the derivation
and application of the Poisson summation formula. The L' version of the Fourier
inversion formula is proved in §8. In §§9-11 I make preparations for my treatment
in §12 of the L2-Fourier transform via Hermite functions. By the end of §12, I have
covered the key results in that theory: Parseval’s identity and the Fourier inversion
formula.

In §13 I introduce the test function space on which Laurent Schwartz based his
theory of tempered distributions. As was the case in my treatment of the L2-Fourier
transform, Hermite functions play a central role here. In §14 I give the definition of
and do a few computations with tempered distributions, and in §15 I show how to
extend continuous operations on the test function space as continuous operations
on tempered distributions.

In §§1-15 I have restricted my results to the one dimensional setting, and it is only
in §16 that I describe what has to be done to extend those results to more than one
dimension. Once I have done so, in §17 I introduce the weak topology on the space
of Borel probability on RY, and in §18 I show that there is an intimate relationship
between that topology and Fourier analysis. The results in §18 are combined with
those in §14 to derive in §19 the Lévy—Khinchine formula for infinitely divisible
probability measures.

The rest of these notes is devoted to the theory of singular integral operators.
After a brief attempt in §20 to provide motivation, in §21 I derive the LP bound-
edness of the Hilbert transform when p is an even integer, and in §22 I prove the
Riesz—Thorin interpolation theory in order the extend that result to all p € (1, 00).
Finally, in §23 I use Calderon and Zygmund’s method of rotations to prove L?
boundedness of odd Calderon-Zygmund kernels.

In so far as possible, I have tried to avoid the use of unfamiliar results, but I
am well aware that what is familiar to some may be unfamiliar to others. At a
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minimum, the reader is expected to had a rigorous course in Lebesgue integration
theory. In addition, I have assumed some comfort with the ideas of elementary func-
tional analysis, especially Hilbert spaces. Other than that, the only prerequisites
are an interest in mathematics and a willingness to do computations.

1. BAsic THEORY OF FOURIER SERIES

Set ¢, (z) = €™ for m € Z and x € R, and observe that {¢,, : m € Z} is an
orthonormal family in L? (A0,1); C). Even though it involves an abuse of notation,
we will use (¢, em)r2(x.,);c) to denote f[O,l) (y)e_m(y) dy for ¢ € L*(Ap,1); C).

Given a function ¢ : [0,1) — C, define its periodic extension ¢ : R — C
by @(z) = ¢(z — |z]), where [#] = max{n € Z : # > n}. Notice that if".
pE Ll()\[m); C), then

/ o(x)dx = / P(x) dx for all a € R.
[0,1) la,a+1)

/ P(—x)dx = / o(z) de.
[0,1) [0,1)

For bounded, continuous functions ¢ and ¥ on [0,1), define

pxip(x) = /[O , o(x —y)Y(y) dy,

Similarly,

and use the preceding to check that
pev@ = [ Sy dy = e o)
—x,—z+1

Finally, by the continuous version of Minkowski’s inequality,?

[ ¢||Lv(,\[0,1)£) < ”SOHLP(A[OJ);(C)H’(/)HLI()\[OJ);C) A ||wHL1’(/\[o,1);C)||‘P||L1(/\[o,1>§c)
for any p € [1,00). Hence, for each p € [1,00), (p,%) ~ ¢ * 1 has a unique
continuous extension as a map bilinear map from Ll()\[oyl);(C) x LP(Ajo,1y; C) into
Lp()\[O,l); (C), and
(1.1) o YllLer00) S NelLingy o 1P Lr (a0

continues to hold.

Theorem 1.1. If p € LP ()\[0,1];((:) for some p € [1,00), then

lim

il Y — Z Tlm‘ ((pa em)Lz(A[o,lﬁc)em

mEZ

and, if ¢ € C([0,1];C) satisfies p(0) = (1), then®

LP(X\o,11;0)

lim =0.

1 ¥ — Z r‘ml (901 em)LQ(A[O,l);C)em

meEZ

u

1)\5 is the Lebesgue measure on a subset S of RN

2LP(u; C) is the Lebesgue space for the measure p of C-valued functions, and || - lLp(usc) is
the corresponding norm.

3|| - |l is the uniform (i.e., supremum norm).
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Proof. Define

pr(z) = Z rimle,, (z) for r € [0,1) and z € [0,1).
meZ

Clearly fol pr(z)dx =1, p.(—x) = p.(x), and P, is continuous. In addition,

1 re_i(x) 1—r? 1—r?

r = = = f 07 1 3
pr(7) lfrel(x)—i_lfre_l(:c) [1 —rei(x)]2 1—2rcos2mx+r? orr €[0,1)
and so p, > 0.
Obviously,
D Prem) a0 om (@) = Prx (@) = /[O y pr(y)@(x +y) dy
meZ ,

since p, is even. Now suppose that ¢ € C([0,1] : C) with ¢(0) = ¢(1). Then, since
lim, ~ f; pr(y) dy = 0 for each 6 € (0, 1), it is easy to check that

/0 (p(z +y) dy — ()

lim sup

< wy(9),
L 0 (9)

where w,, is the modulus of continuity of ¢. Thus the second part of the theorem
has been proved.

To prove the first part, let ¢ € LP(X[g,1); C), and choose choose a sequence {¢y, :
k> 1} € C([0,1];C) which satisfy ¢ (0) = ¢x(1) and [l — @kl Lr(rg.,:0) — 0 as
k — oo. Then, for each k,

Hp’l‘ * © — QOHLP()\[OJ];(C)

< lpr * (¢ = @)l Lr(ro.0:0) + [1Pr * 0k = Gkl Lo (ao0:0) + 110k = llLr(\0.11:0)

and so, for all k.
L flpr @ = @l e (agi0) < 2ok = @llzrne,iyi0)-
Finally, let k — oo. O

Theorem 1.2. {e,, : m € Z} is an orthonormal basis in LQ()\[OJ);(C), and so, for
each @ € LZ()\[OJ); C),

Z (¢, em)Lz(Am);C)em = nh—>Holo Z (¢, em)m(,\[o,l);@ =,
meZ |m|<n

where the convergence is in Lz()\[071); C). In addition, for all p,¢ € Lz()\[071);((:),

(Sav 1/))L2(/\[0,1>;<C) = Z (90; em)L2()\[011);(C) (1)[}; em)[ﬁ(k[o,l);({j)'
mEZ

Proof. Tt suffices to check the first statement, and to do so all we need to know is
that (¢, em)L2(,\[o,1);C) = 0 for all m € Z implies ¢ = 0 for a set of ¢’s which is dense

in LQ()\[O)l); C). But, by Theorem 1.1, we know this for continuous ¢’s satisfying
©(0) = ¢(1), and these are dense in L*(Xj,1); C). O

Define the partial sum S, p = Z\m|§n(% em)Lz(,\[O,l);c)em.



4 DANIEL W. STROOCK

Corollary 1.3. If ¢ € C([0,1];C) and

Z |(§07 em)LQ(k[o,1)§C)| < 00,
m#0

then the series
Z (‘pa em)Lz(A[owl);C)em (-T)
meZ

is uniformly absolutely convergent to w. In fact,

S (0) = ¢, < Z (@ em) L2(a0.0:0) |-

[m|>n

Proof. That the series if uniformly absolutely convergent is obvious. To see that
it must be converging to ¢, let ¥ be uniform limit of {S,¢ : n > 0}. Then ¢ is
continuous and, because ¢ is the LQ()\[OJ); C) limit of this series, 1 = ¢ Ajg,1j-almost
everywhere, which, since both are continues, means that they are equal everywhere.
Given these statements, the final estimate is trivial. (I

Lemma 1.4. Let £ > 1 and assume that ¢ € C*([0,1]; C) satisfies o) (0) = o) (1)
for0<k<{l—1. Then

7

4
(@7 em)LQ(A[Oyl);C) = ( ) (@(Z)a e’m)Lz()\[oJ);C) fO’f’ m 7& 0.

2mm

Proof. Clearly it suffices that prove the result when ¢ = 1. To do so, use integration
by parts and the condition ¢(0) = (1) to check that

/ngﬁyﬁfmuﬁdy: ! ./‘wﬁyﬁfmﬁﬁdy
0 0

—127Tm

(]

As a consequence of Lemma 1.4, we see that if ¢ € C*(]0, 1]; C) satisfies ¢(0) =
(1), then

/
Z ‘(4,0, em)L2()\[O,1);C){ < Z |(90 7em)L2()\[0’1);(C)|

27 |m|
|m[>n Im|>n
1
1 : H‘P/”L?()\ :C)
< — m? Nr2noryi0) € — 2=
27‘_ <7nz>n ) ||90 || ( [0,1)5 ) 27‘[’7’),%
Hence, by Corollary 1.3,
¢l
[Sug = gl < 120
2mn2

Exercise 1.5. Prove the Riemann—Lebesgue lemma, which is the statement that
limy, 00 (5 €n) L2 (A1):0) = 0 for all v € L' (A 1); C).

Exercise 1.6. Let ¢ be a Lipschitz continuous function satisfying ¢(0) = ¢(1),
and show that
[ llLip

Sn - ug .
[|Sne — ¢l -

Hint: Introduce the functions ¢y = pLxp.
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2. GIBBS PHENOMENON

Here we will examine what can be said for a ¢ € C([0, 1]; C) that is not periodic.
Consider the function ¢(z) = z for x € [0, 1]. Clearly

1
(s em)w(,\[o,l);m = —— for m # 0,

2mm
and so
1 1 o~ sin2mwmz
Sn =5 - )
(x) 2 7 Z m
m=1
where S,, = S, . Now set
D, () = Z sin 2wkx
k=1

Then ®,,(z) is the imaginary part of

i () = o (2) 1= em(z)  (e1(2) = e (@) (1 — ey ()

1—e(z) 2(1 — cos2mx)

e1(z) — 1 — ey + e ()
2(1 — cos 2mx) ’

which is
sin 27z — sin 2w (m + 1)z + sin 27z
2(1 — cos 27x)

After using a lot of trigonometric identities, one sees that

cos Tz sin® mm

(2.1) D, (r) = ————— + sinmmax cosTma.
sinx
In particular, [®,,(z)] < 3(1 A 1).
Summing by parts, one sees that
1 ®,(2) S Dp(2)
Sula) = 5 — N
(z) 2 ™ mzz:l am(m + 1)
which means that
6
(2.2) [Sul@) —a] < (2 v 125) -

In particular, S, (x) is converging to x uniformly on compact subsets of (0,1).
To see what happens for x near to 0, consider x = % for £ > 1, and observe

that
sin T 1 sin T sin mkx sin x
E n_o—_ E T — / dr — / dzx.
m n n 0,1 T [0,7k] T

m=1 m=1 n

Hence, since (cf. (7.11) in §7)

lim
R—o0 [0,R] T
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Sn(i) _ _l lim sinx

2n
T R—o0 [7k,R] T

(1)1 1 / cosz (—1)k+1 N 2/ sinxd
= - — — = — — xT
7T2k5 m [mk,00) $2 * 7T2k [rk,00) (,C?’

as n — 00. Therefore

where lim,,_, o €, (k) = 0 and

ay = 2(7rk)2/ ST e (0,1).
Tk 3
This shows that, for large n, Sn(%) is at least 5— if k is odd and at most —5— k

if k£ is even. This sort of oscillatory behavior 15 known as (ibbs’s phenomenon,
although Gibbs seems not to have been the first to discover it.

Exercise 2.1. By considering S, (3) and using equations (2.1) and (2.2), show
that

=4 —.
Exercise 2.2. Show that if ¢ € C’l([O, 1]; (C) then, for each § € (0, 1),

6|p(1) — (0
sup [Spp(x) — p(z)| < *G%)W~
z€[5,1-46] 7Tn2

3. BERNOULLI POLYNOMIALS
Theorem 3.1. Define {b;: £ > 0} C R inductively by

4

bo = 1 and by — Z%
0 0+1 TEDI
k=0
and set
¢ b
(3.1) :Z £k 2k for € > 0.

=0

Then {By : £ > 0} are the one and only functions satisfying
(3.2) By=1, By, =—DBy for £ >0, and By(1) = B,(0) for £ > 2.

Proof. To see that there is at most one set of functions satisfying (3.2), let {Dy :
£ > 0} be the set of differences between two solutions, and let ¢ = inf{¢: D, # 0}.
Then ¢ > 1, and, if ¢ < oo, then Dy is a constant a and there is a b € R such that
Dyyi(z) = —ax +b. But —a+b = Dyy1(1) = Dp41(0) = b, and therefore a = 0.
Since this would mean that Dy = —Dj, = 0, no such £ can exist.
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By definition, By = 1, and it is easy to check that By, , = —B,. To verify the
periodicity property, note that

£+2
(

—1)*bgyo
Bria(1) = Beya(0) = ) %
k=1 ’
e+2

b b
:—le—i—Z HQk——burf—Z: kJr;k:O.

The functions {By : £ > 0} in (3.1) are known as Bernoulli polynomials.

Theorem 3.2. For { > 2 and z € [0,1],

(3.3) Bia)= -5 Y n(r)

In particular, begr1 = 0 and

— 1
(34) Zmi €+122€ 1 2€be

for£>1.

Proof. First observe that, for £ > 1,

1
(Bg, eO)LQ(A[O,lﬁ(C) = —/O BE_H(Z‘) dxr = B[+1(O) — Bg_;,_l(l) =0

and, for £ > 2 and n # 0,

2
(Be, eTL)LZ()\[o,l];C) = % (Beih e71)142@[0,1];((:)

and therefore

—1

2mn ! !
<T> (Bé, en)Lz()\[o,l]Q(C) = (Bl7 en)LQ(A[(),lN(C) = /O (% - m)en(ﬁl]) dx = %

Hence

—qf

(Bf’ e") L2(A0.1,C) (2mn)?

for £ > 2 and n # 0, which completes the proof of (3.3). Finally, because by = B,(0),
it is clear from (3.3) that bysy1 = 0 and (3.4) holds. O

Besides (3.4), the Bernoulli polynomials play a critical role in what is known as
the Fuler—-Maclauren formula:

| f@yda =3 fom)

(3.5) , m=l for £ > 1,
== () - £ 0) + [ Bl
k=1
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where By is the periodic extension of By, | [0,1) to R. To prove (3.5), first note that

n

[ s@rdn =S s =3 [ (st s ds

:—Z/m (x—(m—1))f'(z)dx

m=17m-1
- Z (*f“(f(m) = f(m—1)) +/:131(x< fl))f/(x)d:v)

m=1

= by (f(n) — £(0)) + / " Bi()f () d.

Hence, (3.5) holds when ¢ = 1. Next observe that for any ¢ > 1,

/n Bz(flﬁ) = n/ Bg(.’b) d{,C = n(Bg+1(1) — BZ+1(O)) = 07
0 0

and therefore

/O"BA FO@) dr =Y / (x — (m— 1)) (fO(z) — FO(m)) da

= 3 (b (O m) ~ £ Om 1) / Besa (o= (m = 1)) (0) dr )

m=1

= —bpyy (f(e)(n) - f(0)) —|—/ B (x) Y () de
0
Therefore, (3.5) for ¢ implies (3.5) for £ + 1.
Theorem 3.3. If £ > 1 and ¢ € C’Z([O, 1];C), then

Proof. Take f(x) = cp(%), apply (3.5) to f, and make a simple change of variables.
O

By Schwarz’s inequality,

1
1 1 2
| Bina)oOa) ds s( / Be<m:>2dx) PCTPP——
0 0
and
e L™ o 2
| Bt e = & [ B do = 1Bl ey

Further, by Parseval’s identity and (3.3),

IBel?2(reic) = % o Z =



TOPICS IN FOURIER ANALYSIS 9

Hence, by (3.6),

1 1 n b B
| et@rar =1 3 o(z) + 30 R (W - 00)
m=1 k=1
_ VXD

(2mn)t

(3.7)
> H(PM)HL2(>\01 C)-

From (3.7) one sees that if, for some n > 1,

(3:8) élggc (27n)* =0
then
1 1 & )
1 my_ _ Ok =1y (1) Z kD)
/Ow(x)d:v n;w(n) Jim > () =),

In particular, if ¢ € COO([O, 1];@) and ¢®) is periodic for all k& > 0, then (3.8)
implies that

1 1 & m
[, storin =5 ot

m=
a result that has a much simpler derivation (cf. Exercise 3.4 below).
More generally, because |<p(k’1)(1) — k= 1)( )| < HSD( )||L2(>\[0,1];nc),

o~ oM llzz i)
k

Pt (2mn)

implies that

n

(3.9) /0 o(z) dx — % Z () = Z ni k=1(1) — p*=D(0)),

m=1 k=1

=

where the series is absolutely convergent.

Exercise 3.4. Suppose that ¢ and all its derivatives are periodic on [0,1], and
show that

||Q0(€) ||L2()\[o,1]§(c)

Zlinolo (271'71)Z =0 = (807 em)Lz()\[n,llé(C) =0if |m| Zn
= ¥= Z 2 em)Lz(,\[O,ll;C)em
Im|<n

Next, show that
1 n
- Z em () =
Jj=1

for 1 < |m| < n, and thereby arrive at the conclusion reached above.
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4. COMPARING SUMMABILITY METHODS

In preparation for the following section, we will review here basic definitions and
results for different notions of convergence of a series.
Given a sequence {a,, : m > 1} C C, set

1 & 1 &
Snzﬁmzz:lam and An:ﬁmz:lSm,

and when Tim, o0 [am|™ < 1, set
o0
A(r) = Z amr™ ! for r €[0,1).
m=1

The S,,’s are called the partial sums of the corresponding series, the A,’s are its
Césaro means, and r ~» A(r) is its Abel function. The series is said to be summable
to s € Cif s = lim,,_,o0 Sp, it is Césaro summable to s € C if lim,,_, o, A, = s, and
it is Abel summable to s € C if s = lim, ~ A(r)

Here we will show that

summable to s => Césaro summable to s —

lim G _ 0 and Abel summable to s.
m—oo M

The Exercise below outlines a proof that neither implication can be reversed.
The first implication is trivial. To prove the second, assume Césaro summability,
and note that

a A,
A=A+ 0.
n n

Next, write

m = 243 — Ay ifm=2
mA, —2(m—1D)An_1+(m—2)A,_2 ifm >3,

and therefore

A(r) = Z mrm A, — 2 Z (m—1)r™ A, 1+ Z (m—2)r™ 1A, 5
m=1 m=2 m=3
= Z (rm_l —2r’™ 4+ rm+1)mAm =(1- r)2 Z mrm A,
m=1 m=1

Now observe that

n

n 1—pn 1— 9" — 1— n—1
St =, 3 pm =g i ool o
m=1

1—7r (1-7r)2

m=0

Hence,

(1—r)2 Zmrmfl <1—7"and (1 —7)? Zmrmfl =1
1 1
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Assume that A, — s, and, given € > 0, choose n so that |A,, — s| < e for m > n.
Then

JA(r) —s| = (1=7)?| D mr™ Ay —5)| < (L=7)* ) mr™ YAy, —s| +€
m=1

m=1

<(1-r" max |An — s| + €,

and therefore lim, 1 |A(r) — s| <.

Exercise 4.1. Show that
(i) the series for {(—1)™~': m > 1} is Césaro summable to 3 but not summable,

(ii) the series for {(—1)""'m : m > 1} is Abel summable to § but not Césaro

summable. In fact, show that A, =0 and As, 11 = 27:1':11 — %

5. SOME REFINEMENTS

In this section we will apply the notions of summability discussed in the previous
section to Fourier series. Observe that we have already considered Abel summability
in §1.

To examine further when the series is summable, introduce the function

D, (z) = Z em () for x € R.
Im|<n

Then D,,, which is often called the Dirichlet kernel, is an even, periodic function
with period 1, [} Dy () dz = 1, and S, = D, * ¢. In addition

2n
1—ce, 1($) e—m(2ntl)z _ gum(2ntl)z
Du(w) = e-alz) D ) = enla) i 0 =
m=0

_ sinm(@n + Dz
N sin rx '
Hence,
Snp(x) — p(x) = / w sinm(2n + 1)y dy.
[0,1] sm 7wy

Now suppose that ¢ is an R-valued function for which ¢(0) = (1), and assume
that o is Holder continuous periodic function of order o € (0,1). Set

w(y) — 'Y (,5(% +y) — 50(1.) )
sin Ty

Then ¢ € L' (Ajg1); C) and Dy, * () — ¢(x) is the imaginary part of

[0,1] P@ean (W) dt = (v, ez”)Lz(/\[o,n;C)’
and so, by the Riemann—Lebesgue lemma (cf. Exercise 1.5), Spo(x) — ¢(x) as
n — oo. The preceding shows that if ¢ € C*([0,1]; C) satisfies ¢(0) = ¢(1), then
Snp — ¢ pointwise, but it does not provide a rate of convergence or even say if
the convergence is uniform.
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Césaro summability of Fourier series was initiated by Fejér. Obviously,

n—1

1
- Sm = Fn )
- mZ::O " %
where
B 1 n—1
Fy(z) = — > Dy(a).
m=0

The function F,, is called the Fejér kernel, and it is clear that F), is a continuous,
even function of period 1 for which f[o 1y Fn(@) dz = 1. In addition, nF, (z)sinmz
is the imaginary part of

n—1 2nx 12T
el § ¢ (x)_el-rrml_e _Z(l_e )
2m - 1 — 27z -
m=0

2sinx
and so
1 — cos2mnx 1 ( sin Tnx > 2
5.1 F - —_— = — .
(5.1) n() 2sin? 7 n \ sinmz

Proceeding as in the proof of Theorem 1.1, one sees that

Fy # p(z) — () = /[ B ) — o) e 0

uniformly if ¢ is continuous and satisfies ¢(1) = ¢(0). Equivalently,

1 n—1

E Z Sm(p - ¥
m=0

It turns out that one can do much better.

=0.

lim
n—oo

u

Theorem 5.1. Let ¢ : [—%, %] — C be a measurable function, let x € [— , % ,
assume that there is a C € (0,00) and o € (0,1] such that |p(x+y) —p(x)] < Cly|®

forye [—%,%] Forn>5

2 4(ntme—41—) 1_o—(14a) .
(5.2) |Fu*o(z) —p(z)| < {(lmna + e T wran €01

16n T Tniioy if a=1.
Hence
lim n®|F, * p(z) — ¢(z)| < 2 + 4 if o € (0,1)
n—o0 “1l+a 7(l-a) ’
and
i 2 |F, + p(o) — p(a)] < = ifa=1.
n—oo logn 2

Proof. Without loss in generality, I will assume that C' = 1.
The proof turns on the estimates

3

for all y € [f%, %}
(5.3) F,(y) < 2 when [y| € (0, §]
when [y| € [§, 3]
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That F (y) < n is clear from the fact that || D,, ||, < 1 and therefore that nF, (y) <
QZm 1m+n = n?. To see second inequality, note that cosmt > 2-% when
ly| € (0, %] and therefore that

|yl
|siny| = / costdt > 2_%7r|y\.
0

As for F,,(y) < 2 when |y| € [, 1], simply remember that |sin7y| > 2% for such
y’s.
1
Assume that a € (0,1). Because [?, F,(y) =1
2

By () — ()] < / Fu(y)| (e +9) — o()| dy

1
2

« o— 2 (3
<n/ ly| dy+—/ ly|* 2 dy + = / ly|* dy
0 1<yl

%
2 4(ntme —4lmey 127 0+e)
< + +
(1+ a)n> 7r2(1 —a)n 2¢(1+ a)n
If @ = 1, the top line in (5.2) holds for all & € (0,1) and therefore need only
examine what happens as o« 1. Clearly W Ny % and =27 Ny 16n as

2o(1+a)n
a /1. To handle the remaining term, note that it can be written as

2 ()7 -
m2n 1—a

which decreases to 22 gn4 as a 1. O

One could of course have derived the estimate when o = 1 directly by the same
argument as was used when o < 1. However, the derivation given has the advantage
that it shows the estimates get stronger for all n > 5, not just asymptotically, as «
increases.

Obviously, results like those in Theorem 5.1 turn on the continuity properties
of ¢, properties that a generic element of Ll()\[oyl);(C) will not possess. However,
Lebesgue showed that every locally Ag-integrable ¢ does have a continuity property
at almost everywhere point. Namely, he showed that

h{r(l) / |p(x £ t) — p(x)|dt =0 for Ag-almost every = € R,
T T

and he used this fact to prove the following theorem.

Theorem 5.2. If ¢ € L' (/\[ (C) then

1
2

3
nlggo F, x p(z) = ¢(x) for A(-1 1y-almost every x € [0, 1].

Proof. Set ¢x(y) = [p(z +y) — ¢(x)| and

[yl
D, (y) = m/o vz (sgn(y)t) dt.

By Lebesgue’s theorem, lim|,\ o ®,(y) = 0 for /\[_%,%]—almost every x € [—7, %]

=
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Let « be such a point. Then

(NI

0
Furpla) = o@)] < [ Fu@ecwdy+ [ Ry
-2
We will show only that lim,, . foé F,(y)p.(y)dy = 0 because the proof that
lim,, oo ffl F.(y)ez(y) dy = 0 is essentially the same.
2
Using our estimates for F), in (5.3), one has

/0 Fo(y) s (y) dy = / Fo(y)os(y) dy + / Fo(4) 02 (y) dy

1

1 1
n 1 (2 ¢,
Sn/ ©x(Y) dy+f/ Lol (Qy) dy.
0 nJjir oy

Since .

N/Oi 0a(y) dy = (1),

the first term tends to 0. As for the second, use integration by parts to see that it
is dominated by

20,(1) 2 [z a,

(2) , 2 / ) 4.
n n Ji Y

Finally, given € > 0, choose § € (0, %) so that @, (y) < e for 0 <y < 4. Then, for

n > %,

1

2 (20, 2 [0 1 2 (7O, 2|yl
7/ (y)dygi 7dy+7/ (y)dySQ€+ | II’
nJi g2 n Ji y2 nJts oy on

n

and so .
2

m [ Fu(y)es(y) dy < 2.

n—oo 0

O

Theorem 5.2 is a stark contrast to a famous example produced in 1926 by Kol-
mogorov* of a function in L! ()\[_%7%];((3) for which {S,¢(z) : n > 0} diverges
at every x. It is also interesting to compare it to more recent results by L. Car-
leson and R. Hunt. Namely, Carleson showed that S, — ¢ (a.e.,)\[_%é]) if
pelL? (A[—%é]? (C), and Hunt showed that the same is true for ¢ € LP ()\[_%7%]; C)
for p > 1.

Exercise 5.3. Show that

N

lim n®* [ Fu(y)ly|* dy > 0 for a € (0,1)
n—o00 7%

and that

. n
lim

1

2
lim / Fo(y)lyldy > 0.
n—oo logn -1

Hence the rates given Theorem 5.1 are optimal.

4A.N. Kolmogorov, Une série de Fourier-Lebesgue divergente partout, C.R. 183 (1926),
pp. 1327-1328.



TOPICS IN FOURIER ANALYSIS 15

Hint: If 0 < m < n — 1, show that

1 4 1 2 1
Fo(y) > if L <y <MD
2mny? n4 2n

6. THE L' FOURIER TRANSFORM

By an easy rescaling argument, one knows that, for any L € ZT and f €
CY([~L, L);C) satisfying f(—L) = f(L),

1 L ,2mm(y—2) (2rmiy—s)
S f(y)dy—nggo Z e f(y) do.
mezZ"”

m|<R

Now suppose that f € C(R;C). Then

f(z) = lim lim Z e f(y) dy.

L—oo R—o0
|m\<R

Thus, if one can justify reversing the order in which the limits are taken, one would
have that
R
f(z) = lim ( / e2mey) d&) Fy)dy
R—o0 _R

1 27 R : :
- lim — —fx 03
Rh—I};o 2T »/7271'3 c (/ © f(y) dy) df

In other words, there is reason to hope that, under suitable conditions on f,
1 —i€x § £ 1€
(61) £@) = 5= [ @) de where f(6) = [ @1 fg)ay

The function f is called the Fourier transform of f, and our primary goal here
will be to find out in what sense (6.1) is true when f € L!(Ag; C), but we will begin
with some computations involving f that don’t require it.

7. COMPUTATIONS AND APPLICATIONS OF L' FOURIER TRANSFORMS

If f e Ll(>\[0,1)§ C), then it is clear that f is continuous and that

(7.1) ke < 11 (g 1y
Lemma 7.1. If f € C}(R,C) ﬂLl()\[ojl);(C) and f' € Ll()\[oyl);(C), then
(7.2) F1(€) = =€ (9).

Proof. If f has compact support, then (7.2) is an easy application of integration by
parts. To prove it under the given conditions, choose a function n € C*° (R; [0, 1})
for which n(y) = 1 when y € [-1,1] and n(y) = 0 when y ¢ [—2,2], and set
fa) =n(2)f(y). Then f, — f and f, — f’ in L*(Xjp,1); C) and so
F1(&) = lim f1(€) = —i€ lim f,(€) = —f(€).
n—r oo

n— oo
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As a consequence of Lemma 7.1, it is easy to prove the Riemann-Lebesgue lemma
in this context. Namely, (7.2) makes it clear for compactly support f € C*(R;C),
and (7.1) makes it clear that the set of f’s for which it is holds is closed in
Ll()\[o,l);(c)-

We next turn to the computation of f in two important cases.

Set ¢:(z) = (27rt)_%e_§ for (t,z) € (0,00) x R, and check that d:g:(z) =
$02g;(x). Hence, for any ¢ € C, integration by parts leads to

2
8t/eczgt(x) dzr = %/ecxaigt(x) dx = % /e@gt(x) dzx.
Since .
/e@gt(m) dr = /eﬁ@gl(x) dr — 1
as t \, 0,

In particular

~ _e
(7.3) gi(§) = e
Equivalently, g; = (27”)% g1 and so
(74) (E]\t)/\ = 27Tgt.
Set py(x) = %N?JTZUQ for (y,z) € (0,00) x R, and note that

/py(:n) dx = /pl(x) dx =1 forall y > 0.

In addition, because p,(z) is the real part of = with z = x 41y, (z,y) ~ py(z) is
harmonic. Thus, 92p, = — zpy, and so, by (7.2),
by (&) = £%5,(€).
Thus, for each &,
py(€) = a(€)e”s +b(&)e ™,
where, since py(0) = 1, a(§) + b(§) = 1. Because |py(§)| <1, >0 = a(§) =
0&b(¢)=1and £ <0 = a(§) =1& b(¢) =0. Hence
(7.5) Py(&) = eVl
Here is an interesting application of equations (7.3) and (7.5). Since
1 T e ) /Oo —ty? o~
and (ﬁg\t)A = 27 gy,
T

*° 2 1 o 1 2 _ 2?2
—eYlel = 27r/ e W gy (z) dt = 775/ tTze W e T dt.
Y 0 0

Thus, for z,y € (0, 00),

& z2 W% €_2ym
(7.6) / tTre W T dt =
0 Y
a computation which can also be done using a somewhat tricky change of variables.
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Theorem 7.2. (Poisson Sum) Let f € L'(\g;C) N C(R;C), and assume that
> ( sup |f(z+mn)|+ |f(27m)|) < oo.
nez \z€[0,1]

Then

(7.7) D fn) =Y f@2mn).

nez nez

Proof. Define f(z) = > nez f(@ 4+ n). Then f is a continuous periodic function
with period 1, and

~ 1 ~
(fem) 12 a0y = Z/O e 2T (2 + n) do = /6’12”””%”(96) dz = f(—2mm).

ne”Z

Thus, since ), |(f, em)Ll(z\[o,l);C) < 00,
fl@)=>" f(=2mm)em(z) = Y f2rm)e_m(x),
meZ meZ

where the convergence of the series is absolute and uniform. By taking x = 0, (7.7)
follows. O

Equation (7.7) is known as the Poisson summation formule. Among its many
applications is the following.
When f = p,, (7.7) says that

—27
g 1 _ —27y|n| _ I+e Y _
- nEEZ ot g e =1 o2 = coth 7y,

nez
and so
1 mcoth Ty
(7.8) Z 21 2
nez ¥ +n Yy
for y > 0.

A famous application of (7.8) is Euler’s product formula:

. - a?
(7.9) sinmx = mx H (1 - W) .
m=1

To prove it, first observe that
1
x2 +m?

and that 7 cothmy = J, log(sinh 7y). Hence, by (7.8)

1 9 oy 1 ( x2>
f2x8zlog(x +m)72x8m10g 1+m2 for m # 0

1 - z? 1 1

which means that

oo 2
0y log H (1 + %) = 0, log(z ™ sinh 7).

n=1
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Integrating both sides from 0 to x, one gets

sinh 7

log = H (1 + 7) = log(sinh 7z) — log ™ = log ,
oot n T

which means that

. - 2
(7.10) sinh e = mx li[l (1 + ﬁ)
from which (7.9) follows by analytic continuation.
Another application of (7.5) is a proof° that

R sin éx

(7.11) lim

Am o= dr =sgn(§)m for £ #0.

We begin with the more or less trivial observation that

R R €IR
/ sinéx dx:sgn(f)/ sin ||z dx:sgn(f)/ sinz -

—R X _R X —|¢|R xr

Thus, what we have to show is that

R .
. sinz
lim de =T. (*)
R— o0 R X

The first step in the proof (%), is to show that if

R .
9r(&y) = /_R ;51223; dz —s me ¥¢ for £ >0, ()

then (x) holds. Indeed,
R .
sinéx
| e - gaten)

—R

<2y°

| sin x| )
—————dx ) <
o ) <o
and so (xx) implies (x).

The next step is to show that for each y > 0 there exists a continuous £ €
(0,00) — g(&,y) € C such that gr(&,y) — ¢(&, y) uniformly for £ compact
subsets of (0,00). To this end, note that

R . B
snlen) =2 “mfxdx:z( Bentll oo | @)fd)

0o T?+y? e\ R*+42 (22 +y2)?
2(1 © (y? — 2%) coséx )

L [P,
§\y? o (@+y?)?

uniformly for £ in compacts subsets of (0, 00).
The final step is the identify g(&,y) as me~¥¢. For this purpose, observe that

B peie
gr(&,y) = —Z/R mdm = 0:fr(&,y)

where

R
fr(&y) = —I/ py(2)e’® do — v
Y J-Rr Yy

5The most commonly given proof is based on contour integration and Cauchy’s theorem.
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Hence .
Frn) — fr(€) = / an(t.y) dt.
£

and therefore

Y
from which g(¢&,y) = me~¥¢ follows easily.

T —ye —yn\ _ K
Tleve—e )—/gg(t,wdt,

Exercise 7.3. Show that if f € L'(Xjg1);C) and f;(z) =t f(t"'x), then fi(6) =

f(tg).

Exercise 7.4. Show that if f € C?(R;C) N L' (A,1); C) and both f" and f” are in
L1<)\[071);(C), then f S Ll()\[(),l); (C)

Exercise 7.5. Using cosht =1+ % +O(t*) and sinh t =t — % +O(t), prove from

2

(7.8) that Y07, 4 = .

n=1 n2

Exercise 7.6. Show that

mn2 1 2
— 5 —7in
E et =1t2 E e ,

neZ ne”Z
a formula that plays an important role in the theory of Theta functions.

8. THE L! FOURIER INVERSION FORMULA

Here we will see to what extent (6.1) can be justified, and the idea is to use the
fact that we already know (cf. (7.4)) that it holds for g;. With this in mind, we
have, by Fubini’s theorem,

2mg.+ f(e) =2 [ 0)f (e =) dy =2n [ (o) f(a+ ) dy
- [Grwie+vay = [a© ([eos@ryay)a = [ F e i

and so
fa)= o e T e
gt xTr) = om e e .
Let f € Ll()\[ovl);(C). If f is continuous at x, then limy g g; * f(z) = f(x), and
S0
1 €2 "
(8.1) f(z) = — lim e*%eﬂng(f) d¢ if f is continuous at z.
27 N0
In particular
1 —ifx f e 7
(82) f@) =5 [ ef@d it e L i)

More generally, for any f € Ll()\[oyl);(C), ge* f— fin Ll()\[o,l);(C), and so

(8.3) % / e F e f(€)dE — f(x) in L'(X0,1):C),

which can be thought of the Abel versions of (6.1). As an immediate consequence,

we know that f =0 < f=0.
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Exercise 8.1. Show that if f € C?(R;C) N Ll(/\R,(C) and both f’ and f” are in
L'(\g; C), then f € L'(\g;C) and therefore f = L[ e e f(¢) de.

Exercise 8.2. Using Exercise 8.1, give another proof that p;(§) = e tel,

Exercise 8.3. There is nothing sacrosanct about ¢; in producing formulas like
(8.1) and (8.3). Indeed, give a p € C(R,[0,00)) for which [p(z)dz = 1, set
pi(z) = t71p(t~'z). Then it is well known that, as t \, 0, p; * f(z) — f(x) if
f € L*(A\p,1); C) is continuous at x and that p; x f — f in L'(Xjg1); C) for any
f € L*(A\p,1); C). Now suppose that p € C*(R,[0,00)) and that p’ and p” are in
Ll()\[oﬁl);(C), and show that

% /ﬁ(—t{)e*’&f({) dé — f(z) if fe Ll(/\[o,l);(C) is continuous at z
and

% /ﬁ(—t@e_mf(@ dé — f(z) in L'(Ap,1); C) for any f € L*(Xjg1); C).

9. THE ORNSTEIN-UHLENBECK SEMIGROUP

%2

Set g;(z) = (2nt)"2e~ T, and note that
(9.1) /gs §)91(§ —y) d€ = gost(y — x) and Byge(x) = $02g4(x).
For (t,z,y) € (0,00) x R x R, define
p(t,,y) = g1 (y — ¢ %)

1 — 67%.76 2 t t
=@2r(1—e") Zexp (M) =e2ge_1(z—ey).

(9.2)

From the first part of (9.1) and the third equality in (9.2), we see that

/p(s,axf)p(t,&y)dé: %/gl (€= e y) g (€ — cha)de

— e%get_e,‘s (e%y — 6_%$) - p(s + t7m7y)'

Hence p(t, z,y) satisfies the Chapman—Kolmogorov equation

(9.3) s+t = [ ploa Oplt. ) de.

In addition, using the second part of (9.1), one sees that

(9.4) Op(t,z,y) = Lyp(t,x,y) where L, = %(85 — x(’?z).
Next define

(9.5) Piolx) = / o)p(t,z,y) dy

for ¢ € C(R;C) with at most exponential growth at oo, and use (9.3) to see that
{P; : t > 0} is a semigroup (i.e., Ps1+ = Ps; o P;). In addition, use (9.4) to show
that
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After making the change of variable y — €2y, one sees that another expression for
P,y is

(9.7) th(x)=/w(e‘%y)get_1(y—x) dy:/gl(y)so((l—@_t)%yﬂ%) dy,

from which it is easy to see that P,pp — ¢ uniformly on compact subsets as ¢ ~\, 0.
Further, if p € [1,00), then, by Minkowski’s inequality,

I1Peflle (apic) < /gl(y) (/!f((l —e iy + 95)|pdy) = Ifllze (rei0)>
and, as t \, 0,

[Pef — fllor(agso) < /91(?}) </|f((1 - e_t)%y‘Fx) — f@)| dy>; dy — 0

since

2l s = ([1£(0 - iy +2) - s dy) —o.
Therefore we know that

(9-8) 1P flle (i) < I flle(agsc) and tlg% | Pef = fllze(asc) = O

In particular, we have now shown that {P; : ¢ > 0} is a continuous contraction
semigroup, known as the Ornstein—Uhlenbeck semigroup, on LP(Ag;C) for each
p € [1,00).

Although {P; : t > 0} is a continuous semigroup on the Lebesgue spaces
LP(\g; C), these are not the Lebesgue spaces on which it acts most naturally. In-
stead, one should consider its action on the spaces LP(-y; C), where «y is the standard

Gauss measure y(dx) = (27‘(’)7%67§)\R(dm). The reason why is that

M)

¥
2

:r,2
e” Tp(t,z,y) =pt,y,x)e” =,

which means that
(99) (307 Pt'I/J) L2(~;C) = (Pt907 ¢) L2(y;C)"

Hence, since P11 =1,

/th dy = (¢, 1) o0y = /wdv-

At the same time, by Jensen’s inequality, | P[P < P;|p|”, and so,
/\th\p dy < /PtIsDIP dy = / lsp[” dry.
Thus,

(9.10) [PeollLe vy < [lellpe(yic) for all p € [1,00).
In addition, if ¢ € Cb(R;C), then |[|Ppllu < [l¢llu and Py — ¢ pointwise as

t \, 0, and therefore, for each p € [1,00), || Pip — @/ zr(y;c) — 0 as t N\, 0. Finally,
if ¢ € LP(R;C), then there exists a sequence {¢, : n > 1} C Cp(R;C) such that
lim,, s o0 an - fHLT’("/;(C) =0, and
[1Pee = @llLo(viey < [1Pele — on)llLe vy + 1 Pepn — @nllrr (i) + llon — @llie (o)
< 2llen — @llLe(vie) + 1Pepn — @nllr(ric)-
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Thus, after first letting ¢ \, 0 and then n — oo, we see that

(9.11) tl{r(l) |Pip — @l e (yc) = 0 for all p € [1,00).

Summarizing, {P; : ¢ > 0} is a continuous contraction semigroup on L?(~;C)
for each p € [1,00) and P is self-adjoint on L?(v;C).

Exercise 9.1. Show that

(912) ||90 - (90; 1)L2(7;C)||iz(,y;c) S HQDI”%%’W(C) for p e Cé (Rv C)
and that
(9.13) ||Pt¢ — (¥, 1)L2(’Y?C)H2L2('y;(c) = €7t|}90 — (¢, l)LZ(v;C)H2L2(~,;<C)

for ¢ € L?(7y; C). The inequality in (9.12) is the Poincaré inequality for ~.

Hint: Note that if suffices to handle ¢ € CZ(R;C) for which (¢,1)z2(,,c) = 0.
Next, given such a ¢, show that

_t
(Pip) = e 2P’ and — 8/|Pipll72(ric) = 1(Pi0) 12 (:0) -
Use these to show that

_ 2 _
O Pl 72y < € tH(PﬂP)'HLz(%C) < e @' 172 (y:0)-

10. HERMITE POLYNOMIALS
52 12 . . .
Define H,(z) = (—1)"e= d%e~z. Then H, is an nth order monic polynomial

known as the nth Hermite polynomial. Define the operator A, = x1 — 9, and note
that Ay H,, = H, 1, for which reason it is called the raising operator. Using this,
check that H,(—z) = (—-1)"H, ().

Next note that if ¢, € C1(R;C) which together with their derivatives have at
most exponential growth, then

(10.1) (A+<'0’w)L2(7;C) - (¢’aw)L2(v;C)'
Hence, if 0 < m < n, then

m! in=m

(Hus Hon) a0y = (Ho 0" Hin) a0 = {0

Next, observe that if n > 1, then 0H,, € span{H,, : 0 < m < n}, and so

ifn>m.

n—l (6H H ) H,
OHn = z—:o m!
_ - (H"’Hm+1)L2(’Y;C)Hm _ (H"’H")LZ(W;C)H"’l
B ! B — 1)
= m! (n—1)!
Hence 0H,, = nH,,_1, and for this reason A_ = 9 is called the lowering operator.

Theorem 10.1. |[H,,| z2(vc) = (m))2 and {H,, : m > 0} is an orthogonal basis
in L?(y;C). Equivalently, if H,, = 5%, then {H,, : m > 0} is an orthonormal
basis in L*(vy; C)
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Proof. All that we need to show is that if ¢ € L?(v;C) and (¢, Hy)12(4;c) = 0 for
all m > 0, then ¢ = 0. To this end, use Taylor’s theorem to see that, for all { € C,

R
(10.2) T =Y > Hn (@)
m=0

where the series converges uniformly on compact subsets of C x R, and, by the
preceding calculation, in L?(vy; C) uniformly for ¢ in compact subsets of C. Now

suppose that ¢ € L?(v;C), and set ¥ (z) = e‘gga(x). Then

_22, _ 22 1
1021 (x 0) :/Re T (e7 T lp(@)]) ds < (2m)2 ¢l L2 (i),

and
L b o 1 W€ l > Zf (pa )LQ(’Y (C)
S = en? [ gt = o 3 SR

Hence v and therefore ¢ vanish if (0, Him)r2(+;c) = 0 for all m > 0. O

Observe that £ = 7A+2A* , and therefore, by (10.1)

(L2:0) 2iey = = (@58 2y = (0 £9) 12

for ¢, € C%(R; C) which together with their derivatives have at most exponential
growth. Thus, by (9.6) and (9.9),

(‘CPtSD7w)L2(,Y;C) =0 (Pt807¢)L2( ) = O (SDaPtlﬁ)Lz (+:C)
(‘P’ﬁptwm (v:C) — (Ptﬁ%" w)lﬂ('y .C)?
and therefore LP;, = P,L. In particular, because —2LH,, = nA,H, 1 =nH,,
8,P,H, = LP,H, = P,LH, — —%PtHn,
and so, because limy\ o P H,, = Hy,
(10.3) P,H, =e % H,.
Exercise 10.2. Using (10.3), give another proof of (9.13), and, using A4 H,, =
H,, 1, give another proof of (9.12).

11. HERMITE FUNCTIONS

Define T': L?(y;C) — L?(A\g;C) so that Tp(x) = ﬂ’%e*§¢(2%x), and check

that )
— 1 zZ _1
ITellz20nie) = l@llLa(rc) and T™Hf(x) = mie™™ f(272 ).

Thus T is an isometric ispmorphism from L?(y;C) onto L?(\g;C).

Set hy, = TH,, and h,, = hy, = TH,,. Then, because {H,, : m > 0} is an
orthonormal basis in L2(v; C), {h,, : m > 0} is an orthonormal bases in L?(Ag; C).

Assuming that ¢ € C1(R;C), it easy to show that

TAtrp = a+Tp where a4 = 2_%(l‘1 FO:)

and therefore that
(11.1) Gy hpy = hpmy1 and a_hy, = mhy, 1.

Theorem 11.1. For all m > 0, ﬂ = (27T)%’Lmhm
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Proof. Certainly ho = (271')%/10. Assuming that o = (271')%27”“/1,”7 use integration
by parts to see that

P () = / €7 hon () d = / 2 () i+ 1o (€)

= _Z(E;y + Zg/ﬁm(g) = (27T)%Zm+1a+hm(£) = (277)%Zm+1hm+1(§)‘

Corollary 11.2. For allm > 0,

1Bl msey < (2m)F (m 4+ 1) %, R llu < (m +1)% and
(11.2) - - 3
lxhmla V |Ohm||a < 2m + 2

Proof. Since ||ho|| 11 (agc) = 2271, ||hollu < 771, and

z2 _

wt|(ho)'ll, = supae™T =73,

SIS

there is nothing to do when m = 0.
Now assume that m > 1. Using the facts that zhp,(z) — k], = 22hp,41 and
xhm + hl, = Z%mhm,l, one sees that

. md hn1 (@) + (m + 1) b ()

Thp(z) = T
(11.3) . 22 i
(ﬁm)l(l.) — mz mfl(x) B (T—'_ )2 m+1($)
23
Hence,
/a:zizm(a:)Q de=m+ 1,
and so

/(1 + 2%)h (2)* dz = m + 3,

which, by Schwarz’s inequality, means that

[N

B £t (rss) = /(1 + 22 E (14 2%) 2 by (2)? da < 7% (m+ 3)2 < (2m)2 (m+1)3.

Because (hy)” = (27) 20 Ay,

R e = 20) 7% || ()|, < @) 72 Rl 21 sy < (m+1)%.

To complete the proof, use the second part of (11.3) plus the preceding to see
that

[0Rm ], < (M [[n—allu + (m 4+ 1) % || g1 ] u)
1
2

< (m+(m+1)%(m+2) )§2m—|—g.

The same argument, only this time using the first part of (11.3), proves the same
estimate for ||zhy,||u. O
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The kernel which plays the role for the Hermite functions that the Ornstein—
Uhlenbeck kernel (cf. (9.2)) p(t, z,y) plays for the Hermite polynomial is

U2

12 f-
q(t,x,y) =2%e 2e” T p(2t, 272,25 y)e T

x? xy y? )

2tanht + sinht 2tanht
Observe that ¢(t,z, - ) € LP(Ag; C) for all p € [1,00] and that

/q(t,m,y)f(y) dy=e% /p(2t,2%m,y)6%f(2’%y) dy = (TPyT™ " f)(x).
Hence, the operator Q; given by
Quf @) = [ att..0)fw) dy

is well defined on L?()\g;C) and is equal to e~ 2TPyT~". In particular, by (9.10),

5 1Qefll2mic) = 1P T  fllz2vie) < N7 2ty = 122y
and, by (9.11)

let@ur 1]

(11.4)

= (27Tsinht)_% exp <—

oo+

e

L2(OsiC) =||T(PuT~"f - Tﬁlf)HL"‘(/\m:C)
_ ||P2tT71f _ T71f||L2('y;C) — 0ast\,0.
Hence

1Qefllzz(nscy < € : Il 22 (ae;c) and hm 1Qef — fllL2(aesc) = 0.

In addition, by (10.3), Q¢hm = e~ 2T Py H,y, = e~ (m+2)th, .
Theorem 11.3. If f € L*(\g; C) U L2(\g; C), then

/q(t,x,y) Ydy = e~ 3 Ze mt LQ(ARC)h fort >0,

where the convergence of the series is absolute uniformly for x € R.

Proof. First observe that, by the estimates in Corollary 11.2; the series is absolutely
convergent uniformly in x € R and that both sides are continuous as functions of
f € LY(R;C) or of f € L?(\g;C). In particular, it suffices to prove the equality
when f € C.(R;C).

Given f € Co(R;C), set fr, = > ([, }Nlm)Lz(/\R.(c)}Nlm. Then

/ (t, 2, y) fuly)dy = e~ 226_m (f+ Fom) £2 (250 o ().
Because q(t,z, -) € L?(A\g;C) and f,, — f in L?(Ag;C), the left hand side con-
verges to [ q(t,z,y)f(y)dy. O
Exercise 3.3: Define the Mehler kernel M (6, x,y) for (6,z,y) € (0,1) x R x R by

0222 — 20xy + 923/2)
1— 02 ’

M(0,z,y) = (2m(1 — 92))_% exp (—
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and show that
Z m Hm () Hm (y)
9 T y 0 )

where the series converges unlformly for (z,y) in compact subsets. This famous
equation is known as Mehler’s formula.

12. THE FOURIER TRANSFORM FOR L?()\g;C)

The basic goal here is to extend the Fourier transform on L*(R;C) N L?(\g; C)
as a bounded operation on L?(\g;C) into L?(\g;C). We will then examine some
of the fundamental properties of this extension.

Lemma 12.1. If f € L}(R;C), then

_&2tanht

€ 2 _atz_ z2tanht
W @cosht e 2 f(:c) d.’L’
(12.1) N
=e? Z han) L2 (s o (€)

m=0
for (t,€) € (0,00) x R.

Proof. Since both sides of (12.1) are continuous functions of f € L!(R;C), we may
and will assume that f € C.(R;C).
Set D={CeC: |(|<1&(¢(—1,0]}, and define a4 (¢) = %(% F() for ¢ € D.
Next, for fixed £ € R and all ¢ € D, define
a_ () a_ () 22

8(0) = (2rar (@) He O [ oo G f0) do

and
=¢3 ZC (fs hon) 12 (ri0) o (€)

and observe that both ® and \I/ are analytic functions on D. Furthermore, since
ay(e7?) =sinht and a_(e™!) = cosht, Lemma 11.3 says that ® = ¥ on (0, 1), and
therefore, by analytic continuation, ® = ¥ on ). In particular, ®(1e™") = U (e ").

Finally, because ay (1e7!) = <ML and o (1e™") = =2hL one sees that the left

hand and right sides of (12.1) equal, respectively Zéé(ze_t) and z%\ll(ze_t). (I
Theorem 12.2. If f € L*(R;C) N L3(R;C), then
(12.2) F=005 S ™ (f hm) 2 (aec) om

m=0

almost everywhere.

Proof. Because f € L'(R;C), the left hand side of (12.1) tends pointwise to
(2m)"2f as t \, 0, and because f € L%(Ag;C), the right hand side tends in
L?(\g; C) to the series on the right hand side of (12.2). O

As a consequence of Theorem 12.2, we know that ”JEHL?()\R;(C) = (2m)2 L1l L2 (ams)
for f € L*(Ar; C)NL2(Ag; C). Hence the map f € L*(\g; C)NL2(Ag; C) ~~ f admits

a unique continuous extension as a linear map with norm (27)2 from L2(Ag; C) into
L?(A\g; C), and (12.2) continuous to hold for this extension.
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Define f( ) = f(—), and observe that i, = (—=1)" A, (£, 9)220000) = (f8) 22 (3ei0)
and f . In addition, by Fubini’s theorem,
(@ om m) 12 (x:0) // 2 §) ded§ = / D) hn () dz = (27) 20™ (0, hun) L2 (A0
and so, for f,g € L?*(\g;C),

(f’g)L2(/\R;C) = Z(f h )L2 (Ar;C )(g (@ 7m) )L 2(Ag;C)
m=0

=2r Z fa L2(/\R,(C) (gv h )LQ()\]R;(C) = QW(f,g)LZ()\R;C),
which means that Parseval s identity

(12.3) (f 20wy = 21(f, )L2 AR;C)

v

f, and check that

holds. Finally, set f =
7 m/(f 1 1 m ~
h )L2(/\K7C) ( 1) (fa hm)LQ(/\RKC) = (271')2(*7/) (fa h”l)LQ(AR;C)

(f h )L2 (Ar;C) — (f

Hence

:‘r

A - 1 g
((f)vyhm)Lz()\R;(c) = (27‘-)2(_2) (f
Similarly, ((JE)A7 ﬁm)m(xmc) =27 (f, ﬁm)LZ(AR‘C), and so we have proved the Fourier

)Lz()\ :C) — 27T(f7 ﬁm)LQ(AR;(C)-

inwversion formula
Y .
(12.4 ()" =2nf = (P
It is important to keep in mind that f is not given by a Lebesgue integral

for f € L?(\g;C) unless f € L'(Ag;C) as well. On the other hand, because
fr= 1[—R,R]f S Ll()\R;C) N LQ()\R;(C) and fR — fin LQ()\R;(C),

f(&) = lim “Emf( ) da

R—oo J_p

where the convergence is in L?(\g; C).

Exercise 12.3. Define Ff(§) = f(27r§), and show that F is an orthogonal operator
on L?(Ag;C). Further, show that if F* is the adjoint of F, then equals F~'f =
Fif=Ff=(Fp".

13. SCHWARTZ TEST FUNCTIONS

In this section we will study a space of functions introduced by Laurent Schwartz®
and used by him to construct the class of distributions discussed in the next section.
The function space alluded to above is denoted by .#(R;C) and consists of
functions ¢ € C*(R;C) with the property that z ~ 2*9’¢(x) is bounded for all
k, ¢ € N. Obviously, .#(R;C) is a vector space. In addition, it is closed under
differentiation as well as products with smooth functions which, together with all

5There are many books in which Schwartz’s theory is presented, but his own original treatment
in Théorie des distributions, I published in 1950 by Hermann, Paris remains one of the best
accounts.
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their derivatives, have at most polynomial growth (i.e., grow no faster than some
power of (1 + 22)). Thus the Hermite functions are all in .#(R;C). Finally, since,
for ¢ € S (R; C),

[let@pds <@ +adgls [+ 227

S (R;C) € Npepn,o0) L (Ar; C).
There is an obvious notion of convergence for sequences in . (R;C). Namely,
define the norms

lell &9 = a* el

for k, £ € N, and say that ¢; — ¢ in .Z(R; C) if lim,, o0 [|0; — @] &7 = 0 for all
k, £ € N. The corresponding topology is the one for which G is open if and only if
for each ¢ € G there an m € N and r > 0 such that

{v:v—o|™<r}cCa,

8= > 11§,

k(€N
k+0<m

where

We will now develop a more convenient description of the topology on .#(R; C),
one that shows that #(R;C) shares many properties with Hilbert spaces. Define
the operator H on . (R; C) into itself by

Heo = 220 — 0%p.
Since (cf. (11.1)) H = (2ara— + 1),

(13.1) Hhy, = pphy  where py, = 2k + 1,
and so we can define operators H® for any s € R by
e ~ ~
Hop = Z i (25 P ) 2 (2g0) o -
m=0

For each m > 0, set

m - m 7 2
M (R; C) = {so € L*(Ma;C) 0 > i |, ) 2 sy < oo} :
k=1

and define

)
(‘Pv w)ﬂ’("U(R;C) = Z /-L;cn (QO, hk)LQ(AR;C)(hka w)L2()\R;(C) = (Qpa Hmw)Lz(/\]R;C)
k=0
1

lellrom @e) = (:9) 5 @e) = (#H"™)

1
2

Clearly .#(™)(R; C) is a vector space for which (¢, ¥) 5(m) (r;c) 18 an inner prod-
uct. Below we will show below that it is a separable Hilbert space.

Lemma 13.1. For each m > 0,

lzellsom @:cy V10 so0m iy < M@l romen ric)-
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Proof. By the first part of (11.3),

[ee]
2@ % ey = D # 1 (@ps Bk) 2 sy |
k=0
<D k(e h-1) 2 o) P+ Y (K D0, hin) 2 ose)
k=0 k=1

= (0. F0) 20y 2 + S (0 B 20w, 2 = 1002 it -
k=1

Using the second part of (11.3) and the same argument, one can show that [|0¢]| 5 (r;c)
< el omen (mycy-

Theorem 13.2. For each m € N, .#(R;C) is a dense subset of .#(™(R;C). In
addition, for each m > 0, there exists a K, € (0,00) such that

(13.2) el seem iy < Kl
and
(13.3) lell$™ < Konllp ]| s omts) micy -

for all p € S (R;C). Thus @, — ¢ in .(R;C) if and only if
Jim{lon = ¢llpom @e) =0

for all m € N. In particular, for each p € S (R;C),

Z(g@,ﬁk)LZ()\R;(C)iLk — ¢ in L (R;C) as n — oo.
k=0

Proof. Since H | Z(R;C) is a symmetric operator, (13.1) implies that
1 (0, M) L2 (i) = (00 H™ i) 22 (ase) = (™0, ) 12 (i)
for all ¢ € .7 (R;C) and m > 0, from which it is clear that .#(R;C) C .#(™)(R;C)
for all m > 0. Moreover, since, for each ¢ € .7 (™) (R;C),
S (R;C) > Z(%Bk)m()\m;@)ﬁk — pin y(m)(R;(C) as n — 0o,
k=0
Z(R;C) is dense in .7 (™ (R; C).

Next observe that there exist constants cﬁl) € R such that

(=) "= > ko,
k,leN
k+£<2m

and use integration by parts to see that

(%xka%)m@m;«:) _ (_1)4/ (621 (

’

), xk—k’aé—z’w)

L2 (Ag;C)?’
where
i g if k is even and ¢/ % if £ is even
= 11 =
E=Llif k is odd G1if £ is odd.
2 2
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Hence there exist constants b(k 01), (k2 ,02) € R such that

m (m) k1 9l ko ol
(0 H"8) 2 < > [Pr0), ks ) (82 0% 0,202 0) |
(k1,01),(j2,62)EN?
(k1+1’1)\/(j2+€2)§m
(m k1 gt ko 5f
= Z b, k1 1), (k2 t2) "9 19"HL2(AR;C)H$ 20 2‘/’HL?(Am;c)'
(k1,1),(k2,£2)EN?
(k14+£1)V(ka+L2)<m

Finally, observe that
[0 el i) = [ (14 a2)7 (1 +a?)abo p(a) e
< w(lla*o Il + "1 7).
and combine this with the preceding to arrive at (13.2).
To prove (13.3), begin by making repeated application of Lemma 13.1 to show
that

||xk3£80||y<3>(ﬂx;<c> < el sorers) @micy-
Thus, if we show that there is a K € (0,00) such that

lelle < Klloll oo @:c)s (%)
then
25 0%lly < K[[2*0° 0l o mic) < K@l teseso (micy

in which case we would know that |jo[|{™ < w

(%), use the estimate in (11.2) to see that

¢l m+3) scy- To prove

oo
lollu < Z (5 hie) L2 (g 1 Pk |

oo

(k+1)% (0, 7)) L2 sy | = Z (

0 =0

3 ~
) pp (@5 i) L2 (i) |

Mg

~
Il

< pa1)’
where K = (Zk "o ]”1)1. O

1

oo 3
<Z wil(p, hk)L2(AR;C)|2> = K¢l »o @c)-

k=0

As a consequence of Theorem 13.2, we know that
(oo}
1 e =%l me)
.5/7(4105 ¢) = :
mZ::O 2511 + [l — Yl o om ricy

is a metric for the topology on . (R; C). In addition, . (R; C) = N°-_, (™) (R; C),
and so we can learn about properties of Z(R;C) by understanding those of the
7 (R; C)'s.

For each m > 0, let 5™ (N;C) be the space of functions s : N — C such that

1

e’} 2
lIsllsem vy = <Zu2"’|8(k)|2> < 00,
k=0
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and define
(8, 8)stm (n;c) = Zuk s(k)t(k) for s, t € s"™(N;C),

Clearly each s(™) (N; C) is a vector space with inner product (s, t)sm () Finally,
set 5(N; C) = N>_, 5™ (N;C), and turn 5(N; C) into a metric space with metric

oo

1 1t = sllsem v
polst) = Y S —
m

— 2m L L+ [t = sllsem vy

The following corollary is essentially a reformulation of the results in Theorem
13.2. Tt is the analogue for . (R; C) of the fact that every separable Hilbert space
is isomorphic to ¢2(N;C).

Corollary 13.3. Define the map S : L?>(\g; C) — ¢*(N; C) by
[S(@)(K) = (0, h) 12 (ams)-
Then, for eachm >0, S | ™) (R;C) is an isometric isomorphism from &™) (R; C)

onto 5™ (N;C), and so S | .Z(R;C) is isometric homeomorphism from .#(R;C)
onto s(N; C).

Corollary 13.3 means that any topological property of s(™)(N; C) or s(N;C) is a
property of .#(™)(R; C) or .#(R;C), and the following lemma facilitates the study
of such properties.

Lemma 13.4. Let {ap : k > 0} C (0,00), and define the measure v on N by
v({k}) = agx. Then L?(v;C) is a separable Hilbert space. In addition, a set B C
L?(v; C) is relatively compact if and only if B is bounded and tight in the sense that

Proof. Since the L2-space for any measure on a countably generated o-algebra is a
separable Hilbert space, L?(v;C) is a separable Hilbert space.

Since L?(v;C) is complete, to prove that a bounded, tight subset B is relatively
compact it suffices to show that B is totally bounded (i.e., for every r > 0 there is
a finite cover of B by balls of radius r with centers in B). To that end, let r > 0
be given, and choose K so that

sup 3 s
s€B K

Next, note that {(s(0),...,s(K)) : s € B} is a bounded subset of C¥*! and
therefore totally bounded there. Hence there exists a finite set {sj :1<j<J}CB
such that, for each s € B,

which means that, for each s € B there exists a 1 < j < J such that

K
s = 53llZ2 0y = D anls(R) = s ()P + Y anls(k) — 55 (k)| <72,
k=0

k>K
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Finally, suppose that B is relatively compact. Certainly it is bounded. To see
that it must be tight, suppose it were not. Then there would exist an ¢ > 0 such
that, for each K € N,

sup 3

s€B sk
Thus we could find a sequence {sx : K > 0} C B with the property that
> wsx 0klsk(k)|* > €, and, because B is relatively compact, we could choose it
to be a sequence which converges to some t € L?(v;C). But this would mean that

€
> ailt®)? = > arlsk(B)? = It = skll2g0) > 5 5
k>K E>K

for sufficient large K, and that would mean the ¢ can’t be in L?(v; C). (]

Say that B C .7(R;C) is bounded in . (R; C) if

sup ||| o) (rycy < 00 for each m > 0.
pEB

Theorem 13.5. (™) (R;C) is a separable Hilbert space for each m > 0, and
S (R;C) is a complete separable metric space. Moreover, a subset B C y(R C) is
relatively compact if and only if it is bounded in 7 (R;C).

Proof. By Lemma 13.4 applied with o, = p}*, we know that each of the spaces
5(m) (N; C) is a separable Hilbert space, and therefore, by Corollary 13.3, so is each
ZM)(R;C). Thus, since .7 (R;C) is dense in every (") (R;C), we can find a
sequence {@, : n > 1} C .#(R;C) which is dense in 7™ (R;C) for all m > 0.
Since this means that

H;fl ¢ — nll #om sy = 0 for all p € Z(R;C) and m > 0,

it follows that
inf ps(r;c)(¢: on) = 0 for all p € Z(R; C).

That is, {¢n : n > 1} is dense in . (R; C), and so . (R; C) is separable.

To see that .(R; C) is complete, first use Lemma 13.4 and Corollary 13.3 to see
that each .7 (™ (R;C) is complete. Now suppose that {p, : n > 1} C #(R;C)
is p.ow,c)-Cauchy convergent. Then it is | - || 5»(m) g,c)-Cauchy convergent for each
m > 0, and therefore it is convergent in each (™) (R;C) to some element of
Zm)(R; C). But if @, — ¢ in .7+ (R; C), then ¢, — ¢ in . (R;C), and
so there is a unique ¢ € (o_, ™ (R;C) to which {p, : n > 1} converges in
M) (R; C) for all m > 0. Therefore p € .7 (R;C) and lim,, 00 p.or (0, on) = 0.

Finally, suppose that B C .(R;C) is relatively compact in Z(R;C). Because
B is then relatively compact in each .7 ("™ (R; C) and therefore bounded there, it is
a bounded subset of .7 (R; C). Conversely, if B is bounded in . (R; C), in order to
show that it is relatively compact in Z(R;C) we need only show that it is totally
bounded there. To that end, first observe it is bounded in each .(™)(R;C). Thus,
by Lemma 13.4 and Corollary 13.3, we will know that it is relatively compact in
(M) (R; C) if

lim sup 12 (0, hi) L2 (ameey |2 = (%)
K*)OO@E ];( F ( “ )
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But

Z 143 | ‘P:hk)LQ(AR,(C)| < MT”‘F”y(mH)(R C)’

k>K
and so, since B is bounded in .+ (R; C), () holds. To complete the proof that
B po-totally bounded, let 7 > 0 be given, and choose m so that 27" < 3. Next,
using the fact that B is relatively compact in .#(™)(R;C), choose {¢; : 1 < j <

J} C B so that
) r
vszlelg 2 I — @il rom (micy < ok

and conclude that p
U{cp o) (psp5) <}

O

The assertion in the following is one of the many virtues possessed by .7 (R; C).

Theorem 13.6. The map ¢ ~ @ is an isomorphism from . (R;C) onto itself,
. 1
and, for each m > 0, ||@[ som) (ric) = (27) 2 |2l 52 0m) (ms ) -

Proof. We already know that the Fourier transform is an isomorphism of L2(\g; C)
onto L?(Ag; C). In addition, by Theorem 12.2, (3, hx) r2(x:0) = (2m) 20k (¢, hi) 2 (ae:C)>
and so

oo
||35||2y(m)(]1g;(c) = QWZM?K% hk)L2(,\R;C)|2 = 27"||S0||2y<m)(R;c)~
k=0

O

Exercise 13.7. Show that for each (m,n) € N? there is a C,, , € (0,00) such that

1
Co fnax [2%00| o micy < ]l srnim icy < Crym max 2%0%0l| om) (Ric) -

k+L<m k+€<m
Hint: In proving the upper bound, consider using the equation

(k+n), -

(ai% ﬁk+n)L2()\R;C) = (QD, hk)L2(>\_R;(C).

n!

Exercise 13.8. Let {¢,, : n > 1} be a bounded sequence in .(R;C) such that
lim;,—, o0 () exists for each z € R. Show that there is a ¢ € .7 (R;C) such that
vn, — @ in L (R; C).

Hint: Use Theorem 13.5.

Exercise 13.9. This exercise deals with the relationship between various function
spaces.
(i) Show that C2°(R; C) is a dense subset of . (R; C)
(ii) Set

Co(R;C) = {f e C(R;C): | l‘im f(z) = 0} .

T |—00

Show that Cy(R;C) with the uniform norm is a Banach space in which both C$°
and .7 (R; C) are dense subsets.
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Exercise 13.10. For z € R and ¢ € . (R;C), define m,¢0(y) = ¢(x + y). Show

that 7,00 € .#(R;C) and that ||| S™ < 2™ (2| v 1)™[|o||{™ for all m > 0. In
addition, show that

17220 = Tar @lIT < 27 (Ja] V o] V 1) @] D |2 — 24
Hint: To prove the first estimate, check that

2lz)™[(2°¢)(x + y)| if |y| < 2Jz|

k al
Y O mre(y)| < )
| W)l {2m|<x+y>’f<a%><w+y>| i [y > 2lal.

To prove the second estimate, assume that x; < x5, note that

T2
Tuaf — Tay P = / 710 dt,

T

and therefore that
T2
o = gl < [ I .
1

Finally, apply the first estimate.

14. TEMPERED DISTRIBUTIONS

Schwartz developed the theory of distribution in order to provide a mathemati-
cally rigorous way to describe the sort of generalized functions that appear in the
work by Boole and Heaviside in connection with applications of the Laplace trans-
form to ordinary differential equations, and those that were somewhat later intro-
duced by Sobolev for applications to partial differential equations. What Schwartz
realized is that generalized functions should be thought of in terms of their action
(i.e., their L?(A\g;C) inner product with) on smooth functions rather than their
value (which won’t exist in general) at points.

To make that idea mathematically precise, he said a generalized function, which
he called a distribution, should be a continuous linear functional on a topologi-
cal vector space of smooth functions. One of the spaces Schwartz considered is
C*(R;C), but the appropriate topology on that space is rather cumbersome (for
instance, elements don’t have countable neighborhood bases). A second, and much
more tractable, choice is . (R; C). Because elements of . (R; C) need not have com-
pact support, an element of its dual space must satisfy restricted growth conditions
and is therefore called a tempered distribution.

Recall that the dual space X* of a topological vector space X over C is the
space of continuous, C-valued linear functions on X. When, like .7 (R; C), all the
elements of X have a countable neighborhood basis, a linear function A on X is an
element of X* if Az, — Az whenever z,, — = in X. Because we want to think
of elements of .7(R;C)" as generalized functions which act via their inner product
with elements of .7 (R; C), we will use letters like u to denote elements of .7 (R; C)"
and write their action on ¢ € Z(R;C) as (p, u).

Lemma 14.1. For each u € . (R;C)" there is an m > 0 and a C € (0,00) such
that

(o, )| < Cllllsem iy for all p € S (R; C).
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Proof. Because sets of the form {||¢|| @y < 7} form a neighborhood basis
for 0 in .Z(R;C), there is an m > 0 and r > 0 such that |(p,u)| < 1 when
[l om @sey < 7. Hence [{p,u)| < 77 o]l som) mic) - O

Simple as it is, Lemma 14.1 has many consequences. For example, it allows us
to say that

(14.1) =Y (s ) L2 (nec) (ks ),
k=0

where the series is absolutely convergent. Indeed, if |(p, u)| < C|¢|| 5 m) (r;c), then
[{hi, w)] < Cupr, and so, since |((P7hk)~L2()\m;(C)| = p "[(H" @, hie) 12 (ag;0)| for all
n > 0, the series > 22 (¢, hi) L2 (i) (A, u) is absolutely convergent. Hence, if
On =Y 1ol Bk)L2()\W;C)7 then ¢, — ¢ in ¥ (R;C) and therefore

n

(p,u) = nh_ffolo@m u) = nh_{go Z(% ilk)Lz(Am;C)@k, u)
k=0

= Z @, b)) L2 (i) (o ).
k=0

Obviously, given a measurable function f : R — C with at most polynomial
growth, one can think of it as the element of fAg € .7(R;C)" given by (o, fAr) =
J of dXr, and in this way .%(R;C) can be thought of as a subset of .%(R;C)".
Although the distribution corresponding to f is fAg, it is conventional to denote
it by f instead, and we will adopt this convention.

We will need to know that .#(R;C) is dense in .#(R;C)". To see that it is, let
u € S (R;C)", and set

Un =Y (g, u)hy.
k=0
Clearly v, € (R;C), and, for each ¢ € .7(R;C),

(@, ¥n)r20m;c) = Z @: Pk ) L2 (00 (Vs Bk) L2 ()

= Z (0 ) 12 sy (ks 1) — Z(% hie) 12 (aes) (s 1) = (0, w).
k= k=0

The importance of this density result is that it tells us how to extend contin-
uous operators like H* as continuous operators on .#(R;C)". Namely, because
(@, HY) 2 00pse) = (HP@,¥) 2 (0ns0) for @, € Z(R;C) and ' (R;C) is dense in
Z(R;C)", the one and only continuous extension of #* to .#(R;C)* is given by

(14.2) (o, Hu) = (H o, u).

Since .(R;C) can be written as the intersection of the spaces .#(™)(R;C),
#(R;C)* must be able to be written as the union of the spaces .&(™ (R;C)". Of
course, because . (m)(R; C) is a Hilbert space, Riesz’s theorem provides an isomor-
phism between . (™ (R; C)" and .(™ (R;C). However, in order to be consistent
with the idea that (¢, u) is a generalization of the L? inner product, this is not the
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way we will think about .#(™) (R;C)". Instead, we want to identify .#(™(R;C)"
as the Hilbert space

SEM(R;C) = {u € 7 (R;C)" : iu;muﬁk,mﬁ < oo}
k=0
with inner product
(u,v) (- m) (r;) Zuk (h, ) m
Recall that if X is a Banach space and A € X*, then ||A||x+ = sup{|A(z)] :
lz|lx = 1}. Thus
||“H5ﬂ<m>(R-<c)* = sup{|[(p, )| : H<PH5ﬂ<m>(R;<c) =1}

Theorem 14.2. For each m >0, .~™(R;C) is a separable Hilbert space and

uwe STM(R;C) = H Tue L*e;C) & [H % ullr2pne) = [ull smmo)

= uec S R;C) .

Moreover, if u € "™ (R;C), then ]l em) (mscy* = lull so—m) sy and therefore
(14.3) (o w < el srom sy [l o =m i) -
Proof. If u € #(=™)(R;C), then

7n

|< - Zﬂk %hk L2(\g;C) <7mu> SH‘p”L"’(AR;C)HUH.?(*W)(R;(C)a

and so H™ 2 u € L*(Xjo,1); C) and |H™ % ul|p2(rg,0) = [Jull so—m) (m,c)- Conversely, if
H~%u € L2(\g; C), then

o0
% -m ey = Zuk (s ) = (b, H™ )| = |1 F ul| 2 a0
To prove the second equivalence, first suppose that u € %™ (R; (C)*. Then,
since |17 2 ¢l soom mic) = 01|22 (nsc)

(o, H™Fu)| = [(H™ % g,u)|

<|H” 7 <P||5ﬂ(m>(1R C)Htu(m) R;C)* = ||U||¢<m> R;C)* \LZ(/\K,C)a

and so H~2u € L*(Ag;C) and [Jul| g—mymey < lull oommeys- Conversely, if
ue ™ (R;C), set f =M% u, then

e w) = [(HZ @, f)r2 00|
< IHE ollz0a 0 1fll20ni0) = Il sem @ lloll oo @),
and so u € ™ (R; C)" and [[ul yom zsey < el 0= (gsc)- O
By combining Lemma 14.1 and Theorem 14.2, we know that

(R; C)* Uﬂ ™)(R; C).

m=0
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Theorem 14.3. If u € .7(~™)(R;C) is non-negative in the sense that (@, u) > 0
whenever ¢ € (R;C) is non-negative, then there exists a Borel measure p on R
such that

/(1 +a2) 7" p(de) < 0o and (p, ) = /wdu-

Conversely, if i is a Borel measure on R satisfying
/(1 +22)7 % p(dr) < oo
and u € S (R;C)" is defined by (p,u) = [ pdpu, then u € S "3 (R;C).

Proof. Assume that u € .#(~"™)(R;C) is non-negative. Choose € C>® (R; [0, 1})
so that n = 1 on [-1,1] and n = 0 off [-2,2], set nr(z) = n(%) for R >
1, and define ur € L (R;C)" by (p,ur) = (nrp,u). Given an R-valued ¢ €
S (R;C), l¢llunr £ ¢nr > 0, and therefore |(p, ur)| < ||¢llu(nr,w). Thus there is
a unique extension of ¢ ~ (p, ugr) as a continuous, non-negative linear functional on
C ( [—2R;2R], ]R), which, by the Riesz representation theorem, means that there is a
finite Borel measure g on R such that (¢, up) = [ ¢ dpg. In particular, pp(R) =
(R, w) < |Irlloom @ellullocm e Since [nRI1Z o @ey = (17, H™1R) L2000
and H™ng is a linear combinations of terms of the form %nw)(%), where 0 <
k + £ < 2m, there exists a C' < oo such that

(/ nr(x)H"nr(x) ala:)é < CR™3,

and 50 p1(R) < Cllu] oc-m iy R™ 2.

Note that R < R = pugr | [-R,R] = pur | [-R, R], and therefore there
is a Borel measure y on R such that u | [-R,R] = pgr | [-R,R] for all R > 1.
Furthermore

o0
Jara) ) = [ (1 o) (o)
n—0 [—=n,n]
- (n+1)m+% 2m+1 >
< Cllu —m) (- —— =21 (Cllu —m) (R — <
< Clull s« >(R,C)n:0 (L ) o [[ull 5« >(R,C);1+n2

Finally,
(p,u) = lim (nry,u) = lim /nwdﬂ: /wdu-
R—o0 R—o0
Conversely, suppose that p is a Borel measure on R and that
C= /(1 +22)% du(dr) < co.
Clearly ¢ ~ [ ¢ du determines a distribution u. In fact, by (13.3),
(e, u)l < Cll(1+2°)Fpllu < CIIA+ [2)™pllu < CKmllllpomen ®icys
and therefore u € .7 (~™=3)(R; C). O

As a consequence of Theorem 14.3, we know that for any measurable f : R — C
for which there exists an m € Z such that

/(1 +22)%|f(2)] dz < oo,
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there is a distribution f € .#(~™=3)(R;C) such that

w.d) = [ e@)f)da.
The following generalizes the preceding observation.

Theorem 14.4. Let p be a Borel measure on R, and assume that
/ (1+2? pu(dr) <
If f € LP(u; C), then there is a distribution fu given by
v € S R;C) — /gpfduE(C.

Moreover, if my, = min{n :m < 2p'n}, where p' is the Holder conjugate of p, then
fue s =3)(R;C) and

1
11l o =mn—9) iy < Bmy My || f1] Lo (pus)-
Proof. By Hélder’s inequality,

/ of du' < s Il

At the same time,

Il ey < ([ 140275+ F et )

< M,

1
7/

5»@\"_‘

(1+27) 2" ¢’| < KmpMu ||<P||y(mp+3>(R<c)
Hence,
1
K@, fi)] < Koy, M7 || f || Lo sy 10| s mi+9) () -
O
Loosely related to the preceding is the following theorem of Schwartz. Given
au € S (R;C)", its support is the smallest closed set F such that (¢, u) = 0 for

all ¢ that are 0 on FC. Equivalently, (p1,u) = {p2,u) if 1 = w2 on an open set
containing F.

Theorem 14.5. If u € .Z"tD(R;C), then u is supported on {0} if and only if

n
u = Z am0™do
m=0
for some {ag,...,a,} CC.

Proof. The sufficiency statement is trivial. To prove the necessity assertion, first
note that, by Theorem 13.2, there is a C' € [0,00) such that [{p,u)] < C’||<p||1(4").
Next, choose n € C*(R; [0, 1]) so that n = 1 on [—1,1] and n = 0 off of [-2,2], and
define 1, (z) = n(2) for r € (0,1]. Because 0 is the support of u, (p,u) = (¢, u)
for all r € (0, 1]. In particular, this means that

e u)| < C Y [Ime e
£=0
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for some other C' < oo.

We will now show that (p,u) = 0 if p(z) = 2" n(z)y(z) for some ¥ €
C>®(R;C). To this end, set p,.(x) = z"ln.(z)y(z), and note {p,u) = (p,,u)
for all r € (0,1]. Next observe that 0@, is a linear combination of terms of the
form

n+l—i_—j. (5) (2, (k) _ ntlaiej (T J () (2 ,,(F)
2D (£)p 0 (@) = 2 (2) 00 (£) 0 (@)
where ¢ + 7 + k = £. Since
grHl=i=j (E)J n(j)(z)¢(k) (2)

< 2T D[P,
T

lim,< o ||<p£€)\|u =0 for £ < n, and so

<90’ u> <90T7 u> = 0.

= lim
\0

Now let ¢ € Z(R;C) and use Taylor’s theorem to write

n (m) 0 n+1 1

m! n!

n!

0 and therefore that

Set ¥(z) = & fol(l—t)"go(”“)(tm) dt, and apply the preceding to see that (x" "1, u) =

n (m)
o) = oy = 30 E Oy

m=0

Hence

O

The next result characterizes distributions u € .#(R; C)" which satisfy the min-
imum principle

(14.4) (p,u) > 0if p € S(R;R) and ¢(0) = min{p(z) : = € R}.

In preparation for the proof of the characterization, I have to introduce the
following partition of unity for R\ {0}. Choose ¢ € C>(R;[0,1]) so that t has

compact support in (0,2) \ (0, i) and ¥(y) = 1 when % < |yl <1, and set ¥, (y) =
(2™y) for m € Z. Then, ify € Rand 271 < |y| < 27™ 4, (y) = 1 and ¥, (y) =
0 unless —m —2 < n < —m + 1. Hence, if U(y) = > ., ¥m(y) for y € R\ {0},
then ¥ is a smooth function with values in [1,4]; and therefore, for each m € Z, the

function x,, given by x,,(0) = 0 and ., (y) = %”TS’)) for y € R\ {0} is a smooth,

[0, 1]-valued function that vanishes off of (0,27™%1)\ (0,2-~2). In addition, for
each y e R\ {0}, 3=, cz xm(y) =1 and xpm(y) = 0 unless 2772 < |y < 27m+H

Lemma 14.6. If u € (R;R) satisfies (14.4), then there exists a unique Borel
2
measure M on R such that M({0}) =0, [ Tz M(dy) < oo, and

(¢, u) =/s0(y)M(dy)
if o, ¢, and ©" vanish at 0.
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Proof. Referring to the partition of unity described above, define A, = (xmp, u)
for o € C>((0,2=m+1)\ (0,27™72); R), where

Xm()e(y) if 2772 < Jy| <27t
Xmg(y) = @A 2T S
0 otherwise.

Clearly A,, is linear. In addition, if ¢ > 0, then y,,¢ > 0 = xme(0), and so, by
(14.4), App > 0. Similarly, for any ¢ € C*((0,2-™+1)\ (0,27"72);R), [l¢/luxm £
Xm® = 0 = ([[elluXm £ Xme)(0), and therefore [Ayp| < Ky ll@llu, where K, =
(Xm,u). Hence, A,, admits a unique extension as a continuous linear functional
on C((0,2=m+1)\ (0,27™72);R) that is non-negativity preserving and has norm
K,,; and so, by the Riesz representation theorem, we know that there is a unique
non-negative Borel measure M,, on R such that Mm is supported on (0,2—™m+1)\
(0,27m72), Kp, = My, (R), and (X, u) = [5 ©(y) M (dy) for all ¢ € Z(R;R).

Now define the Borel measure M on R by M = Z cz My, Clearly, M({0}) = 0.
In addition, if ¢ € C° (R\ {O};R), then there is an n € Z such that x,,¢ = 0
unless |m| < n. Thus,

n n

o) = 3 Abne) = 3 [ o) Mnla)
= /]R . (m;nxm(y)w(y)> M(dy) = /R _ely) M(dy),

and therefore

(14.5) (g1 = [ o) M(ay)
for p € C° (R \ {0}; R).

Before taking the next step, observe that, as an application of (14.4), if p1, @2 €
7 (R;R), then

1 < @2 and 1(0) = 92(0) = (p1,u) < (p2,u). (*)

Indeed, by linearity, this reduces to the observation that, by (14.4), if ¢ € D is
non-negative and ¢(0) = 0, then {p,u) > 0.
With these preparations, we can show that, for any ¢ € D,

p>0=¢ :/ < (p,u). (+)

To check this, apply (*) to ¢, = > __ xm¢ and ¢, and use (14.5) together with
the monotone convergence theorem to conclude that

[ et = lim [ ) M) = im (g.0) < (0.

Now let n € C*(R; [0,1]) satisfy 7 = 0 on [—1,1] and n = 0 off (—2,2), and set
nr(y) = n(R™'y) for R > 0. By (*x) with ¢o(y) = |y|*n(y) we know that

/R ly2n(y) M(dy) < (@, 1) < oc.
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At the same time, by (14.5) and (%),

/RN (1= n(y)nr(y) M(dy) < (1 —n),u)

for all R > 0, and therefore, by Fatou’s Lemma,

/R(l —n(y)) M(dy) < (1 —n),u) < 0.

Hence, I have proved that
y?
14.6 M(d 00
(14.6) [ 7 vty <

We are now in a position to show that (14.5) continues to hold for any ¢ €
Z(R;R) that vanishes along with its first and second order derivatives at 0. To
this end, first suppose that ¢ vanishes in a neighborhood of 0. Then, for each
R >0, (14.5) applies to gy, and so

/Rmz(y)@(y) M(dy) = (nrp,u) = (¢, u) + (1 = nr)p, u).

Since (1 —nr)e — 0 in (R;R) as R — oo and ¢ is M-integrable, Lebesgue’s
dominated convergence theorem implies that,

(oru) = Tim [ nr(y)ely) M(dy) = / () M(dy).

R—oo Jp

We still have to replace the assumption that ¢ vanishes in a neighborhood of 0
by the assumption that it vanishes to second order there. For this purpose, first
note that, by (14.6), ¢ is certainly M-integrable, and therefore

[ o) M) = (1 =)o) = ()= Ym0

By our assumptions about ¢ at 0, we can find a C < oo such that |n.¢(y)| <
Cry®*n(y) for all r € (0,1]. Hence, by (x) and the M-integrability of y?n(y), there
is a C" < oo such that (n,p,u) < C'r for small r > 0, and therefore (n,¢,u) — 0
as r \y 0. (]

Theorem 14.7. Ifu € .7 (R;R) satisfies (14.4), then there exist ana > 0, a b € R,
and Borel measure M on R such that M({0}) = 0, (14.6) holds, and

(o, u) = 5¢"(0) +by'(0) + / (2(y) = ©(0) = 10,1 () (0)y) M (dy).
In fact, M is determined by
ply) M(dy) if p € CZ(R\ {0}),
and, for any n € C*°(R;[0,1]) which is 1 on [~1,1] and 0 off (—2,2)
a= (o)~ [ Pnt)? Midy)

and

b= (yn,y) — /y(n(y) — 1y0,1)(y)) M (dy).
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Proof. Let n be as in the statement, and define

P(y) = o(y) — 0(0) — ' (0)yn(y) — 32" (0)y*n(y)*.

Then ¢ vanishes to second order at 0, and so, by Lemma 14.6, (¢, u) = [ ¢ (y) M (dy).
Hence,

(p,u) = " (0)(ym,u) + 39" (0)(y*n*, u)
+ /(%(y) —0(0) — &' (0)yn(y) — 39" (0)y*n(y)*) M (dy),
and so

(o) = & O)gm.) — 3" ((0Pn) = [Pn00)? ()
+ [ (elo) = 9(0) = Oyn(w) M(dy).

Finally, because y(1(y)—1(_1.1(y)) vanishes on [—1, 1] and is therefore M-integrable,
we can replace ¢’ (0)(yn, u) by

&) (m) = [ () = 1-1,00)) ) M)
and [(¢(y) — ¢(0) — ¢'(0)yn(y)) M(dy) by

/ (0(y) — £(0) — & (O)yLr_1. () M (dy).
O

Exercise 14.8. Let f € C}(R;C), set u = f(|z|), and show that v’ = sgn(z) f'(|z|).
Next assume that f € CZ(R;C), and show that u” = f'(|z])do + £ (|z]).

15. EXTENDING CONTINUOUS OPERATORS ON . (R;C) 10 .(R;C)"

The extension that we made of the operators H* to .(R;C)” is a special case
of the fact that many continuous linear operator on .#(R;C) determine a unique
continuous operator from .#(R; C)" itself. To explain how this done, suppose that
A is a continuous operator on .(R;C) and let A* be its formal adjoint. That is,
for 1 € .7(R; C) define A*y € .(R;C)" so that

<S0a A*¢> = (AQO, ¢)L2(AR;C)'

Of course, when, like H*, A on . (R;C) is symmetric with respect to the L2-inner
product, A* = A.

Theorem 15.1. Let A be a continuous operator on #(R; C), assume that A* maps
S (R;C) continuously into itself, and define Au for u € . (R;C)" so that

(p, Au) = (A%p, u).

Then A is the unique extention of A as a continuous operator on . (R;C)* into
itself.
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Proof. Because A* maps . (R;C) continuously into itself, for each m > 0 there
exists an n > 0 and C' < oo such that [[A*¢|| @) < Cllellsm ), and

therefore, if u € (™) (R; C), then
(e, Au)| = [{A%p, u)| < [[A 0| woom sy |ull o= m ricy < Clloll s mioyllull.so—m ric)-

Hence [|Aul| g -m®,c) < Ollull so(-m(mic)> and so A maps .’(R;C)" continuously
into itself. Furthermore, since .#(R;C) is dense in .7(R;C)* and (p, AY) =
(A*<P71/J)L2(AR~C) for v € (R;C), A is the one and only continuous extension

to .7 (R;C)" of A | #(R;C). O
Given a continuous operator A on . (R;C)" and m,n € Z

||A||5’(”>(R;C)—>5/’(R;C)(m) = SUP{M“H%M(R;C) : ||U||5ﬂ<n>(R;C) = 1}~

The argument given in the proof of Theorem 15.1 shows that, for m,n € N,
(15.1) Al Ri0) = -m i) = A" |70 (Rs )70 (Rs0) -

The Fourier transform is a particularly important operator on . (R; C)*, and its
adjoint is given by ¢ € Z(R;C) — ¢ € .(R;C). Hence

(p,u) = (B, u),
and, since @] o rie)y = (2m)= el cm (mycy for all m > 0, (15.1) says that
[l - (icy = (27) 2 [[ul] oy sy for all m > 0. In addition,
(p,u) = (2m) " {(@)" u) = (2m) o, @),

which gives an extension of Parseval’s identity to the Fourier transform on .7 (R; C)".

Further, because ¢ that adjoint of ¢ € ./ (R;C) — @ € Z(R;C), (p,4) = (P, u)
and therefore

(i, (@)") = (¢, ) = 2m(p, u),
similarly, (i, (@)V) = 27 (¢, u). Hence we have proved the Fourier inversion formula
(0)" = 2mu = (u)".

Computing Fourier transform§ can be hard! Among those that are easy are those
of 96, and, for f € L*(\g;C), f. Indeed,

(0,04) = p(a) = /e_mxgo(x) dx = (p,eq), where e,(x) = e'".

Hence, 06, = (—1)’e,. To compute f when f is thought of as the distribution
fAR, note that

.0 = [ 7O ([ own) de = [ o)) do = (6. 5)

and therefore f;\% equals the distribution is fAg. When f € L2(Ag;C), one uses

the fact that, as R — oo, 1_g g f — f in Z(R;C)" and therefore f = f where

f =limp 0o ?1\3 is the L2-Fourier transform of f. Similarly, when u is a finite Borel
measure on R, i as a distribution is equal to the function ji given by

(15.2) le) = [ e uda).
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Trickier is the computation of the Fourier transform of distributions like log |z|.
One way to do so is to observe that dlog|z| = 1 and first compute 2~ z—1. For that
purpose, set f,(z) = z2+y for y > 0, and observe that, as y \, 0, f, — = —1 and
therefore fAy — 2 Llin Z(R;C)". Next observe that observe that, by (7.11),

Y R WEx R N
fy(€) = lim % dxr =1 lim % dz = wwsgn(&)e VIl
R—oo J_pa*+vy R—oco [ _pa®+y

Hence

(15.3) 1= = umsgn.
Knowing (15.3) one might expect that one can use du = —igi to compute log |z].

However to do so it is necessary to confront a technical difficulty. Namely, % =

and |£| 71 is not a distribution. On the other hand,

o [ERTE m “

is a distribution. Thus, to overcome the problem, set u = log || and write

(o, 1) = (@ — @(0)g1, @) + ©(0)(g1,0)-
and note that (g7, 4) = 27 [ g1(z)log |z| dz. At the same time,

<90 - @(0)‘6;7 ’&> = <§0 — 90(0)6;7 , —Z€ﬁ>

et =\ o~ p(0)e %
_< E ,8u>_—7r< €] ,)\R>-

<%Eaa>=—w/¢@"§fk_2ds+%wm)/gmwngMn
J

Next, consider a differential operator L = ijo a;®7 where {ag,...,a;} C
C>(R;C) and all the a;’s and their derivatives have at most polynomial growth.

Then
Lo = Z J 3]

Since it a obvious that &’ maps Y(m) (R;C) continuously into . +7)(R;C), to
see that L* is continuous we need the following.

|£|

Hence

Lemma 15.2. Let f € C*°(R;R), and assume that for each m > 0 there exists an
ko > 0 such that

J
F,, = max sup M

1<j<mz€R 1 + |.fL'|km < o0

Then, for each m > 0,

e fllrom @cy < 2KmEm ol omskm @ic)-
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Proof. By Exercise 3.5 with n = 0, it is sufficient for us to show that for each
k,¢ € N with k£ + ¢ < m, there is a cj ¢ such that

1250 (P) | L2 (rese) < Chell Pl wimsa micy 1 l]rom ey -

To this end, remember that

L0\ . ,
O (py)) =Y (;) 070" ),

=0

and
12507 00" fll L2 (rgsc) < Fon| (1 + 12F)2* 07 0| L2 (agic) < 2Fmllpl] ot iy |-
O

Knowing the result in Lemma , it is clear that L* maps . (m)(R; C) continuously
into . ("™ +/)(R; C) for each m > 0. Using this fact, it is easy to check that du = 1£h.
Indeed, both sides of the equation are continuous functions of v € . (R;C)*, and
the equation holds when u € %(R;C).

Another important operation is convolution. That is, given ¢ € #(R;C), con-
sider the operator Cy, on . (R; C) given by Cyn = n*1). Because 17*/7/1 = 71, Lemma
15 guarantees that Cy maps % (m)(R; C) continuously into itself for all m > 0. In
addition,

(0rp ) = / / o(@)b(z — y)ly) dady = / / ol + y)b(@)i(y) dedy = (Cp,1)
where

Coply) = / o(x + y)(z) da.

Since C/;Zc\p(g) = $(¢)V, Lemma 15 again guarantees that, for all m > 0, C,, maps
Z(m)(R; C) continuously into itself, and so Cy has a unique extention to . (R; C)",
and this extention is a continuous map of .# (™) (R; C) into itself for all m € Z.

In order to gain a better understanding of C;, we need to use the translation maps
T+ L (R;C) — 7 (R; C) defined in Exercise 13.10, and define ¢*u(z) = (-5, )
for u € Z(R;C)" and = € R.

Theorem 15.3. For ¢ € (R;C) and u € S (R;C), ¥ xu = Cypu, Pp*xu = 1&11,
and ¥« u = (27) "L (@)Y .

Proof. Since Cyn = 1 *n and m = 1&77 when 7 € .(R; C) and Cy, is a continuous
operator on .#(R;C)", it suffices to to show that u ~» ¥ * u is a continuous of
Z(R;C)" into itself. To this end, note that, by Exercise 13.10, x ~» 7_,9 is a
continuous map of .7(R;C) into itself and therefore that ¢ * u is a continuous
function. In addition, by Theorem 13.2 and that exercise,

¥ % w(@)| < |72l soom @y lullor-m @e) < Kmll | ull so-m gicy
< K2 (] v )™ T ull o em iy
and so ¢ * u € . (R;C)". Finally, if u,, — u in ™) (R;C), then v * u,(x) —
¥ * u(z) for each x and

supsup |9 % wp ()]
n>1zer (14 |z])m+!
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Hence, by Lebesgue’s dominated convergence theorem, for each ¢ € 7(R;C),

(00 % ) = / (@) un (@) d = / (@) ul@) di = (i, % ).

O

A simple, but typical, application of these results is to the ordinary differential
equation A\u — u” = u, where A > 0 and p is a finite Borel measure on R. The
solution u to this equation describes the electric potential along a wire produced by
a charge distribution p when the wire has resistance that is a linear function of the
potential. To solve this equation, assume that u € .%(R;C)", and take the Fourier
transform of both sides. Then A\ + 24 = fi, and so @ = ﬁgg Next observe (cf.

(7.5)) that ﬁ&"’ =G, where

Gi(z) = Leﬂ\%lm\

T 0N '
Even though G ¢ .%(R;C), the function z ~ G * u(z) = [ Gr(x —y) p(dy) is an
element of L'(Ag;C) and therefore of .#(R;C)". In addition, by Fubini’s theorem,

Gy * = Gfi, and therefore

1 7/\% |z—
u(zx) = e vl u(dy).
@ =7 [ p(dy)
It is an instructive exercise to check that this u is a solution. To this end, first
use Exercise 3.6 below to see that v’ is the function
Az

1
o' (r) = 5 /sgn(y —x)e Myl gy,

Thus
o) =~y = [ @@ (5 [swnle— e =) i) ) do

=/G/sgn(x—y)e‘k%"”‘y'@’(x) dw) p(dy).

Next note that

/sgn(z —y)e 1YY (z) do = / M (2) da —/
Yy

Y 1
N @Y (1) da
y

oo 1 1
— py) A / A0 4y () + A2 / A dp = “20(y) + 2vuly),
Yy

— 00

and therefore (¢, u”) = —(p, 1) + A(p,u), which means that Au —u” = p.

Exercise 15.4. This exercise deals with the special case when an element of
Z(R;C)" is given by a Borel measure .
(i) Show that 9 * u equals the function

xERH/w(x—y)u(dy)e(C.

(ii) If p is finite, show that [ equals the function

EeR— u(6) = /e’fwu(dx) eC
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and that {1 € Cp(R; C) with norm |||y = p(R).
(iii) If [(1 +2%)% p(dr) < oo for some m > 0, show that i € C*(R;C) and that

0% i)l < /|x\ku(dx) for 0 < k <m.

(iv) Assume that [ |z|* u(dz) < oo for all k € N, and show that 1) u is an element
of S (R;C) for all ¢y € S (R;C).

Hint: Show that m is an element of .7 (R; C).

16. Moving TO RY

With essentially no new ideas and the introduction of only slightly uglier nota-
tion, we will transfer most of the contents of §§7-15 to R™.
If f € LY(RY;C), its Fourier transform is the function

f(e) = / €0 f(x) dx,

and, using exactly the same arguments as we did when N = 1, one can easily show
that || fllu < [ fllz1(a,n:c)s f is continuous and that if f € C*(RY;C) N L' (Agn; C)
and f’ € L'(\gn; C), then G/I]\f(ﬁ) = —zfjf(£) for 1 < j < N, from which it follows
that f(&) — 0 as |£] — oo.

To develop an inversion formula, one introduces the functions

x|2
0:(x) = (2mt) " F e

_t1g)?

uses Fubini’s theorem to check that g;(£) = e~ "2 , and proceeds as before to see

first that
_ e )N F
o= ysydy = m > [ e fig) e
and then that, as t \ 0,

f in Ll ()\]RN; (C)
f(x) if f is continuous at x.

t1&]2 N
(27T)_N/€_ 5 e_l(s’x)RNf(i) dx converges to {

The normalized Hermite functions on RV are indexed by m = (mq,...,my) €
N and defined by

iLm(X) = iLm(xl) T iLnN (rn).
By standard results about products of Hilbert spaces, one knows that they form an
orthonormal basis in L?(Ag~; C). In addition, if

N
H=|x]>-A= Z(mf —82]_),
j=1

then
N

7'”j"m = Mmﬁm where MHm = ZMmJ
j=1

and
N

R where |ml|; = ij.
j=1

7 N
2

(hm)A — Zl\m\ll(gw)
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Finally, the estimates in (11.2) can be used to show that

N 2 N 2
HhmHLl()\RN;C) < H(27T(mj + 1)) s Pmlle < mJ +1) and
(16.1) 7=1 7=1
. } N
25 m o V (10n, Ban[lw < 2V T (m; + 1).
=1

Therefore, exactly the same reasoning as we used in §12 shows that the Fourier
transform can be extended to L?(Ag~;C) as a continuous operator that satisfies

(‘3/1;].\]” = —zfjf if f € C'(RY;C) and f and Oy, f are in L'(Og~;C) U LA(RY; C).
and the Parseval equality
(f7 g)L2(>\]RN§(C) = (27T>N(fu g>L2(>\RN;(C) for f,g € LQ()‘]R; (C)

The Schwartz test function space . (RY;C) for RY is defined as the space of
¢ € C(RY;C) with the property that ||:vk8£ @llu < oo forall 1 <4,5 < N and
k,?¢ € N. Again one introduces the operators

Moo= ui(p, o) L2 (a,ns0)he

keNN
and defines the norms
el = > llz:i0s, ¢l
1<i,j<N
k+4<m

and

1]l o ey om @naey = D #1220y s
keNN
and the spaces

LSRN, C) = {p € L’Ogn;C) ¢ 9l g gycyem < 00}

Clearly, if ¢ € C™(RY;C), then o]l 5 @;cyem = ”H%‘P”LQ(ARN C)-
Using the estimates in (16.1) and the reasoning in Lemma 13.1 and Theorem
13.2, one sees that, for each m there is a K, € (0,00) such that

lll o @ icy < Kmllll 7N
and

lell&™ < Kllol| soimsam @v.c)-
Hence, .7 (RV;C) = N>°_, 7™ (RN;C) and . (RY;C)" can be identified as the
union |J_, .7 "™)(RY;C) where .#(—™)(RY;C) is the analog for N > 2 of
Z=mM)(R;C) for N = 1. Further, the obvious analogs of Theorems 14.3 and 14.5

hold. In proving the analogs of Theorems 14.5 and 14.7, one needs to use the R
version of Taylor’s theorem which says that

n Kk n 1
-y ¥ 8%!(0))(14% 3 < I1>xk/0(1—t)"8k@(tx)dt,

m=0 K= Ikl i=n+1
where k! = HN kj, xk = H;V 1z Ok = HJ 1 8’;?, and ("Il) is the multinomial
<n+1>'

coefficient
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Once one has the preceding, it should be clear how to extend continuous opera-
tors on .%(RN; C) to continuous operators on .%(RV;C)". In particular, both the
Fourier transform and convolution have such extensions.

To demonstrate its use, consider again the example discussed at the end of §15,
only now its analog au — Au = p in RV, where A\ > 0 and p is a finite Borel
measure on RY. Just as before, the Fourier transform of this equation lead to the
conclusion that @ = %‘52 To find the function G of which (A + [€]?)~1 is the
Fourier transform, note that

1 /Oo —t(a+|€))? /Oo — At~
— = e ta dt = e Mg (&) dt,
A+ [€]2 0 0 &)

from which it follows that
[e'e] (o] 2
Gi(x) = / e Mgoy(x) dt = (4m) "3 / e M gt
0 0

The function G, is a Bessel function, and a more explicit expression for it is easy
to obtain only when N is odd. For example, when N = 1, we already knew that

1
Gi(z) = 2)\17% e~*?1#l and when N = 3, after differentiating (7.6) with respect to

x, one sees that

1
ei>‘2 ‘xl

G)\(X) =

27|x|

In any case, it is clear that G € L*(Ag~;C) and therefore that

u(x) = / Ga(x — y) u(dy).

The Poisson problem Au = —p is a closely related to the preceding. The Fourier
equivalent equation is |¢]?4 = fi, which means that @ = ‘5%, and so one has to

figure out for which u’s # € 7 (RV; (C)*. A further complication is that, even if
a solution exists, it will not be unique. Indeed, given any solution w, u + v will also
be a solution for any v € .%(RN;C)" which is harmonic (i.e., Av = 0). Notice that
if v is harmonic, then €26 = 0, and therefore {0} is the support of 9, which, by
Theorem 14.5 means that ¢ is a linear combination of derivatives of §; and therefore
that v is a polynomial. Thus, v € .%(R;C)" is harmonic harmonic if and only if
v = ax + b, but when N > 2 there are harmonic polynomials of all orders. For
example, the real part of any complex polynomial will be a harmonic element of
S (R?%;C).

As for the question of existence of solutions, when N = 1 one can check that if
J(1+ |z|) p(z) < oo, then & ~ [(z —y)~ p(dx) is a solution. When N = 2, one
can use Green’s formula and the divergence theorem to show that

/Acp(X) log |x — y|dx = 2m¢(y)
foor ¢ € .7(R; C), and therefore, if Go(y) = —5= log |y| and

//{GO(X — )| dxpu(dy) < oo, (+)
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then Go*p is a solution. When N > 3, one should look for the tempered distribution
of which [¢|2 is the Fourier transform. To that end, observe that

1 © o
ﬁ:/ el dt:/ 92¢(8) dt,
£| 0 0

and so |€|72 is the Fourier transform of

00 2 1 00 T N—=2
Go(x) = (477)*%/ ¥ e dt = Ni/ t2 2t gt = #
0 drz [x|N=2 Jo 4 x| N2
N—2p(N=2

where I' is Euler’s gamma function. Because F(%) = —F(T) and

- QFW( 5) s

the area wxy_1 of the unit sphere SV=1 in RV, we have that

1
G = .
0) = N Doy 2
Thus, Go*p is a solution if (x) holds. The function Gy is called the Green’s function
for the Laplacian in RY.

Exercise 16.1. Show that if f is an entire function on C (i.e., an analytic function
there), then, as a function on R? it is tempered distribution if and only if it is a
polynomial. Conclude that if an entire function is not a polynomial, then it grows
at infinity faster that any power of z.

17. CONVERGENCE OF PROBABILITY MEASURES

Define M;(RY) to be the set of Borel probability measures on RY. Clearly
M, (RY) is a convex subset of .#(RY;C)*, but it is a subset that possesses prop-
erties that are not shared by most other elements of .7 (R"; (C)*, and the topology
of .7(RN;C)" does not take full advantage of those properties. There are three
stronger topologies that recommend themselves. Namely: the uniform topology,
which is the one for which”

|1 = vllvar = sup{|(¢, u — v)| : ¢ a Borel measurable function with [j¢[l, = 1}
is the metric; the strong for which sets of the form
S 301, on) = {v: [om,v —p)| <rfor 1 <m <n},

where ¢,,’s are bounded Borel measurable R-valued functions on R, are a neigh-
borhood basis for p; and the weak for which sets of the S(u,r;p1,...,0,) are a
neighborhood basis for u, only now with the restriction that ¢,,’s must be contin-
uous as well as bounded.

Obviously, the strength of the uniform topology is greater than that of the strong
topology, which is stronger than the weak topology, which, at first sight, looks
stronger than the one which M (RY) inherits as a subset of .#(RY;C)". Each of
them has its virtues and flaws. The uniform topology admits a metric and is the
strong topology on the dual space of the Banach space Cy(RY; R) with the uniform
topology; the strong topology is not separable and points don’t have countable
neighborhood bases; as we will show below, the weak topology is both separable
and admits a metric, and it is the one which is most useful in practice.

"We will continue to use (¢, 1) to denote the integral with respect to u of a function ¢, even
if p ¢ S([RN;C). Also, (¢, v — ) = (p,v) — (o, ).
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In what follows, we will study some of the properties and applications of the
weak topology.

Lemma 17.1. The sets S(p, 7501, -, pn) With p1,...,0, € CZ(RY;R) are a
neighborhood basis at p for the weak topology.

Proof. We begin by showing if that ¢ € C5°(R;C) with ||¢|l, =1 and r > 0, then
there exist 1, s € C2(RY; C) such that

{v: len,v=mlV ez —ml < §} S{v: o,y —pml <7}
To this end, choose R > 0 so that x(B(0,R)) > 1— %, and take n € C°(RY;R)
so that n =1 on B(0, R) and v = 0 off B(0, R+ 1). Then

(o, v = )| < [(np, v — )| + (1 —n)p, v — p)

and
(A =me,v =@ < (1—n,pm+(1-nv)
<2(L—=n,p) + (L —nv—pm|=200—npu+[nv—pl
Thus
(1 =n)p,v — )| < (ng, v — )| +2u(B(0, R)E) + |(n,v — )],
and so

{v:lne,v—wlVIinv—wl <5} S{v: [(e,v—u|<r}

In view of the preceding, it suffices to show that if ¢ € C.(RY;C) with o[/, = 1
and 7 > 0, then there exists a 1 € C>°(RY;C) such

(v =) < 5 = Ko, v —w| <.

To this end, simply choose ¢ € C2°(RY;C) so that [|¢ — ||, < %, and check that
this ¢ will serve. O

As Lemma 17.1 makes clear, what we are calling the weak topology on M; (RY)
is what a functional analyst would call the weak* topology on the dual space
Co(RM;R)* of the Banach space Cp(R™;R) with the uniform norm. Indeed, the
Riesz representation theorem allows one to identify Co(R™;R) with the space of
finite signed Borel measures on RY, and so M; (R") can be thought of as a convex
subset of the unit ball in Co(RY;R)*, in which case Lemma 17.1 shows that the
weak topology on M (RY) is the topology M;(R") inherits as a subset from the
weak* topology on Cp(RM;R)*.

Theorem 17.2. The weak topology on M1 (RY) is a separable, metric topology.
Proof. Let {¢r : k> 1} be a dense subset of C.(R";R), and define

_w lew v —p)
A?) =2 F G (v — )

Using Lemma 17.1, it is easy to check that ¢ is a metric for the weak topology on
M, (RY).

To prove separability, define D to be the set of measures Y ' _, a,,,0x,,, where
n > 1, the a,,’s are non-negative rational numbers whose sum is 1, and the x,,’s
are elements of RY with rational coordinates. Clearly D is countable. Therefore
it suffices to show that, for each u € M;(RY), each cellection {p1,...,0} C
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Co(RM;R), and € > 0, there is a v € D such that maxj<k</|{¢r, v — p)| < e
Further, we need do so only for ¢p’s and a p which are supported on a ball B(0, R).
Given such a ,’s and p, choose r > 0 so that maxi<p<s|pr(y) — @r(x)| < §
if |y — x| < r. Next, cover B(0,R) with balls B(x,,r), where 1 < m < n,

each x,, € B(0,R) and has rational coordinates, and define 4; = B(x1,r) and
A = B(xm, )\ UZ:ll Ay for 2 < m < n. Finally, choose non-negative, rational
numbers aq, ..., a, so that

1z, el 2 Z Jam — 1 An)] < 5

and " _, an =1, and take v = Y | @m0y, . Then, for 1 <k < ¢,

{ows it — v)] < Z/ lor (%) = o(xm)| e + okl D 11(Am) = am]| < €.

m=1

O

We will use the notation j,, —p to mean that u, — in the weak topology on
M, (RY).
Theorem 17.3. Given {j, : n > 1}U{u} € M;(RY), the following are equivalent:

(i) Mnlﬁi-

(i) [{@, tn — )] — 0 for all ¢ € CF(RY;R).

(iii) For all closed sets F C RN, lim,, 00 pin(F) < p(F).

(iv) For all open sets G C RN lim,, , _ un(G) > p(G).

(v) For all upper continuous functwns f:RY — R that are bounded above,
mn—><>o<fa pin) < (s p)-

(vi) For all lower continuous functions f : RN — R that are bounded below,
Lim,, , o (fs ) = (f, p1)-

Finally, if T € B and the boundary OT has pu-measure 0, then ji,—sp =—>
p(I) = limy—s 00 pn (I).

Proof. We already proved in Lemma 17.1 the equivalence of (i) and (ii), and the
equivalence of (iii) and (iv) as well as that of (v) and (vi) is obvious. In addition,
it is clear that (v) together with (vi) implies (i). Thus, we need only check that (i)
implies (iii) and that (iv) implies (vi).

1
|z—F| )F

Assume that g, —u. Given a closed set F, define gp(z) = 1 — (1+‘17F|

Then ¢ € C(RY;[0,1]) and @i \, 15 as k — oco. Hence, for all k,
{on 1) = Hm (pk, pn) 2l g (F),
and 50 p(F) = limg_ 00 {0k, 1) > limy, s o0 pin (F). Thus (i) = (iii).

In proving that (iv) implies (vi), it suffices to handle f’s which are positive as
well as lower semicontinuous. Given such an f, define

o~ J A4 1
e = ZTIIJJ« of= 27621(1]‘,;‘-, of,
j=1



TOPICS IN FOURIER ANALYSIS 53

where
J Jj+1 J
L= (e ] g = (o)
Then 0 < f ' f as k — oo. In addition, because f is lower semicontinuous, the
sets G = {x: f(x) € Jj 1} are open. Hence, if (iv) holds, then, for all k,

<fku;u’> < him <fk7/~bn> < hirn <f7ﬂn>7

n—oo n— oo
and so
(o) = lim (fie, p) < Lim (f, pon).

n—oo

To prove the concluding assertion, assume i, —p and that u(0I') = 0. Set
G =T and F =T. Then
w(T) = p(G) < Tim 1,(G) < lim g (1)

n—oo n—oo
and
— > I EE
p(T) = p(F) = lim g, (F) > lim g (T),
and so u(T") = limy, o0 pin (T). O

Another useful fact about weak convergence is the following.

Theorem 17.4. Assume that ji,—spu, let 1 € C(RY;[0,00)) be an element of
LY (p;R) as well as of (2 L' (pn; R). Then (¢, p) < lim,_, (¥, uy,). In addition,
if {on 1 n > 1} CCRN;R), |@n| <9 for alln > 1, and (b, pn) — (P, u), then
(pn,s ) — (@, ) if o —> @ uniformly on compact subsets.

Proof. Clearly,
(OAR p) = Tim (AR, pp) < Tim (@, )

n— o0
for all R >0, and so (¢, ) <lim, (¥, pn).

Now suppose that (¢, un) — (¢, u), that |p,| < 9, and that ¢, — ¢ uni-
formly on compact subsets. Clearly

[(ns tin) = (s )| < [(on — @, )| + (o 1t = fin)]-

For each R > 0, choose nr € C*°(R";[0,1]) so that ng = 1 on B(0, R) and ng =0
off B(0, R+ 1). Then, for each R > 0,

Lm [{pn — @, fin)]

n—oo

< lm  sup Jpn(2) — ()[R, pn) + T (1= n8)(gn — @), n)]

<2 lim ((1 = nr)t, pn) = 2((1 = nr)Y, 1),

and, by Lebesgue’s dominated convergence theorem, the last expression tends to 0
as R — oo. Similarly,

—00

< Tim |(nre, pn — )] + T (1= n0R), i) + (1= nr)t, 1) = 2((1 = nr), 1),

and 50 Ty o0 [ (2 fin — )] = 0. H
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We will next investigate when a subset of My (R”) is relatively compact. Because
the unit ball in the dual space of a Banach is compact in the weak* topology, a
careless functional analyst might think that M;(R") is itself compact. However,
although M (R¥) is closed in the strong topology on Co(RM;R)*, it is not closed
in the weak* topology. Indeed, the sequence {6, : n > 1} C M;(R) is weak*
convergent to measure whose total mass is 0, which is not an element of M (R).
As this example indicates, in order for the weak* limit of a sequence {u, : n > 1}
C M;(RY) to be in M;(RY), one needs to know that the mass of the j,’s is not
escaping to infinity. With that in mind, we will say that a subset A of My (RY) is
tight if, for each € € (0,1), there exists an R € [0, 00) such that

inf 4(B(0,R)) >1—¢.

il n(BO.R) 21—
Theorem 17.5. A subset A C M;(RY) is relatively compact in the weak topology
if and only if it is tight.

Proof. Assume that A is tight, and let {u, : n > 1} € M;(RY). As pointed
out above, there is a subsequence of {p, : n > 1} C M;(R") which is weak*
convergent in Co(RY;R)* to a v € Co(RY;R)* which is a non-negative measure
with total mass less than or equal to 1, and so, without loss in generality, we
will assume that {u, : n > 1} is weak® convergent to v. In order to check that

v(RN) =1, for any € € (0,1) choose R so that inf,>1 s, (B(0,R)) > 1 — ¢, and
choose n € C'(RY;0,1]) so that n = 1 on B(0, R) and 1 = 0 off B(0, R+ 1). Then

N A T aN _ . I T TN o
v(RY) = v(B(0,R+1)) = (n,v) = lim (n, i) > lm pn(B(0,R)) > 1~ ¢,

and so v(R") must be 1.

Conversely, suppose that A C M;(R") is relatively compact in the weak topol-
ogy. If A were not tight, then there would exist a 6 € [0,1) and, for each n > 1, a
Wn € A such that p, (B(O7 n)) < 6, and, because A is relatively compact, we could
assume that p1,, —p for some p € My (RY). But if 5, € C(R™;[0,1]) equals 1 on

B(0,m) and 0 off of B(0,m + 1), that would mean that, for all m > 1,

M(B(Ovm)) < <77ma:u> = lim <77maﬂn> < 11_>7m Mn(B(Ovn)) <0,

n—oo

and so u(RY) would have to be less than or equal to § < 1. O

Exercise 17.6. Show that p,, —u if and only if p,, — g in #(RY;C)".

18. THE FOURIER TRANSFORM FOR M (RY)

In many applications, it is important to know the relationship between the weak
convergence of measures and convergence of their Fourier transforms, which are
often called characteristic functions in the probability literature.

Theorem 18.1. Given {u, : n > 1} U {u} € M;(RN), pn—pu if and only if
fin (&) — (&) for each & € RN. In fact, if pn——sp, then fi, — fi uniformly on
compact subsets.
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Proof. Suppose that fi,, — [i pointwise. Then, by Parseval’s identity and Lebesgue’s
dominated convergence theorem, for each p € .7 (R¥;C),

@ﬂN@ww=/¢@MM—@%—%/¢@M@£M€=@ﬂNww%

and so, by Theorem 17.3, fty, — fu.

Now suppose that ji,, —p and that &, — £ in RY. Then the functions ¢, (x) =
e"&n XN converge uniformly on compact subsets to the function o(x) = e'&x)
and therefore, by Theorem 17.4, fi,(&,) — [(€). Hence fi,, — p uniformly on
compact subsets. O

Undoubtedly the most famous application of Theorem 18.1 is to the derivation
of the Central Limit Theorem in probability theory. The C.L.T. states that if
{X, : n > 1} is a sequence of mutually independent, uniformly square integrable
random variables on some probability space (2, F,P) have the properties that their
expected value is 0 and

i L3 E[€ X,0020] = ¢l
n—oo n 1 PEmIRN ]

for all £ € RV, then the distribution o, of
21 Xm

1
nz2
z2
converges weakly to vV, where y(dz) = (271')_%@_'7 dz is the standard Gaussian

measure on R. To phrase this in analytic terms, let u,, be the distribution of X,,.
Then the distribution of > _| X,, is the measure pq * - - - * p,,, and so

&n(g) = H /]m(n%)

is the Fourier transform of the distribution of -4 >°" _| X,,,. Next note that, by
n2
Taylor’s theorem,

() = 14 25 [ (€00 i) = 2 [ (€% ) + 0 (1),

n

where, because the X,,,’s are uniformly square integrable,

lim n sup om(l) =0.
n—oo m>1 n

Hence, because the X,,, have expected value 0 and

i Y (€0 () = I
=1

n—o00 N

one has that

n
\5\2 —

. 1 _lgl?
0ul®) = T1 (1- 55 (€020 (@) +0n(3)) — % =77 (&)
m=1
In spite of Theorem 18.1, it is not true that a sequence of probability measures
converges weakly just because their Fourier transform converge pointwise. The
reason why is that if the sequence converges weakly, then it is relatively compact
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and therefore must be tight. The following theorem of P. Lévy shows how one can
use Fourier transforms to test for tightness.

Theorem 18.2. (Lévy’s Continuity Theorem) If A C M;(RY), then A is tight
if and only if for each € > 0 there exists an r > 0 such that

(18.1) sup [1— f(€)] <.

HEA

|&l<r
Hence, {ji, : n > 1} C My (RY) is weakly convergent in My(RY) if and only if ji,
converges uniformly in a neighborhood of 0, in which case there is a u € My (RY)

to which {un, : n > 1} is converging weakly.

Proof. Assume that A is tight and therefore relatively compact. To see that (18.1)
hold, suppose it did not. Then there would be an ¢ > 0 such that, for each
n > 1, ‘1 — ,un(ﬁn)’ > ¢ for some p, € A and & € B(0,1), and, because A is
relatively compact, we can choose these u, so that they converge weakly to some
p € M;(RY). But then there would exist an m > 1 for which

1= @IV [ (€) = ®)] < 3

when n > m and when [£] < L, which would lead to the contradiction that |1 —

Now assume that (18.1) holds. To show that A must be tight, begin by observing

that
e / (1— cos(€, y)aw) uldy).

Therefore, if® e € SV, for all 7 > 0,

Lo; e _w
T/O |1 — At )ldtZ/RN\{O} <1 ey e )u(dy)~

sin T

Now set

s(t):inf{ :th} for ¢ > 0.

Then s(t) > 0 for all £ > 0 and, for all R > 0,

sup [1-4(©)] 2 1 [ |1 o) e > s(rRIu({y + I(e.¥)sv| > RY).
g <r rJo

Since
p({y: Iyl > R}) <N sup n({y: |(e,y)rv| > N 2R}),
ecSN -1

we have the estimate

(18.2) n({y : lyl > R}) < sup |1 — fi(€)].

s(rN~2R) jg|<r

In particular, (18.1) implies that, for each ¢ > 0, there is an R > 0 such that
sup u({y : [yl > R}) <e.
HEA

8§N -1 is the unit sphere in RV,
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Bochner found an interesting characterization of characteristic functions, one
which is intimately related to Lévy’s Continuity Theorem. To describe his result,
say that a function f : RY — C is non-negative definite if the matrix

((f(gj - 5k)))1§j,k§n

is non-negative definite for all n > 2 and &;,...,&, € RV, which is equivalent to
saying

Z f(& — &)y >0

for all aq,...,qa, € C.

Theorem 18.3. A function f : RN — C is a characteristic function if and only
if f is continuous, f(0) =1, and f is non-negative definite.

Proof. Assume that f = j for some pu € M;(RY). Then it is obvious that f is
continuous and that f(0) = 1. To see that it is non-negative definite, observe that

n n

Z f(g] _ Sk)ajOTk _ / Z et (&5 —&rX)pN oy u(dx)
J,k=1 j,k=1
2
/ Z e®i%oy| p(dx) >
7,k=1

Now assume that f is a continuous, non-negative definite function with f(0) = 1.

Because
1=(sle 'Y)

is non-negative definite, Jm(f(&) + f(—£)) and Jm(if(&) — if(—€)) are both 0,
and therefore f(€) = f(—€). Thus A is Hermitian, and because it is non-negative
definite, 1 — |f(&)|*> > 0. Therefore |f(¢)| < 1. Next, let ¢ € #(RY;R), and use
Riemann approximations to see that

/ F(€ — m)d(€)i(n) dédn > 0.

Assume for the moment that f € L'(Agn~;C), and set

o(x) = (2m)N / e~ 1EX)e £(£) d.

By Parseval’s identity, Fubini’s Theorem and the fact that 1) (£) = (=€),

(2 [ gy dx = / 1) d = [ 1)) (- de
— [[ 1@+ mim dgan = [[ 16~ myi(€)itn) den = o,

Hence, since g is continuous, it follows that ¢ > 0. In addition, f = § and so
Jg(x)dx = f(0) = 1 and f is the Fourier transform of the probability measure
dp = g dApn .
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x|2
To remove the assumption that f is integrable, set g;(x) = (27rt)’%e*% and

+ 2
define v;(dx) = g;(x) dx. Then 7;(£) = e~ 5= and therefore ft =i f is a continu-

ous, Agrn-integrable function that is 1 at 0. To see that f; is non-negative definite,
note that

Z fe(§ ajag = Z f(& - §k)aja7k/ei(gj_g""x)RN’Yt(dX>
k=1

J,k=1

:/ F(&; — &) (aje®)en) (ae’EX)en ) | 4, (dx) > 0.

Jik=1

Thus f; = j1; for some p; € M;(RY), and so, since f; — f uniformly on compact
subsets, Lévy’s Continuity Theorem implies that ji; tends weakly to a u € M;(RY)
for which f = j. O

Because it is difficult to check whether a function is non-negative definite, it
is the more or less trivial necessity part of Bochner’s Theorem that turns out in
practice to be more useful than the sufficiency conditions.

Exercise 18.4. Given f € C,(RY;C) with f(0) = 1, define the quadratic form

(il = [ el@re— it dein

for ¢, € #(RN;C). Show that this quadratic form is an inner product (i.e.,
(p,0)f > 0) if and only if f is a characteristic function. Further, if f = f, show
that (o,

(i.e., (o,

G.

)i = (%) r2(uc) and therefore that (-, -); is a Hilbert inner product
)f =0 = ¢ =0) if and only if ¢(G) > 0 for all non-empty open sets

Exercise 18.5. Here are some interesting facts about characteristic functions.
(i) It is easy to check that if 4 € M;(RY), then

i) — p(€)[* < 2%Re(1 — fi(n — €)),
and so, by Theorem 18.3, one sees that if f is a continuous, non-negative definite
function for which f(0) = 1, then |f(€)| < 1 and |f(n)— f(£)]* < 2(1—Ref(n—£)).
Show that these inequalities hold even if one drops the continuity assumption.

Hint: Use the non-negative definiteness of the matrices
1 f=&  fl=m)

LJEOY wa (1 1 fie—m
<ﬂ@ ) f) fm-g 1

to see that f(—&) = f(€) and that
1+2a(1=Ref(n—&)) +2a%|f(n) — f(&)| =0 for all @ € R.

(ii) Without using Bochner’s theorem, show that if f; and f, are non-negative
definite functions, then so are fi fs and, for any a,b > 0, af; + bf> is also.
Hint: Show that if A and B are non-negative definite, Hermitian N x N matrices,
then ((Ak’sz’e))lgkaN is also. One way to see this is to use the fact that B
admits a square root.
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(iii) Suppose that f : R¥Y — C is a function for which f(0) = 1. Show that
if im0 | ){ |(2 ) = = 0, then f cannot be a characteristic function. In particular, if
a > 2, then e €1” is not a characteristic function.

(iv) Given a finite signed Borel measure p on RY | define

() = [ € p(a),

and show that & = 0 if and only if u = 0.
Hint: Use the Hahn Decomposition Theorem to write p as the difference of two,
mutually singular, non-negative Borel measures on RV .

(v) Suppose that f : R — C is a non-constant, twice continuously differentiable
characteristic function. Show that f”/(0) < 0 and that f”(O) is again a characteristic
function. In addition, show that | f'||2 V ||f”|lu < |f”(0)| and that |f(n) — f(&)| <
£7(0)[2 |0 — €.

(vi) Suppose that {p, : n > 1} € M;(R) and that f(&) = lim,— o0 fin (&) exists
for each € € R. Show that f is a characteristic function if and only if it is continuous
at 0, and notice that this provides an alternative proof of Theorem 18.2.

(vii) Let p, € M;1(R) be the measure for which d“” = (2n)"'1_,,). Show
that 1, — 140y pointwise, and conclude that {u, : n 2 1} has no weak limits.
This example demonstrates the essential role that continuity plays in Bochner’s and
Lévy’s theorems.

19. INFINITELY DIVISIBLE PROBABILITY MEASURES

The convolution product turns M; (RY) into a commutative ring in which Jg is
the identity. A p € M;(RY) is said to be infinitely divisible in this ring if, for each
n > 1, there exists a 1 € Ml(RN) such that

po=pit = paokecckp,
" —_—————

n times

and the set Z(R?) of infinitely divisible measures is an important source of building
blocks for constructions in probability theory.

For probabililists, an element of Z(RY) is the distribution of a random variable
which, for each n > 1, can be written as the sum of n identically distributed random
variables. Using commutativity, it is easy to check that set Z(RY) of infinitely
divisible measures is a subring of M; (R™).

A famous theorem of Lévy and A. Khinchine describes the characteristic function
of any element of Z(RY). Namely, u € Z(RY) if and only if

() = expi(b, e — 5 (€. 4€)...
(19.1)

+ /(ei(‘s’y)RN -1- ilB(O,l)(y)(£7y)RN) M(dy)),

for some b € RY, non-negative definite, symmetric A € Hom(RY;RY), and Borel
measure M on R such that M ({0}) = 0 and f 1+‘y|2 M (dy) < oo. The expression

in (19.1) is called the Lévy—Khinchine formula, a measure M satisfying the stated
conditions is called a Lévy measure, and the triple (b, A, M) is called a Lévy system.
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It is clear that if the right hand side of (19.1) is a characteristic function for every
Lévy system, then these are characteristic functions of infinitely divisible laws.
Indeed, if p corresponds to (b, A, M) and I3 corresponds to (%, %, %), then 4 =
()"

Proving that the function fp 4 a7y on the right hand side of (19.1) is a charac-
teristic function is a relatively easy. To wit, fo1,0) = 9, where v is the standard
Gaussian measure on RY | and so it is easy to check that fy, A,0 is the characteristic
function of the distribution of x ~~ b+ Azx under ~. Also, if the Lévy measure M
is finite and 7, is the Poisson measure given by

oo

M
(19.2) Ty = e MED YT —

n=0

then

_ = sty h
7TM(£) _ e—M(RN) Z % — e—Z\/I(RN)+M(£) = exp (/(el(ng)mN _ 1> ]\4(dy)7
n=0 ’

and 80 Ta; = f(by,,0,0m), Where by, = fB(og)yM(dY)' Hence, when M is finite,
Jb,4,0r) is the characteristic function of yb_1,, 4 * mas. Finally, for general Lévy
measures M, set My (dy) = 1[%700)(\y|)M(dy). Then My is finite, and so f(p, 4,01,)
is a characteristic function. Therefore, since f, 4,ar,) — f(b,a,n) uniformly on
compact subsets, Theorem 18.2 says that f, 4 1) is a characteristic function.

There are no easy proofs that the characteristic function of any pu € Z(RY) is
given by (19.1). The first step is to show that if u € Z(RYV), then there is a unique
¢ € C(RY;C) such that £(0) = 0, 1‘5‘?“2 is bounded, and fi(¢) = /€. Showing
that ¢ exists and is unique comes down to showing that f never vanishes. To do
that, choose r > 0 so that |1 — fi(€)| < 5 when |¢| < r. Then there is an ¢ for which
0(0) =0, [£(¢)] < 2, and ji(€) = €@ if |¢| <r. Using logz = — 00 | =2° when
|1 — z| < 1, one sees that |[¢(€)] < 2 for |€] < 7.

Since 1 (§)™ = (&), p1 (&) # 0 when €] < r, and so, by uniqueness, it must be
that /Z\(@ = e for |€| < r, and therefore |1 — 11 (€)| < 2 when [€| < r. Hence,

by (18.2), for any R > 0,

N
1 N > R < — 1 )
pi({y: lyl>R}) < nsNIR)
and so
— IN
[1—pa (€)] < /yl—el@’y)\m(dy) <|€|R+2us ({y : Iyl = R}) < |§|R+———.
B " " ns(rN—zR)

Given € # 0, take R = ﬁli\’ choose n so that —2¥—— < 1 and conclude that

ns(eréR) — 4
1 — n1(€)] < % and therefore [a(€)] > 27™. This proves that fi never vanishes
and therefore that i = ef. In addition, by using the fact that limg % = %, the

o . . ©
preceding line of reasoning shows that there is a C' < oo such that |1 — e <

1
=2
when n > C|€|?, and therefore % is bounded.
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Knowing that pr = ew and that £ has at most quadratic growth, one knows
that !
€9 = lim n(77() - 1).
Thinking of £ as a tempered distribution, the challenge is to describe the distribution
of which it is the Fourier transform. Thus, set u = ¢. Then

(20 (g = (206) =t n [ o() ([ (@00 — 1)y () ) g

= nh_)rréon/ (/(e*’(ﬁﬁx)u@’ — 1)@(5))615) pa (dx)
= (2m)N n1Ln;on/(w(X) — ¢(0)) 1 (dx),

and so
() = Jim [ ()~ (0)) 113 ().

In particular, u satisfies the obvious RY analog of the minimum principle in (14.4).
Thus, by the RV -analog of Theorem 14.7, we know that

N
(v = 5 32 A, 2(0) + 3 i (0
+ [ (40) = 9(0) = L0 () (5 Vo(0)) e ) M),

where (b, A, M) is a Lévy system.
To compute the Fourier transform of u, introduce the operator

1 N N
Lb,a,nm)P(x) = 3 Z A 0,0z, 0(X) + Zbﬁm@(x)
+ [ (ot 3) = o) = (b, Vi) o ) M (a).

What we have shown is that (p,u) = L, 4,a)9(0). Using 3::0(5) = —1€;¢(§) and
Fubini’s theorem, one sees that

Lv,an)P(&) = (&) b,a,00)(—E),

where

e(b,A,M)(E) = log f(b,A,M)
= 7%(€>A€) + Z(bvg)RN + /(ez(ﬁ,y) —1- 113(071) (y) <€,y))M(dy)

Hence, by Parseval’s indentity,

(@,0) = 2m)N(p,u) = 2m)N Liv,4,00)(0) = (@, Lba,01)(€)),
and so £ =l A, 0)-

We will now use (19.1) to prove some properties of the associated measures
based on properties of the Lévy system. Use pp a,n) € Y(RN;(C)* to denote
the probability measure of which fy, 4 ar) is the Fourier transform, and set u; =
H(tb,tA,enr) for £ > 0. Then

@m)N O (p, i) = (@, L, anny Fibeann) = 20)N (L a0 P, 1it).
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That is, we have shown that
(19.3) 0@, teb,eaen)) = (L(b, A, M) Py I(tb,t A M)

Theorem 19.1. If either A is non-degenerate or M(G) > 0 for all non-empty open
sets G C RN\ {0}, then pw a,a)(G) > 0 for all non-empty open sets G C RN,

Proof. First observe that pm 4,y = Ob * f(0,4,0), and therefore we can assume
that b = 0. Next note that H(0,A,M) = VA * H(0,0,M) where 74 is the distribution
of z ~» A2z under v, and so, if A is non-degenerate and therefore y4 has a strictly
positive density, f1(0,4,17) does also.

Now assume that b = 0, A =0, and M(G) > 0 for all open ) # G C RV \ {0}.
Given an open G # 0, choose an n € C*(RY;[0,1]) which is strictly positive on G
and vanishes off of G. Then

L0,0,1)71(x) = /(n(x +y) = n(x) — 10,1 (y) (Vn(x), y)RN) M (dy)
— [ x4 3) M(ay) > 0
if x ¢ G. Hence, if f(t) = (1, f1(0,0,ta1))> then f >0 and, by (19.3), (0,040 (G) =

0 = f'(t) > 0. But po,0n)(G) = 0 also implies that f(t) = 0, which, by the
first derivative test, is possible only if f'(t) = 0. Hence f(¢) > 0 for all ¢t > 0, and

80 f1(0,0,01)(G) > 0. O
Theorem 19.2. If N =1, then pip a0 ((—00,0)) = 0 if and only if
(19.4) A=0, M((—00,0)) =0, and / y M(dy) <b.

lyl<1

Proof. Observe that,

{xeR":z;<0for1<j<n|}C{xeR": Zm<0 ,
j=1
and therefore p11 ((foo,O))n < p*((—00,0)) for any p € Mi(R).

Now assume %hat u(byA_’M)((—oo,O)) = 0. Since fyp,a,0m) = YA * fi(p,0,m) and
v4(G) > 0 for all open G # @ unless A = 0, it follows that A = 0. Next observe
that f(,0,ar) has a bounded analytic extension to {¢ € C: Re¢ < 0}, and there-
fore M((—oo O)) must be 0. Finally, to prove the inequality in (19.4), set p1 =
fi(b 0, M) Since pq = pY 1 , the observation above shows that 1 ((—oo, 0)) =0, ”and
therefore, if ¢ > 0 on [0 o0) and ¢(0) = 0, then, by (19.3),

Lu0ane(0) = lim n({p, p1) —¢(0)) =20,

and so

0+ [(60) = 11 ()ue'0) M(dy) 2 0

Now choose 17 € C*°(R; [0,1]) so that n = 1 on [—%, %] and n = 0 off (—1,1), and,
for r € (0,1), set o, (x) = yn,(y) where n,.(y) = n(%). By the preceding applied to
%01“7

b— /(1<—1,1)(y) — e (y))y M(dy) > 0,
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and so
/ yM (dy) < b for all 7 € (0,1).
(r,1)

Finally, assume that (19.4) holds, and set M, (dy) = 1. «)(y) M(dy) and b, =
b— [y M, (dy) for r > 0. Then (19.4) holds for (b,0, M,.) and (cf. (19.2)) p,0,01,) =
Op, * mar,., from which it is clear that M(b,o,MT)((—OO»O)) = 0. Therefore, since

[h(b,0,M,) —H(b,0,M) F(b,0,0) ((—00,0)) = 0. U

Exercise 19.3. If M is symmetric, show that the integral in (19.1) can be replaced
by

/(COS(§7Y)RN —1) M(dy).

If M is invariant under orthogonal transformations, show that the integral in (19.1)
is equal to

/SN—l (cos(e,w)pn — 1) Agv—1(dw)|E|*,

where e € SV¥~! and a € (0,2). In particular, by combining this with part (iii) of
Exercise 4.3, conclude that e~ ¢!” is a characteristic function if and only if a € [0, 2].

20. SINGULAR INTEGRAL OPERATORS

The classic Poisson problem is that of finding, for a given a function ¢, a solution
u to the equation Au = —¢ in RY, and one of the questions that arises is determin-
ing how properties of the function ¢ are reflected by the solution u. In particular,
one wants to know whether second order derivatives of u can be estimated in terms
of ¢. When N = 1, this problem doesn’t arise because —¢ is the second derivative
of u. However, when N > 2, it is not at all clear to what extent the entire Hessian
matrix of u is controlled by its trace.

To address this question, it is best to begin by giving an integral representation
of the solution u. Depending on dimension, u is given by

u(w) = [ 6V = () dy
GWN) is the Green’s function for the Laplacian in RY is

1 N —
G (2. y) = {W10g|x—y| itN=2

Wy N 23
Thus
0z, 0s,u(z) = / GE,]JY)(JJ —y)p(y) dy
where
1 X; T4
6w = L [ (-, N5).
. b () wn-1]|zV h |z |2

Because GE’]}[) is not an integrable function, one has take care when interpreting
convolution with it. On the other hand, since GV) € .7(RY;C)", so is Ggg) and

therefore ¢ * Ggg) makes perfectly good sense when ¢ € .(RY;C). The question
then is whether, using this interpretation, one can derive estimates.
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Before getting into the details, it is important to know what sort of estimates are
possible. In particular, because GE_I;I) is neither integrable nor bounded, one should

not expect that convolution with it will map either L!(Agn; C) or L>(Agn~; C) into
itself. Even so, it turns out (cf. (24.2) below) that it maps LP(Ag~;C) boundedly
into itself when p € (1,00), and what follows is one way to prove that.

21. THE HILBERT TRANSFORM

A key fact about GZ(-S-[) is that it is a homogeneous function of order N whose

integral over S¥~! is 0. That is, it is a function of the form
Q(x)
k =
(z) P

where Q(rz) = Q(z) for all 7 > 0 and [y, Q(w) Agv-1(dw) = 0. Such functions
are called Calderon—Zygmund kernels because Calderon and Zygmund were able to
prove a large number of deep results about convolution with respect to them. In
particular (cf. (23.2) below), they showed that, in great generality, for each p €
(1, 00) there is a constant C), depending on N and (2, such that ||¢ * k:||Lp(,\RN ) <
CI)HQDHLP()\RN iC)-

When N = 1 there is, up to a multiple constant, only one C-K kernel, namely, the
function h(z) = ?11 Convolution with respect to h was studied originally by Hilbert
and has been known as the Hilbert transform ever since. A seminal observation of
Hilbert is that, even though h ¢ L!(A\g; C), this transform is a bounded mapping of
L?(\g;C) into itself. Indeed, thinking of h as a tempered distribution, we showed
in (6.2) that h(€) = wsgn(€). Thus, we know that [|¢ * P2 owsey < ll@llz2 (a0

In order to prove the estimate for p # 2, I will use an beautiful approach that
I think was introduced by M. Riesz and is closely related to the ideas we used
to compute h. Recall the functions p,(z) = %ﬁ and ¢, = %%ﬂﬁ which
are, respectively, the real and imaginary parts of > when z = x +1y. Next, set
hy(x) = 1py o) (x)h(z), and observe that ||hy, — g,/ (xe;0) = P — @1l 1 (i) <
2 and therefore || * hy — ¢ * gyl rr(apsc) < 2@l r(apsc)- Thus, showing that
sup, s 19 * @yl Lr (resc) < Cpll@llLr (agsc) for some Cp < oo will show that

sup ll * hyll e (apsc) < Cpll@ll L (rg;c)y for some other Cp < oo.
Y

The advantage that g, has over h, is its connection to analytic functions. Namely,
since £ = py(z) 4 1qy(x)

2 o(&)
f(2) = p*py(x) + 19 % qy(7) = ;/mdf-
Further, because ||py|lzr(apic) = 1, |9 *PyllLe (apsc) < 10l Lr (Agsc)» and Riesz’s idea
is to use these observations to control [¢ * gy || Lr(as;c) in terms of || * py || Lo (aps0)-
To do so he needed the fact that, for each n > 1 there exist finite constants A,, and
B,, such that

(Im¢)*™ < A, ReC™ + B, (Re()*" for ¢ € C. (%)

Proving () comes down to showing that cos®”# < A, cos2nf + B, sin®" @ for
0 € [-m,m|. Clearly, if 6 € [—&, %] U [%”, %T], A,, can be chosen so the A,, cos 2nf
dominates cos?”@; and for # not in those intervals, B, can be chosen so that

B,, sin®” 6 dominates cos®™ 0 — A,, cos 2n6.
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With the preceding at hand, we know that

/((p * qy(x))2n dr < A,HRe (/ fz +ay)*™ da:) dx + By, /((p * py(x))2n dz.

What Riesz saw is that he could use Cauchy’s theorem to prove that the integral
of x ~ f(x + 1y)*" is independent of y > 0. Indeed, consider the rectangle {z =
x4 |z < R& y1 <y <ys}. Cauchy’s theorem says that the contour integral
of f?" around the boundary is 0. In addition, as R — oo, since ¢ € .7 (R?;C),
the contribution to the integral from the vertical parts of the boundary tends to
0, and so the integrals over the horizontal parts are equal. Finally, as y " oo,
f f(x +1y)?" do — 0, and so we now know that

1
¢ * ayllL2n (i) < Ba™ [lollL2n (ag:0)-

Hence, we have proved that, for each n > 1 there is a Cs,, < oo such that

(21.1) sup % hy |l L2n (agse) < ConllellLr(ansc)-
y>

22. INTERPOLATION

Although (21.1) is already significant, one should suspect that a similar estimate
holds for all p € (0,00), not just even integers. However, because Riesz needed fP
to be an analytic function, he needed p to be an integer; and because he needed
(Ref)P to be non-negative, he needed it to be an even integer. It was to overcome
this problem that he proved a powerful general result, known as an interpolation
theorem, that can be viewed as an operator theoretic analog of Hélder’s equality.
The following version and proof of his result is due to G. Thorin.

Theorem 22.1. Given a o-finite measure space (E,F, u) and numbers 1 < po, p1, qo,
q1 < 0o with pgApy < 00, assume that T is a linear operator on LP* (u; C)NLP2 (u; C)
into L% (p; C) N L2 (u; C) satisfying

||TfHLqJ'(;L;(C) < M]”fHLpJ (1;C) fO’l"j € {07 1}a
where My V My < oo. Then, for each 6 € [0, 1]
IT £l a6 ey < ML MI| £l oo sy

where pg =

Thorin’s proof of Theorem 22.1 requires to following simple version, due to
Hadamard and known as the three lines theorem, of the Phragmen—Lindel6f theo-
rem.

Lemma 22.2. Suppose that F is a bounded continuous function on the closed strip
S ={z€C: Rez € [0,1]} which is analytic on the interior of S. If |F(w)| < mg
and |F(1 +w)| < my for all y € R, then |F(2)| < my™“mf for z=x+wy € S.

F(z)

Proof. By replacing F Wlth , one can reduce to the case when mg = m; =1,

in which case one needs to show that |F(z)] <1 for z € S. Thus we will assume
that mo = m; = 1 and will prove that |F| < 1.



66 DANIEL W. STROOCK

If limyy| 00 SUPge(o,1] [F(2 + )| = 0, then the maximum principle for analytic
functions says that

Slelp |F(2)| = Sup{|F(x+zy)\ : (z,y) € ({O7 1} x [-R, R]) U (0,1) x {—R, R}}
|Jmz|<R

— sup{[F () V |[F(1+w)[} < 1.
yeR

Even if F(z + 1) doesn’t tend to 0 as |y| — oo, for each n > 1, the function

2
F,.(z) =e = F(z)does. In addition, |F, (y)|V|F.(14+w)| <1, and so |F,(z)| < 1.
Now let n — oc. U

Proof of Theorem 22.1. Without loss in generality, we will assume that py < p;.
Also, ¢’ will be used to denote the Holder conjugate of g € [1, oc].
The first step is to check that it suffices to prove that

‘/ ETf(E) p(de)| < ME=0M? (*)

for simple functions f and g satisfying || f||zre(uc) = 1 and [|g]|, 4 (O = 1. In-

deed, [|T f||Lao (u:c) equals the supremum of |ngf du| over simple functions ¢ with
||g||Lqé(M,C) =1, and, if p; < oo, then, for any f € LPo(u;C) N LP* (u;C), we can
choose simple function f,, such that f, — f in both LP?(y;C) and in LP*(u;C).
Hence, if (x) holds for simple functions, then, by Holder’s inequality,

”TfHLqB(,u, < HT(fn - f)”LqG (1;C) + HTanLq@(p,;C)
< NT(fr = I Lo (e 1T = O G sy + Mo~ M| frll oo sy
< MOliaMl (2||fn f”LPo H(C)an - f”i”l(p;((:) + ||f||Lp9(/A;(C))a

from which the required estimate follows when n — co. When p; = 0o, one can
choose the f,’s so that they converge to f in LP*(u;C) and are uniformly bounded
and thereby use the preceding to get the desired result.

1-6 , 6

Turning to the proof of (x), let 6 € (0, 1) and determine p and ¢ by % =+

and % = 1(;_09 (z. Next, define p(z) and ¢(z) for (cf. Lemma 22.2) z € S so that
1 _ 1—2

p(2) Po

1 _1—z z G : :
= . 1ven sim le ful’lCthl’lS
7@ T @ T p

f= Z amlr,, and g = Z bm1a,, with ”fHLP(u;(C) =1and HgHLQ’(H;(c) =1,

m=1 m=1
define f, () L and g, = |g 7 .. where ) is taken to be equal 0 if
If1 lg] [R(E)]
h(§) = 0. Then
Z \am\vw “dr, and g. = > |b
m=1
Now define

|b\’(>

F(z) = / 0-(OTL.(¢

T, (€) p(ds).
Ay

k=1 |
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Then F is a bounded continuous function on S that is analytic function on the
interior of S, and so, by Lemma 22.2,

|F(0)] < mi~"mf where mg = sup |F(uy)| and m; = sup |F(1 + 1y)|.
yeR y€ER
Thus, what remains is to check that mg < My and m; < M;. But, by Holder’s
inequality,

E@)] < 10l e 1T ool 20) < Mollgugl ey | sl oo

and
n n
b
”fzyHLpo (wC) = Z Ham\r’(”/) : (T'm) = Z am[Pp(Tm) =1
m=1 m=1
Similarly
Hf1+zy||Lp1(u, ngyHLqO ) =1, and ||91+zyHLq1 4C) =1

]

By combining (21.1) and Theorem 22.1, we know that there is a C), < oo such
sup, o |9 * hyllLr (aes0) < Cpll@llLr(ag;c) for each p € [2,00). To extend this result
to p € (1,2), observe that if p € (1,2), then p’ € (2,00). Hence, since

(1, @ % hy)12(0es0) = = (¥ % hy, @) L2 (0i0),
we have that
|(¥, 0% by )2 0i0) | < Cw 1Vl Lo (s 1Nl 2o s

and therefore that, for all p € (1, 00),

(22.1) sup ll * hyll e (i) < Cpll@l Le (resc)s
Yy

where C), = C}y when p € (1,2).

Exercise 22.3. Note that [|4[|2(x,x:;0) = (27T)%||<p||Lz(>\R.C) and ||¢||Loo(>\RN ) <
[l (A n :c)» and use Theorem 22.1 to prove that [|@| ;. (g €) < (27T)P lellze (o)
for p € [1,2]. Next, let ¢ € LP(Agn; C) for some p € [1,00), and define T = @ *1).
Remember that ||T<P||LP(ARN ) < leller gm0 1Yl L un o) and [Tell e (apnic) <
IellLe om0 191l L (1, s> and use Theorem 22.1 to prove Young’s inequality

1 1 1
19 * Pl Lragnic) S Nellnegn 0 1Pl Laagn ) i . + i 1>0.

23. THE METHOD OF ROTATIONS

Calderdn and Zygmund noticed that the Hilbert transform, and especially (22.1),
can be used to prove the LP boundedness of their kernels when Q € L*(Agnv-1;C) is
odd (i.e., Q(—w) = —Q(w) for w € SN~1). For example, set ky (x) = 1y ) (|2]) k().
Then because

ky(€) = lim & () da

R0 Jy<le|<R
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if Q is odd, one has that

—~ 1 1
k = 1. — Q ”‘(5)‘-‘})7 d d
y({) Rl—r>r<1>02/SN_1 (UJ) <A<|T|§Re r " v

™

=3 /SN?l Q(w)hy((f,w)) dw.

Hence,

(23.1) BO=7 [ 0h((€w)do,
SN*I

and so

T QUL (w150 [yl

Fyllu <
Iyl < .

In particular, we already know that

[P
lo s Bll 2 oni) € ————lIellL20n:0)-

The same trick as we just used allows us to prove estimates for general p € (1, 00).
Namely, again using the oddness of k, one can first write

ety =3 [ 0 ( / e m)df) Aov 1 (dw),

and then, after applying Minkowski’s inequality,

1 dr
0% kell Lo (rgni0) < 5/ |Q(w)] </ / o(r —rw) —
SN—-1 RN |r|>y r

Finally, for fixed w € SV~ choose Euclidean coordinates for RV so that w points
in the direction of the first coordinate. Then

P
d
/ / oz —rw) il
RN |J|r|>y

dx
:Wp/.../</R‘[gp*hy(-,x2,...,a:N)](acl)’pdx1> dzy---dzy

RN-1

P »
dw) ASN—l(du)

< (WCP)P/ . /||¢( T, .. ,xN)H’L’p(AR;C) dzo---dey = (ﬂCp)p”‘p”I;p()\W o

RN-1

which, together with the preceding, leads immediately to the existence of C), < oo
such that

(23.2) [l * k”Lp()\]RN;(C) < Cp||<P||Lp(A]RN .y for p € (1, 00).

24. THE RIESZ KERNELS

In a sense which can be made very precise, the basic C-Z kernels for RY are the
Riesz kernels r;(x) = en =5+, 1 < i < N, where
[N+

-1
™
CN = (5/ |W1| AsN—l(dw)) .
S§N-1
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Obviously, the preceding applies to each of these. To get a feeling for how

convolution with respect to r; acts, apply (23.1) to see that
- 1TCN
(e = T [ wisgn((6,w)) hon-1 (d)
SN*I

Obviously, 7; is homogeneous of degree 0, and so we need only worry about £ €
SN=1. Given ¢ € SV, write w = (w, £)€ + ws. Then

/SN?lwisgn((f,w)) Asn 1 (dw)
=¢ /stl |(w, &)] dw + /SN?1 (wLi)isgn((f,w)) Asn -1 (dw).

Because the integrand in the second term is an odd function of w ~» (§,w), the
second term vanishes. Hence,

(24.1) F(E) = |s§| ¢ eRN\ {0},

To evaluate ¢y, observe that ¢; = L is trivial. When N > 2, use

N-3
[ nbesat@) =ov [ ol ap
SN-1 (-1,1)

)

- 2N —
ZwN—Z/ (l_t)N23dt: N2 =20n_1,
(0,1)

N -1
where Qx_1 is the volume to the unit ball in RN -1,

From the Riesz transforms one can build other kernels. For instance, recall the

kernels in (20.1). Because 0,,0.,¢ = —(Ap) * G\ —&i&0 = |§\2G(.2])<,27, and so

i, i

M) = 55 — _merme).

4,J |§|2
Hence, ¢ * Ggg) = —(p*7r;) *7r;, and so
N
(24.2) o+ G Lo 0) < C2 el oansc) for p € (1,00).

Equivalently, we now know that

||awiawj(pHLp(>\RN;(C) < CEHA@HLP(ARN;(C) for pe (1700)'
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