4. COMPARING SUMMABILITY METHODS

In preparation for the following section, we will review here basic definitions and
results for different notions of convergence of a series.
Given a sequence {a,, : m > 1} C C, set

n 1 n
S, = Zam andAn:ﬁmZ:lSm,

m=1

and when Timy, o0 [am|™ < 1, set
o0
A(r) = Z amr™ ! for r €[0,1).
m=1

The S,,’s are called the partial sums of the corresponding series, the A,’s are its
Césaro means, and r ~» A(r) is its Abel function. The series is said to be summable
to s € Cif s = lim,,_,o0 Sp, it is Césaro summable to s € C if lim,,_, o, A, = s, and
it is Abel summable to s € C if s = lim, ~ A(r)

Here we will show that

summable to s => Césaro summable to s —

lim G _ 0 and Abel summable to s.
m—oo M

The Exercise 4.1 below outlines a proof that neither implication can be reversed.
The first implication is trivial. To prove the second, assume Césaro summability,
and note that

a A,
A=A+ 0.
n n

Next, write

m = 243 — Ay ifm=2
mA, —2(m—1D)An_1+(m—2)A,_2 ifm >3,

and therefore

A(r) = Z mrm A, — 2 Z (m—1)r™ A, 1+ Z (m—2)r™ 1A, 5
m=1 m=2 m=3
= Z (rm_l —2r’™ 4+ rm+1)mAm =(1- r)2 Z mrm A,
m=1 m=1

Now observe that

n

- _ 1—7"  1—r"—n(l—r)rnt
m—1 __ mo__ —
mz::lmr —87«27" —8r1_r— TSE .

m=0

Hence,
(1—r)2 Zmrmfl <1—7"and (1 —7)? Zmrmfl =1
1 1
1



2

Assume that A, — s, and, given € > 0, choose n so that |A,, — s| < e for m > n.
Then

[A(r) = s| = (1=1)? |3 mr™ (A —5)| < (L=7)* D mr™ Ay — | + ¢
m=1

m=1

SRR

and therefore lim,. 1 |A(r) — 5| < e.

Exercise 4.1. Show that
(i) the series for {(—1)™~': m > 1} is Césaro summable to 3 but not summable,
(ii) the series for {(—1)™"!'m : m > 1} is Abel summable to 1 but not Césaro

n+1 %

summable. In fact, show that Az, = 0 and As,i1 = 7555
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